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By the kindness of heaven,

O lovely faced one,

You stand before me,

The darkness of delusion dispelled,
By recollection of that which was lost.

Verse 7.22 of Kalidasa’s Sakuntala,
4th century A.D.



Preface

This is the second of approximately four volumes that the authors plan to
write in their examination of all the claims made by S. Ramanujan in The Lost
Notebook and Other Unpublished Papers. This volume, published by Narosa
in 1988, contains the “Lost Notebook,” which was discovered by the first
author in the spring of 1976 at the library of Trinity College, Cambridge.
Also included in this publication are other partial manuscripts, fragments,
and letters that Ramanujan wrote to G.H. Hardy from nursing homes during
1917-1919. The authors have attempted to organize this disparate material
in chapters. This second volume contains 16 chapters comprising 314 entries,
including some duplications and examples, with chapter totals ranging from
a high of fifty-four entries in Chapter 1 to a low of two entries in Chapter 12.
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Introduction

This volume is the second of approximately four volumes that the authors plan
to write on Ramanujan’s lost notebook. We broadly interpret “lost notebook”
to include all material published with Ramanujan’s original lost notebook by
Narosa in 1988 [244]. Thus, when we write that a certain entry is found in
the lost notebook, it may not actually be located in the original lost notebook
discovered by the first author in the spring of 1976 at Trinity College Library,
Cambridge, but instead may be in a manuscript, fragment, or a letter of
Ramanujan to G.H. Hardy published in [244]. We are attempting to arrange
all this disparate material into chapters for each of the proposed volumes. For
a history and general description of Ramanujan’s lost notebook, readers are
advised to read the introduction to our first book [31].

The Organization of Entries

With the statement of each entry from Ramanujan’s lost notebook, we pro-
vide the page number(s) in the lost notebook on which the entry can be
found. All of Ramanujan’s claims are given the designation “Entry.” Results
in this volume named theorems, corollaries; and lemmas are (unless other-
wise stated) not due to Ramanujan. We emphasize that Ramanujan’s claims
always have page numbers from the lost notebook attached to them. We re-
mark that in Chapter 9, which is devoted to establishing Ramanujan’s values
for an analogue A, of the classical Ramanujan—Weber class invariant G,,, we
have followed a slightly different convention. Indeed, we have listed all of Ra-
manujan’s values for )\, in Entry 9.1.1 with the page number indicated. Later,
we establish these values as corollaries of theorems that we prove, and so we
record Ramanujan’s values of A, again, listing them as corollaries with page
numbers in the lost notebook attached to emphasize that these corollaries are
due to Ramanujan.

In view of the subject mentioned in the preceding paragraph, it may be
prudent to make a remark here about Ramanujan’s methods. As many read-

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
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2 Introduction

ers are aware from the work of the authors and others who have attempted
to prove Ramanujan’s theorems, we frequently have few or no clues about
Ramanujan’s methods. Many of the proofs of the values for G,, that are given
in [57] are almost certainly not those found by Ramanujan, for he would have
needed knowledge of certain portions of mathematics that he likely did not
know or that had not been discovered yet. Similar remarks can be made about
our calculations of A,, in Chapter 9. In the last half of the chapter, we employ
ideas that Ramanujan would not have known.

So that readers can more readily find where a certain entry from the lost
notebook is discussed, we place at the conclusion of each volume a Location
Guide indicating where entries can be found in that particular volume. Thus,
for example, if a reader wants to know whether a certain identity on page 1729
of the Narosa edition [244] can be found in a particular volume, she can turn
to this index and determine where in that volume identities on page 1729 are
discussed.

Following the Location Guide, we provide a Provenance indicating the
sources from which we have drawn in preparing significant portions of the
given chapters. We emphasize that in the Provenance we do not list all papers
in which results from a given chapter are established. For example, in Chapter
3, Ramanujan’s famous 171 summation theorem, which is found in more than
one version in the lost notebook, is discussed, but we do not refer to all papers
on the 171 summation formula in the Location Guide, although in Chapter 3
itself, we have attempted to cite all relevant proofs of this celebrated formula.
On the other hand, most chapters contain previously unpublished material.
For example, each of the first four chapters contains previously unpublished
proofs.

This Volume on the Lost Notebook

Two primary themes permeate our second volume on the lost notebook,
namely, g-series and Eisenstein series. The first seven chapters are devoted to
g-series identities from the core of the original lost notebook. These chapters
are followed by three chapters on identities for the classical theta functions or
related functions. The last six chapters feature Eisenstein series, with much
of the material originating in letters to Hardy that Ramanujan wrote from
Fitzroy House and Matlock House during his last two years in England. We
now briefly describe the contents of the sixteen chapters in this volume.
Heine’s transformations have long been central to the theory of basic hy-
pergeometric series. In Chapter 1, we examine several entries from the lost
notebook that have their roots in Heine’s first transformation or generaliza-
tions thereof. The Sears—Thomae transformation is also a staple in the theory
of basic hypergeometric series, and consequences of it form the content of
Chapter 2. In Chapter 3, we consider identities arising from certain bilateral
series identities, in particular the renowned ;¢; summation of Ramanujan and
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well-known identities due to W.N. Bailey. We have also placed in Chapter 3
some identities dependent upon the quintuple product identity. Watson’s ¢-
analogue of Whipple’s theorem and two additional theorems of Bailey are the
main ingredients for the proofs in Chapter 4 on well-poised series. Bailey’s
lemma is utilized to prove some identities in Chapter 5. Chapter 6, on partial
theta functions, is one of the more difficult chapters in this volume. Chapter
7 contains entries from the lost notebook that are even more difficult to prove
than those in Chapter 6. The entries in this chapter do not fall into any par-
ticular categories and bear further study, because several of them likely have
yet-to-be discovered ramifications.

Theta functions frequently appear in identities in the first seven chapters.
However, in Chapters 8-10, theta functions are the focus. Chapter 8 is devoted
to theta function identities. Chapter 9 focuses on one page in the lost notebook
on values of an analogue of the classical Ramanujan—Weber class invariants.
The identities in Chapter 10 do not fit in any of the previous chapters and
are among the most unusual identities we have seen in Ramanujan’s work.

As remarked above, the last six chapters in this volume feature Eisen-
stein series. Perhaps the most important chapter is Chapter 11, which con-
tains proofs of results sent to Hardy from nursing homes, probably in 1918.
In these letters, Ramanujan offered formulas for the coefficients of certain
quotients of Eisenstein series that are analogous to the Hardy—-Ramanujan—
Rademacher series representation for the partition function p(n). The claims
in these letters continue the work found in Hardy and Ramanujan’s last joint
paper [177], [242, pp. 310-321]. Chapter 12 relates technical material on the
number of terms that one needs to take from the aforementioned series in
order to determine these coefficients precisely. In Chapter 13, the focus shifts
to identities for Eisenstein series involving the Dedekind eta function. Chap-
ter 14 gives formulas for certain series associated with the pentagonal number
theorem in terms of Ramanujan’s Eisenstein series P, @, and R. These results
are found on two pages of the lost notebook, and, although not deep, have
recently generated several further papers. Chapter 15 is devoted primarily to
a single page in the lost notebook demonstrating how Ramanujan employed
Eisenstein series to approximate 7. Three series for 1/7 found in Ramanujan’s
epic paper [239], [242, pp. 23-39] are also found on page 370 of [244], and so
it seems appropriate to prove them in this chapter, especially since, perhaps
more so than other authors, we follow Ramanujan’s hint in [239] and use
Eisenstein series to establish these series representations for 1/7. This volume
concludes with a few miscellaneous results on Eisenstein series in Chapter 16.
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1

The Heine Transformation

1.1 Introduction

E. Heine [178], [179, pp. 97-125] was the first to generalize Gauss’s hyperge-
ometric series to g-hypergeometric series by defining, for |¢| < 1,

vb1 (a;b;%t) _ i CTIACTINS (L11)

(¢ @)nlc; @)n

n=0

where |t| < 1 and where, for each nonnegative integer n,

(@)n = (a;0)n = (1 —a)(1 —agq) -+~ (1 —ag" ™), (1.1.2)

with the convention that (a)g = (a;¢)o := 1. If an entry and its proof involve
only the base ¢ and no confusion would arise, we use the notation at the left in
(1.1.2) and (1.1.4) below. If more than one base occurs in an entry and/or its
proof, e.g., both ¢ and ¢ appear, then we use the second notation in (1.1.2)
and (1.1.4). Ramanujan’s central theorem is a transformation for this series,
now known as the Heine transformation, namely [179, p. 106, equation (50)],

o () - Sldaltithe (6t )

(63 @)oo (t; @)oo at '

where |¢[, |b] < 1 and where
(@)oo = (a;9)0 = lim (a;q)n,  [g] <1. (1.1.4)

His method of proof was surely known to Ramanujan, who recorded an equiv-
alent formulation of (1.1.3) in Entry 6 of Chapter 16 in his second notebook
[243], [54, p. 15]. Furthermore, numerous related identities can be proved using
Heine’s original idea.

In Section 1.2, we prove several basic formulas based on Heine’s method.
In the remainder of the chapter we deduce 53 formulas found in the lost

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5-2, (© Springer Science+Business Media, LLC 2009



6 1 The Heine Transformation

notebook. In some instances, we call upon a result not listed in Section 1.2,
but each identity that we prove relies primarily on results in Section 1.2.

In order to keep our proofs to manageable lengths, we invoke certain stan-
dard simplifications (usually without mentioning them explicitly), such as

1
(=€) = G (1.1.5)
(@:q)n(—a;@)n = (0% ¢*)n,  0<n < oo, (1.1.6)
o (49)s e e
(a;q)n = Car <n < oo. (1.1.7)

The identity (1.1.5) is a famous theorem of Euler, which we invoke numerous
times in this book. Identity (1.1.7) can be regarded as the definition of (a; ),
when n is a negative integer.

1.2 Heine’s Method

In [6], Heine’s method was encapsulated in a fundamental formula containing
ten independent variables and a nontrivial root of unity. As a result, it is an
almost unreadable formula. Consequently, we prove only special cases of this
result here. In light of the fact that many of these results are not easily written
in the notation (1.1.1) of g-hypergeometric series, we record all our results in
terms of infinite series. For further work connected with that of Andrews in
[6], see Z. Cao’s thesis [97] and a paper by W. Chu and W. Zhang [131].

We begin with a slightly generalized version of Heine’s transformation [6],
[7].

Theorem 1.2.1. If h is a positive integer, then, for |t|,|b] < 1,

o (@3d")m 0 Dnm e (B30) o0 at q o N (/0 @)m (t: 0" )m
zz:o @ V@O () Z (¢ @)m( at 0" )m
(1.2.1)

Proof. We need the ¢-binomial theorem given by [54, p. 14, Entry 2|, [18,
p. 17, Theorem 2.1]

(/b D, (030)s0
2 (@) m "= (b:0)oc’ (1.2.2)

where |b] < 1. Since we frequently need two special cases in the sequel, we
state them here. If ¢ = 0 in (1.2.2), then [18, p. 19, equation (2.2.5)]

— ™ 1
mZ::O GOm  Ba)e’ (1:2:3)

@m

m=0

Letting b — 0 in (1.2.2), we find that [18, p. 19, equation (2.2.6)]
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e m(mfl)/Q

Z = (@) (1.2.4)

=0

Upon two applications of (1.2.2), we see that

— (a;¢")n(b:Q)nn ;o 7qoo aq (cq ,q)oon
N e Z !

OOZ aq n nZ(C/bvq)mbmqhmn

= (G D)m

)
1q)
D)oo (C/qu pm (a;4") n
) mZ @D Z 7). 1)
b @)oo o= (¢/0; Qm ;. (atq"™; ") o0

q) 2 ’

Qoo S= (G D)m (tq’”";qh)oo

m=

8

b; q) oo t 00 b;
,q) (a q Z C/ q 4" )m b,
at 5 q"M)m
which is (1.2.1). O
Heine’s transformation is the case h = 1 of Theorem 1.2.1, and Theorem
Ag of [6] is the case h = 2. The complete result appears in [7, Lemma 1].

The next result is more intricate, but it is based again on Heine’s idea; it
is Theorem A; of [6].

Theorem 1.2.2. For [, |b] < 1,

i (@ 6")n (b3 @ _ (big at q o0 Z (c/% D2n(t; ) on (1.2.5)

— (% ¢n( ) (cq (4:q)2n(at; ¢*)n

(b q (atq; q o Z c/b q 2n41(t0; %) pEnt
( tq7 21’L+1 CltCL )

Proof. Using (1.2.2) twice, we find that

i (3:¢°)n (000 _ (B10)oc i (4:¢%)n (4" D)oo 1

(@)l @)n (¢ Qoo = (¢%50%)n (4™ @)oo

- <c;q>ooz<q TIRAP SRy
_ (bﬂ q)OO > (aq) S (C/b7 q)Qm 2m 2mn
N (c;q)ooz(q rana {mz_:o CT

n Z (c/b;q)ams1 p2mtl g(2mt1)n }

(Q; Q)2m+1



8 1 The Heine Transformation

(baq o0 i C/b q 2mb2mi (a;q2)n (tq2m)n

C(0)s 4 @)2m « (¢*,6*)n
(;9)o0 — C/b q 2m+1;9m-+1 (a;q ) 2
54 b m—+ m-+1\n
C, oo mz 2m+1 Z (q q ) ( 1 )

b7QOOi C/qum Zm(atq )00

(¢ @) “= (tq?myq )oo
N (b:Q)s0 (c/b; @)2m+1,9m11 (A" ¢%) oo
(€ Qoo = (430)2m+1 (tg* ™1 ¢?) oo

— (ba Q)oo(atv )oo Z C/b q 2m t yq )mbzm
(¢ 0) o0 (t;4%) 0 (@:9)2m(at; ¢%)m

(b q (atq, oo Z C/b q 2m+1 tq q )mb2m+1
(¢;0)o0(tq; 42 q)2m+1(atq; ¢%)m

O

In addition to Theorems 1.2.1 and 1.2.2, we require two corollaries of
Theorem 1.2.1. The first is also given in [7, equation (I5)].

Corollary 1.2.1. For |t| < 1,

= (030)2n o tb q o "
> i Z tb oo (1.2.6)
n n= 0

— (> ¢*)n

Proof. By (1.2.1) with h =2, a = ¢ = 0, and t replaced by t?, we see that

- qun pon _ (50) N
Z ) D

= ( o0 S0 (4 @)n

(b5 4) oo i (5 Dn(=t:@)n

(e & (q;q)n

(b:9)oc (tig tb D)oo "
= t
(t%:6%)oo Z tb Dn
by (1.2.1) with ¢ = b and then h = 1, a = —t, b = t, and ¢ = 0. Upon
simplification above, we deduce (1.2.6). O

The next result can be found in [7, equation (I6)].

Corollary 1.2.2. For |b| < 1,

o (t6%)n,, _ (Dtg;q°) t:q%)n
b = b". 1.2.7
,;, (¢ @)n (ba; ¢*) Z q2,q )n(btq; ¢%)n (1.27)
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Proof. By (1.2.1) with h = 2 and a = ¢ = 0, we see that

tq >
OC
Z G Z
N bqq 2)ntn
n=0
(baq btqq OOZ a bn
(t;4%) oo — q27q nth7 )

where we applied (1.2.1) with ¢ replaced by ¢?, h = 1, a = bg, and ¢ = 0.
Upon simplification, we complete the proof. a

Our next result comes from [9, Theorem 7].
Corollary 1.2.3. For |t| < 1,

i ((a§q)n(b§ q2)n mo— (at q bt q 0o Z CL q n ) (tq)n.

< (¢ q)n(abt; ¢*)n (;4%) oo abt ;%) In( bt $0%)n

(1.2.8)

Proof. In (1.2.1), set h = 2, interchange ¢t with b, replace a by at, and then
replace ¢ by at. Upon simplification, we find that

0 . C a2 2
T (a,q)n(bﬁqgnt _ (atg)e OOZ atq) (:D)2n_
= (q;q)n(abt;q )n (@)oo abt q?)

)n CLt q)Qn

(at; @)oo (b 4%) oo~ tq tqq)
— bTL
abtq Z

(0w n(atq; ¢%)n
 (t9)so(abt; g2 ) (atq ) Z I bt o ) ()",

where we invoked (1.2.1) with A = 1, ¢ replaced by ¢?, and the variables a,
b, ¢, and t replaced by t, tq, atq, and b, respectively. Upon simplifying above,
we deduce (1.2.8) to complete the proof. O

We also require the direct iteration of (1.2.1) with h =1 [9, Theorem 8§].
This is often called the second Heine transformation.

Corollary 1.2.4. For |t |c/b] < 1,

o (@)n(B)n (/D)oo (B)o o (abt/c)n(b)r (c\™
,;0() ()nt (oo (t)eo ng() (@)n(bt)n (b) . (1.2.9)




10 1 The Heine Transformation

Proof. By two applications of Theorem 1.2.1 with A = 1, the second with a,
b, ¢, and t replaced by t, ¢/b, at, and b, respectively, we find that

> @)n(0)n . (0)oo at > (¢/b)n
S e = e 2 e
_ (D) ( ) (¢/)oc (b)so x~ (abt/c)n(b)n (c\™
a (€)oo (t)oo (at)w(b)oo ,;) (@)n(bt)n, (b) ’
which is the desired result. 0

Finally, we need one more iteration of (1.2.1) with h =1 [18, p. 39, equa-
tion (3.3.13)]. This is often called the g-analogue of Euler’s transformation.

Corollary 1.2.5. For |t], |abt/c| < 1,

=~ (@) (O)n 1 _ abt/coo Jule/b)a (abt\"
,;)( @' Z ( p ) : (1.2.10)

n=0 "

Proof. Apply (1.2.1) with h = 1 and a, b, ¢, and t replaced by b, abt/c, bt,
and ¢/b, respectively. Consequently,

) W (5) = ((abt/c c/g,)OO Z )o (/) (?) . (12.11)

n=0 OO n

Substituting the right-hand side of (1.2.11) for the sum on the right-hand side
of (1.2.9) and simplifying yields (1.2.10). O

1.3 Ramanujan’s Proof of the g-Gauss Summation
Theorem

On pages 268-269 in his lost notebook, Ramanujan sketches his proof of the
g¢-Gauss summation theorem, normally given in the form

S (@) €\ (c/a)oc(c/D)oe
,;)( ) (ab) T (©)so(c/(ab))oo” (1.3.1)

This theorem was first discovered in 1847 by Heine [178], whose proof, which
is the most frequently encountered proof in the literature, is based on Heine’s
transformation, Theorem 1.2.1, with A = 1. This proof can be found in the
texts of Andrews [18, p. 20, Corollary 2.4], Andrews, R. Askey, and R. Roy
[30, p. 522], and G. Gasper and M. Rahman [151, p. 10]. A second proof
employs the g-analogue of Saalschiitz’s theorem and can be read in the texts
of W.N. Bailey [44, p. 68] and L.J. Slater [263, p. 97]. Ramanujan’s proof
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is different from these two proofs and was first published in full in a paper
by Berndt and A.J. Yee [79]. Ramanujan’s proof encompasses Lemma 1.3.1,
Lemma 1.3.2, and Entry 1.3.1 below. After giving Ramanujan’s proof, we
prove a corollary of (1.3.1), which is found on page 370 in Ramanujan’s lost
notebook.

Before providing Ramanujan’s argument, we derive the g-analogue of the
Chu—Vandermonde theorem and record a special case that will be used in
Chapter 6. If we set b = ¢V, where N is a nonnegative integer, in (1.3.1)
and simplify, we find that

_ c/a

201(a, ¢ Ve, ¢ Ja) = (c/ >N, (1.3.2)
()

which is the g-analogue of the Chu—Vandermonde theorem. If we reverse the

order of summation on the left-hand side of (1.3.2), we deduce an alternative

form of the g-Chu—Vandermonde theorem, namely,

_ c/a)N

201(a,qV5¢4,9) = /a)y o~ (1.3.3)
(c)v

Setting @ = ¢™ and ¢ = ¢ MV, where M is a nonnegative integer, in

(1.3.3) yields

01 (M, g Nig M N g q) = (@ M)n g MN = (@ "ula )N _un
o o (¢ M=N)y (M M)myn

~ (@m(a)ng ~M(MAD/2-N(N+D)/2
 (Qmang MAN)(MEN+1)/2 q
(Q)M( )N
’ 1.3.4
(Q)M+N ( )

In this chapter, we are providing analytic proofs of many of Ramanujan’s
theorems on basic hypergeometric series. Another approach uses combinato-
rial arguments. In [78], Berndt and Yee provided partition-theoretic proofs of
several identities in the lost notebook arising from the Rogers—Fine identity;
a few of these proofs were reproduced in [31, Chapter 12]. In [79], the same
authors gave a combinatorial proof of the g-Gauss summation theorem. Other
combinatorial proofs of this theorem based on overpartitions have been given
by S. Corteel and J. Lovejoy [144], Corteel [143], and Yee [285].

Lemma 1.3.1. If n is any nonnegative integer, then
n n+1—k)

(a), = Z(—l)k(q(q)k’“qk(’f—ﬂ/%k. (1.3.5)
k=0

Lemma 1.3.1 is a restatement of the g-binomial theorem (1.2.2) and can
be found in [54, p. 24, Lemma 12.1] or [18, p. 36, Theorem 3.3]. We now
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use Lemma 1.3.1 to establish Lemma 1.3.2 below along the lines indicated
by Ramanujan. Alternatively, Lemma 1.3.2 can be deduced from [151, p. 11,
equation (1.5.3)] by setting ¢ = 0 and replacing ¢ by 1/q there.

Lemma 1.3.2. If ¢ # 0 and n is any nonnegative integer, then

zn:c 1/C ) (1.3.6)

Jj=0 9);

Proof. Denote the right side of (1.3.6) by g(c) and apply (1.3.5) with a = 1/¢
and n = j in the definition of g(c¢) to find that

n_ J j+1—k n+1—j
ZZ Q+ (qi,;gz): )qu(k D/25-k _ Zar

7=0 k=0

The coefficient of ¢",0 < r < n, above is

— AR @ ek et
a, = —1)k g k=172, 1.3.7
2V (13:)

(qr—i-l)k N 1
(@re (@r
and
(qn+1fr7k)r+k _ (qn+1fr7k)k(qn+1fr)r.

Using these last two equalities in (1.3.7), we find that

a ( e ) Z_: q"~ T )qu(k—l)/Q
' o = @)k
. (C]m_l_r)r (1) _ {1, if r =n,
(@)r " 0, otherwise,
by (1.3.5). This therefore completes our proof of Lemma 1.3.2. O

Entry 1.3.1 (pp. 268—269, ¢-Gauss Summation Theorem). If [abc| < 1
and be # 0, then

(a0)oc Z 1/b n(/n ey, (1.3.8)

(abe) o Jn(

In Entry 4 of Chapter 16 in his second notebook [243], [54, p. 14], Ra-
manujan states the ¢-Gauss summation theorem in precisely the same form
as that given in (1.3.8).
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Proof. We rewrite the right side of (1.3.8) in the form

— (aq’) (1/b);(1/c); j
; (ab)so (9); () )

and examine the coefficient of @™, n > 0, on each side of (1.3.8). From (1.2.2),
with b replaced by ab and a replaced by ag’, we find that

(2¢)o0 _ N~ (@ /0)k v
b _kZ:O oh (ab)*. (1.3.10)
The coefficient of a”~7 in (1.3.10) is
(@ /) n—j 1 n—;
(@)n—j v

and so the coefficient of a™ in (1.3.9) equals

= (1/b);(1/); (@ /D)n—j 1
D R P
(1/b)n" = (1)) (g™ 9);  (1/b)nb" ,
(

)
D = (9); (@n

(1.3.11)

by Lemma 1.3.2. But by (1.2.2), with b replaced by abc and a replaced by ac,

(ac)so = (1/6)n
= abe)™. 1.3.12

(abe ~ 25 T ) (15.12)
So, the coefficient of a™ in (1.3.12) is precisely that on the right side of (1.3.11).
Hence, (1.3.8) immediately follows, since the coefficients of a™, n > 0, on both
sides of (1.3.8) are equal. The proof of Entry 1.3.1 is therefore complete. O

n=0

Entry 1.3.2 (p. 370). For any complex numbers a and b,

(—a@)oo o= (—b/a),a™q" 1)/
(ba)oo _;_0 @Dnba)n

Proof. In (1.3.8), replace a by bgq, ¢ by —a/b, and b by ¢ to find that

(bqt) oo (—0Qq) o - - (l/t)n(_b/a)n
(b9)oo (—aqt)os 2 (@) (bg)n

If we let t — 0 in (1.3.14), we immediately arrive at (1.3.13) to complete the
proof. ]

(1.3.13)

(—agqt)". (1.3.14)

n=0

A combinatorial proof of Entry 1.3.2 in the case b = 1 has been given by
S. Corteel and J. Lovejoy [145], but it can easily be extended to give a proof
of Entry 1.3.2 in full generality. Another combinatorial proof can be found in
a paper by Berndt, B. Kim, and A.J. Yee [73].
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1.4 Corollaries of (1.2.1) and (1.2.5)

Entry 1.4.1 (p. 3). For 0 < |aq|, |k] < 1,

(a4; @)oo (¢0; 4*) o i (ke 4°)n(=b4/0: D
(—bq;q)oo(kq2;q2)oo = (@) n+1(G On

= ( bq Q)2n+1

Proof. In (1.2.1), set h = 2 and t = kq?, and replace ¢ by —bq?, a by cq/k,
and b by ag. The resulting identity is equivalent to (1.4.1). a

We note that no generality has been lost by the substitutions above; so
Ramanujan had (1.2.1) in full generality for h = 2. Padmavathamma [225]
has also given a proof of (1.4.1).

Entry 1.4.2 (p. 3). For |bg| < 1,

(G Dn (=G Dn
(aq,q )n+1

(459%)o0(ag5 40 D

( bq, Q)2n+1

Proof. In (1.2.1), set h =2, b= q, and t = ¢, and replace a by ag and c by
—bg?. The result then reduces to the identity above upon simplification. O

Entry 1.4.3 (p. 12). For |ag|, |b] < 1,

i alq" 1 i (—1)"(ag; ¢)2nb"g"™
= (@D (bg:6%)n  (aq; @)oo (ba; )0 =, (% 6*)n

Proof. In (1.2.1), set h = 2, ¢ = 0, and ¢t = 7, and replace a by bg/7 and b
by ag. Then let 7 — 0. The result easily simplifies to the identity above. O
Entry 1.4.4 (p. 12). For |a|, |b| < 1,

e n . 2n o

a"q _ 1 (—=1)"(ag* ¢*)nb"
; (@%*)n(0a: D)2n (6% ¢%)oo (bg; @)oo Z‘; (@:9)n

qn(n+1)/2

Proof. In (1.2.1), set h = 2 and a = 0, let b — 0, and then replace t by aq?
and ¢ by bq. a

The previous two entries were also established by Padmavathamma [225].
The next result is a corrected version of Ramanujan’s claim.
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Entry 1.4.5 (p. 15, corrected). For any complex number a,

- — (¢:¢%)ng®™
(—aq; (=G Dnd" = (¢ Doo(—0q; @)oo Yy  ———.
nz:;) & el nz:% (—ag; @)2n+1

Proof. In (1.2.1),seth=2,a=0,b=q, c = —aq?, and t = ¢*. Simplification
yields Ramanujan’s assertion. O

The next two entries specialize to instances of identities for fifth-order
mock theta functions, as we shall see in our fourth volume on the lost notebook
[33]. The first is a corrected version of Ramanujan’s claim.

Entry 1.4.6 (p. 16, corrected). For any complex number a,

(—a¢; @)oo = (ag; Q) g™
(=€ D)oo = (@%6%)n

_ i (_1)n(a2q2; 42)2nq2”2 . i (a2q2; q2)n71(_q)n(n+1)/2
- (% q%)n = (= —@)n—1
Proof. The proof of this result is rather more intricate than the proofs of the

previous entries in this section. In (1.2.5), replace t by —¢/a and let a — o0
to deduce that

= (b7 q)nqnz (b q q;9q C/b 2n 2n
,;) (@G n Z qQ)nb
(b; q) -4 ¢?)

(c,q )oo

(c/b) 2n+1 p2n+1
(5 @)2n+1(—¢% ¢*)n

_|_

M

Now set ¢ = 0 and b = aq. If we multiply both sides of the resulting identity
by (—aq; q)so/(—q; q) 0, We arrive at

aq, OOZCLQan _aqqooz a?" g
Joo (¢ @)2n(=¢:6°)n
a q q o Z 2n+1 2n+1
—q; q n=0 2n+1 q2 q2)n

Next, in (1.2.1) with h = 2, replace ¢ by ¢?, set a = ¢*/t, b = a*¢?, and
c =0, and let t — 0. Noting that (—¢%;¢?)ec = 1/(¢%;¢*)se, we deduce that

2

x -1 a : 2 on 2n
lenz_%( )((q46{q4q): C— (1.4.3)
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Finally, in (1.2.1), set h = 2, a = 0, and ¢ = —¢?, and let b — 0. Then set
t = a?q? and multiply both sides of the resulting equality by 1/(1 + ¢). We
therefore find that

> 2n 2n 1

— (a%¢?; ¢*)ng" " H3)/2
Z = . 2 4%) Z ) :

G Q2nt1 (000 (07¢¢%)se =, (¢ @)n

Upon multiplying both sides of this last identity by aq(—q;q)so(a?¢%;¢?) oo
and noting that (—¢;q)ec = 1/(¢;¢*)s0, We obtain, after replacing ¢ by —q
and replacing n by n — 1 on the right-hand side,

_azl (a*q ;q(_)n'1(—

G —Qn-1

n(n+1)/2
a) . (1.4.4)

If we substitute (1.4.3) and (1.4.4) into (1.4.2), we obtain our desired
identity to complete the proof. a

Entry 1.4.7 (p. 16). If a is any complex number, then

n(n+1) 0 n(n+1)/2
aq, )oo aqq —q)
TR PR T e

2n2+dn+1

+i "(a%q%; q%)2nq

(g% q*)n

Proof. In (1.2.5), let t = —¢?/a and ¢ = 0. After letting a — oo, set b = aq.
Multiplying both sides of the resulting identity by (—aq;¢)eo/(—¢; q) oo, We
find that

aq, ooz aqq
n=0

’

n(nJrl)

aqqoo
qu2n qq)

aq q o
Z Qon+1(—¢ ¢*)nt1

2n+1

Now in (1.2.1) with h = 2, set a = 0 and ¢ = —¢, and let b tend to 0. Then
set t = a’¢?. The result, after replacing ¢ by —¢ and simplifying, is given by

& 2.2, .2 _ \n(n+1)/2
Z(aq,q)n( q) :(aqqooz s
= (= —a)n (43 9)2n (=6 4%)n

(1.4.6)

Next, in (1.2.1), set h = 2, replace ¢ by ¢2, and then set b = a?¢?, t = ¢%/a,
and ¢ = 0. After letting a« — oo and substantially simplifying, we ﬁnd that
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ai (_1)n(a2q2;q2)2nq2n2+4n+1
e (g% *)n
2n+1

aq q 0o
= 5s. 1.4.7
Z q CI 2n+1 —4q;9 )n+1 2 ( )

If we substitute (1.4.7) and (1.4.6) into (1.4.5), we obtain the desired
identity for this entry. ad

Entry 1.4.8 (p. 16). For arbitrary complex numbers a and b,

1 i (aq;g?ngnq” (bg: i -

(aq; Qoo = (4%¢*)n

@)a2n( bqq)

oo

+(=b0% 0%)se Y G (ag)

= (@3 0)2n+1(—ba* ¢*)n

2n+1

Proof. This entry is a further special case of (1.2.5); replace a by —bq/t, set
c¢=0and b= aq, and let t — 0. a

In her thesis [225], Padmavathamma also proved Entry 1.4.8. For a com-
binatorial proof of Entry 1.4.8, see the paper by Berndt, Kim, and Yee [73].

The next entry is the first of several identities in this chapter that provide
representations of theta functions or quotients of theta functions by basic
hypergeometric series. We therefore review here Ramanujan’s notations for
theta functions and some basic facts about theta functions.

Recall that the Jacobi triple product identity [18, p. 21, Theorem 2.8], [54,
p. 35, Entry 19] is given, for |ab| < 1, by

Z @ HD/2pn (D)2 — (s ab) oo (—b; ab) oo (ab; ab) . (1.4.8)

n=—oo

Deducible from (1.4.8) are the product representations of the classical theta
functions [18, p. 23, Corollary 2.10], [54, pp. 36-37, Entry 22, equation (22.4)],

p(—0) == f—=g,—q) = Y (-1)"¢" = ((_q;;"oo, (1.4.9)
_ n(n+1)/ (qz;qQ)oo

b(g) = f(a:q nzoq T (1.4.10)

f(=q) = f(-q,—*) = > (-1)"¢"®" "V = (¢:¢)oc, (1.4.11)

where we have employed the notation used by Ramanujan throughout his
notebooks. The last equality in (1.4.11) is known as Euler’s pentagonal number
theorem. We also need the elementary result [54, p. 34, Entry 18(iii)]
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f(=1,a) =0, (1.4.12)

for any complex number a with |a] < 1. Later, we need the fundamental
property [54, p. 34]: For |ab| < 1 and each integer n,

fla,b) = @™ FI/2pn(=D2 ¢ (g(ab)™, b(ab) ") . (1.4.13)
Entry 1.4.9 (p. 10). Let p(—q) be defined by (1.4.9) above. Then

e qn(n+1)/2 0 (_l)nqn(n+1)/2

-5

(g59)2 ~ (0% ¢%)n (1.4.14)

o(—q)
n=0

First Proof of Entry 1.4.9. In (1.2.1), weset h=1,a=—q/7,b=7,¢c=q,
and t = 7. Letting 7 tend to 0, we find that

n(n+1)/2 n n(n+1)/2

i a _ 9 Z . (1.4.15)

n

The desired result follows once we invoke the well-known product representa-
tion for ¢(—¢) in (1.4.9). O

Second Proof of Entry 1.4.9. Our second proof is taken from the paper [73]
by Berndt, Kim, and Yee.

Multiplying both sides of (1.4.15) by (¢)s0, we obtain the equivalent iden-
tity

> n(n+1)/2 ol n n(n+1)/
Z qi AR Z (=" @)oo, (1.4.16)

since (¢%;¢%)o0 = (—4;9)00(q; @)oo~ The left side of (1.4.16) is a generating
function for the pair of partitions (), where 7 is a partition into n distinct
parts and v is a partition into distinct parts that are strictly larger than n and
where the exponent of (—1) is the number of parts in v. For a given partition
pair (m, v) generated by the left side of (1.4.16), let k be the number of parts
in v. Detach n from the each part of v and attach k£ to each part of w. Then
we obtain partition pairs (o, \), such that o is a partition into k distinct parts
and A is a partition into distinct parts that are strictly larger than k, and the
exponent of (—1) is the number of parts in o. These partitions are generated
by the right side of (1.4.16). Since this process is easily reversible, our proof
is complete. a

The series on the left-hand sides of (1.4.14) and (1.4.18) below are the
generating functions for the enumeration of gradual stacks with summits and
stacks with summits, respectively [23]. Another generating function for grad-
ual stacks with summits was found by Watson [279, p. 59], [75, p. 328], who
showed that
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n(n+1)/2 n(2n+1)

Z ¢ (1.4.17)

710

o0

Z q

n=0
which is implicit in the work of Ramanujan in his lost notebook [244]. An
elegant generalization of the concept of gradual stacks with summits has been
devised by Yee, with her generating function generalizing that on the right-

hand side of (1.4.17) [286, Theorem 5.2]. See Entry 6.3.1 for a significant
generalization of Entry 1.4.10 involving two additional parameters.

Entry 1.4.10 (p. 10).

Z — 2 Z n TL n+1)/2 (1418)
n=0 (Q) OO n=0
Proof. In (1.2.1),set h=1,t = ¢ =g, and a = 0, and then let b — 0. Entry
1.4.10 follows immediately. ad

Entry 1.4.11 (p. 10).

> é); - (q; <1 +2Z(—1)”q"<"+1>/2> : (1.4.19)
n=0 n o n=1

Proof. In (1.2.1),set h =1, a =0, ¢ = ¢, and t = ¢>. Now let b — 0 to
deduce that

oo 2n oo
q 1 1 — q n(n+1)/2
HZ:O (92 (q)io ,;) l—q
=1 ;2 <Z(_1)nq"("+1)/2 n Z(—l)”+1q("+1)("+2)/2>
q)50 n=0 n=0

1 o0
— 1+2 -1 nqn(n+1)/2 .
WL ( 2.
O

Observe that the sum on the right sides in Entries 1.4.10 and 1.4.11 is a
false theta function in the sense of L.J. Rogers. Several other entries in the
lost notebook involve this false theta function; see [31, pp. 227-232] for some
of these entries. In providing a combinatorial proof of Entry 1.4.11, Kim [189]
was led to a generalization for which he supplied a combinatorial proof.

The following entry has been combinatorially proved by Berndt, Kim, and
Yee [73].

Entry 1.4.12 (p. 10). For |a|,|b] < 1 and any positive integer n,

e m,m(m+1)/2 e pm nm(m+1)/2
aq q
(7bqn’qn)oo . n. AN :(7aq;q)°° M. oM .
,Z,L:O (4 @)m(=0q":q")m = (a™5q )m(—aq,(q)nm |
1.4.20
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Proof. In (1.2.1), set h =n and let b tend to 0. Then set t = —bg™/a and let
a tend to co. Finally, replace ¢ by —agq. O

Entry 1.4.13 (p. 11). For |a| <1,

= (@ P)nba:@)n (ag:4%)oo(b4: @)oo 2= (¢ @)2n
B 1 i (ag?; q2)nb2n+1q2n2+3n+1
(ag% ¢)oo (b @)oe =, (€ @)2n+1
Proof. In (1.2.5), let a = 0 and let b — 0. Then replace ¢ by ag and ¢ by
bq. O

In her doctoral dissertation [225], Padmavathamma gave another proof of
Entry 1.4.13, and gave proofs of the following two entries as well.

Entry 1.4.14 (p. 11). For any complex number a,
qn(n+1)/2

oo oo 2

(ag®;¢*)n 4 4 (ag®; ¢*)ng™™

(@%:q*) = (ag*; q*) e
> ,; (¢:9)n * ,; (4% 6)2n

&0 4, 4
Z aq-;q" )nq
+(aq2;q4>oo ( )

(q2; q2)2n+1

an?+4n+1

n=0
Proof. In Entry 1.4.13, replace ¢ by ¢* and set b = —1/q. This yields
e n,2n 1

aq B — (ag®;q*)ng™"
Z (q4;q4)n(7q;q2)n - 2. 4 ) Z 2. 42

—~ (ag% ¢ oo (=4 ¢*) o0 = (4% ¢%)2n

1 = (ag*; q*)ng
D s

+
(a0* 0o (=4:0%)o0 = (4%0%)2n41

An2+4n+1

Consequently, in order to prove the desired result, we must show that

> n . 2n
2. 4 2 4. 4 a’q
aq ;4q )oo\—4;q9 )olQq 5 q
( Jool Jool Joo Z( (=4 ¢*)n
0 2.2 n(n+1)/2
2. 4 (ag* ¢*)ng
=¢34 ) , 1.4.21
) nz::o (¢ Dn ( )
and this follows from (1.2.1). More precisely, let h = 2, ¢ = —¢, and a = 0,
and let b tend to 0. Then put ¢ = ag? and simplify. O
Entry 1.4.15 (p. 11). If a is any complex number, then
oo o0 2
aq q (n+1)(n+2)/2 7 44 (aq2;q4)nq4n +4n+1
Z ) *(aqvq )ooz (2. 2)
— (a:9 — % q
4n +8n+4
aq q
aq q
Z 2n+1

n=0
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Proof. In Entry 1.4.13, replace g by ¢ and set b = —¢. Upon multiplication
of both sides by ¢/(1 + ¢), we find that

i 2n+1 _ 1 i (aq .q ) q4n +4n+1
— ( q4,q4 n(=@:q*)ns1 (ag%¢*)o(—a:4*) 00 = (4% ¢%)2n
1 ©© (ag*: qY),, q4n2+8n+4
S P D
(a0% 4o (=:0%)o0 2 (4%0%)2n41

Consequently, in order to prove Entry 1.4.15, we must show that

oo

(—4:0%) o0 (00’ ¢Y) oo (aq*: ¢Y) oo Y 1
— (q%q

anq2n+1
)n(_(ﬂ qz)nJrl
n+1)(n+2)/2

o0 2. 2y

2. 4 (aq”; ¢*)ng
=(q¢%;q 1.4.22
(@) ,; (4 @)n (1.422)

This last identity follows from (1.2.1). Set h = 2, ¢ = —¢?, and a = 0. Then
let b — 0. Setting ¢ = ag? and multiplying both sides of the resulting identity

by ¢/(1 + ¢), we complete the proof. O

Entry 1.4.16 (p. 11). For any complex number a,

2
> aq D2nd" "5 o N (a6 @)
Z @) = (aq°;q") Z #
n=0 n=0 q; 49
0 2n +3n+1
(ag; ¢*)
> nz:% )2n+1
Proof. Set b =1 in Entry 1.4.13 to deduce that
00 o 2n +n
,;) q Q)  (ag;¢? ,;)
2
_ 1 S (aqz;qz)nq% ot
(00%0®)sc (€ Do = (G 0)2n11

Therefore, in order to complete the proof of Entry 1.4.16, we must prove that

(4 @)oo (a4; ¢°) o (ag%; ¢°) Z qq)

> n(n+1)

Z )2)”‘1 , (1.4.23)

and this follows from (1.2.1) with h = 2, first setting a = ¢?/t, then letting ¢
and t tend to 0, and finally replacing b by agq. ]
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Entry 1.4.17 (p. 30). For each positive integer n, the series

is symmetric in a and b.
Proof. By an application of the g-binomial theorem (1.2.4),

pm 7n(m+1)/2 © bmq7rz(m+1)/2

oo
—a — —a nm-+1
2 Z (@)m(—aq)nm Z (@)m (oq Joo
=0 m=0

2 pmgd gmlm+1) /245 (+1)24nm;

2 (@)m(q);

m,j=0

This last series is obviously symmetric in ¢ and b, and so the proof is complete.
O

Berndt, Kim, and Yee [73] found a combinatorial proof of Entry 1.4.17.

The next result from the top of page 27 of Ramanujan’s lost notebook has
lines drawn through it. Furthermore, the right-hand side has ellipses after the
products forming the numerator and the denominator. If nothing is added, the
result is clearly false. However, the following identity has the same left-hand
side that Ramanujan gave, and the infinite products from the right-hand side
of his proposed identity are isolated in front of our right-hand side.

Entry 1.4.18 (p. 27, corrected). For any complex numbers a and b with
b+#0,

i (—a/b; q%) b g 1)/2
= (G0)n(ag* ¢*)n

_ (=bg39)ee | (=a/biq?) bq @*)n _a\n
(a3 9)o { (o ) Z (4% ¢%) anQ)zn( i) }
(1.4.24)

Proof. In (1.2.1), take h = 2, and then replace a, ¢, and t by —bg?, —bq,
and —a/b, respectively. Now let b — 0. Simplification then yields the desired
result. a

1.5 Corollaries of (1.2.6) and (1.2.7)

The first two entries in this section were proved by G.N. Watson [278] and
Andrews [7], with Berndt, Kim, and Yee [73] also providing a combinatorial
proof of the former entry.
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Entry 1.5.1 (p. 42). If a is any complex number, then

> a"q” > aq
Z(_ —aq*;¢? ooz
n:O

— GOn —aq*;¢*)n
> am n 24n
060 Z —ag;q%)n

n*O

Proof. The first line follows by setting t = —aq/b in (1.2.7) and letting b — 0.
The second line follows from the fact that each of the right-hand entries is

equal to
m—+n n2+m2+m+2mn

ooa q
> —Fa

=0 (4% 4*)m(¢?; ¢*)n

To verify this last claim, first apply (1.2.4) to (—aq®*"2; ¢?)wo. Secondly, apply
(1.2.4) to (—aq®**t; ¢?)s and then switch the roles of m and n. O

M. Somos has observed that if we set

o0

2

anqn

F(a,b;q) :== (—bq;qQ)OOZ 2. .2 2q2), ]
= (@%0)n(=bg: ¢*)n

then
F(a,b;q) = F(b,a;q). (1.5.1)

Entry 1.5.1 then follows by taking b = ag in (1.5.1). To prove (1.5.1), return
to Entry 1.4.12, set n = 1, and replace ¢ by ¢2, a by a/q, and b by b/q. Then
we easily see that (1.4.20) reduces to (1.5.1).

Entry 1.5.2 (p. 42). If a is any complex number, then

> an 4n e anqn
(ag;q
Z ) Z (6% ¢*)n(aq; ¢*)n
Proof. Replace g by ¢ in (1.2.6). Then set b = —ag/t and let ¢t — 0. a

Entry 1.5.3 (p. 26).

e’} 2 [e%¢)
2n°+n (_l)nqn(n+1)/2

tuckS>

= (@) = (@5

(4:¢%) o0
Proof. In Entry 1.5.2, replace ¢ by /g, and then set a = —,/q. Using Euler’s
identity, we find that the result simplifies to the equality above. O
Entry 1.5.4 (p. 26).
211 —n o0 (_1)nqn(n+3)/2

mi -y

2. 42
= (%)
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Proof. In (1.2.6), replace ¢t by 1/b and let b — oco. Hence,

i qznz_n e ( 00 (_1)nqn(n—1)/2>
(242 Ve . e

= (4% ¢*)n G Dn(—¢@)n—

E
(]

o 00 ( 1)nqn(n—1)/2(1 _ qn + qn)
= (50 (2 - nz::l (425¢*)n—1(1 — q") )
L o0 (_1)nqn(n71)/2
= (~¢:9)e (2 + ; A
) ( )n n(n+1)/2(1+q )
+n2::1 (4%6%)n >

= (¢ 0)s (2 _ i (=1)ngnin+n/2

2. 42
— (%)

e —_1)" n(n+1) 0 n n(n+3)/2
I
n=1

= (@)
OO 1 n n(n+3)/2

e

n=0

By Euler’s identity, this last identity is equivalent to that of Entry 1.5.4. O

1.6 Corollaries of (1.2.8), (1.2.9), and (1.2.10)

Entry 1.6.1 (p. 362). If a and b are any complex numbers, then

U (2D (b/a)nat g
() D e ~ 2 @~ |

Proof. Replace ¢ by t/(ab) in (1.2.9) and let a and b tend to co. This then
yields the identity

o 2 oo
thg " Z t/C n(nfl)/2
> (1.6.1)
"0 (Q)n(c pry Q)n
Replacing ¢ by bg and ¢ by ag in (1.6.1), we complete the proof. O

Entry 1.6.1 is identical to Entry 9 in Chapter 16 of Ramanujan’s second
notebook [243], [54, p. 18]. Earlier proofs of Entry 1.6.1 were given by V. Ra-
mamani [234] and by Ramamani and K. Venkatachaliengar [235]. L. Carlitz
[99] posed the special case a = —1 of Entry 1.6.1 as a problem. S. Bhargava
and C. Adiga [81] proved a gencralization of Entry 1.6.1, while H.M. Srivas-
tava [268] later established an equivalent formulation of their result. Lastly,
Berndt, Kim, and Yee [73] have devised a bijective proof of Entry 1.6.1.



1.6 Corollaries of (1.2.8), (1.2.9), and (1.2.10) 25

Entry 1.6.2 (p. 28). For any complex number a,

n, n(n+1)/2

i i —¢;q)n-10"q
anqn i 71
n=0 n=1

—aq? q*)n

Proof. Subtracting 1 from both sides of this entry, shifting the summation
indices down by 1 on each side, and dividing both sides by aq, we see that the
identity above is equivalent to the identity

i n n?+2n i (_q;q)na
a q = )
n=0 o

— (-ag*¢%)ns1

nqn(n+3)/2

Now in (1.2.8), replace a by —aq?/t, set b = ¢%, and let t — 0. The resulting
identity then simplifies to that of Entry 1.6.2. ad

See the paper [73] by Berndt, Kim, and Yee for a combinatorial proof of
Entry 1.6.2.

The next result does not properly belong under the heading of this section,
but we have put it here because of its similarity to the previous entry. We note
that the case a = 1 is Entry 9.3.2 of Part I [31, p. 229].

Entry 1.6.3 (p. 28). For any complex number a,

a"q
n—0 n—0 (_QQa q)2n+1

i( 1)71 n n(n+l)/2 _ i (_l)n(Q;q ) 2nqn(n+1).

Proof. In (1.2.1), let h = 2, replace a by a?q?/t, then set b = ¢ and ¢ = —aq?,
and let ¢ — 0. After simplification, we find that

o~ (D" (g3¢°)na®" gt -
> = (¢;9)o0(04; @)oo Z

o (—aq; @)2nt1

n(aq; @)n

— Z n a” n(n+l)/2

where we applied (1.2.1) with h = 1 and replaced a, b, ¢, and ¢, respectively,
by 0, 0, aq, and q. O
Entry 1.6.4 (p. 38). For |aq| < 1,

o0

= 0( ag® ¢*)n = (—agq)n

nqn(n+l)/2

(1.6.2)

Proof. In (1.2.8), set a = 0 and b = ¢2, and then replace t by —a. Simplifica-
tion yields
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o0 oo
3 (—ag)" e
—_— = 1 + a
_ 2. 42
n:O( aq=q )n n=0
© ( 1)rLan n(n+1)/2

=HZO (—ag @)

where the last line follows from (1.2.9), wherein we replaced a by —¢ and b
by ¢, then set t = —a, and let ¢ — 0. O

Entry 1.6.4 can also be derived from Entry 9.2.6 in our first book on the
lost notebook [31, p. 226]; this entry is on page 30 of [244]. In fact, when
Berndt and A.J. Yee gave a combinatorial proof of Entry 9.2.6 in [78], after
some elementary manipulation and the replacement of a by —aq in Entry 9.2.6,
they derived (1.6.2), for which they gave a bijective proof. Berndt, Kim, and
Yee [73] have recently found a simpler bijective proof of (1.6.2).

Entry 1.6.5 (p. 38). For any complex number a,

e m ,m(m+1) x (_ \n,n(n+1)/2

aq a)"q
Z 2. 42 2m+1 = (_aq2§q2)oo § L (163)
= (@) m (1 + ag> ) —  (—ag;q)n

First Proof of Entry 1.6.5. Expanding 1/(1 + a¢®"*!) in a geometric series,
inverting the order of summation, and using (1.2.4), we find that, for |ag| < 1,

Z anqn(nJrl) N io: i m n+mqn(n+1)+m(2n+1)
(PPl +ag? ) = e (@%5¢%)n
St n n(n+14+2m)
a’q
=> (- aq)mz 2. 2
m=0 n=0 (q q )n

(—aq)™(—aq*™™; ¢%) s

tnqg

3
I
<

= (—a¢*;¢*)o Z ((—aq)m

= (—ag* % )m

e (_a)nqn(n+1)/2

= (g% ¢ )
,;) (—aq; @)n

where the last line follows from Entry 1.6.4. The desired result now follows
by analytic continuation in a. a

Second Proof of Entry 1.6.5. Our second proof is taken from a paper by
Berndt, Kim, and Yee [73].
By Entry 1.6.4, the identity (1.6.3) can be written in the equivalent form

0 m ,m(m+1) Sl

a9 _ —ag) ™ (—ag®: ).
Z (qQ;q )m(1+aq2m+1) - Z( Q) ( q yq )

m=0 n=0
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Note that (—aq®"*?;¢?)s generates partitions into distinct even parts, each
greater than or equal to 2n + 2, with the exponent of a denoting the number
of parts. Let m be the number of parts generated by a partition arising from
(—aq®*2;¢%) . Detach 2n from each of the m parts. Combining this with
(—aq)", we obtam (—ag®™ ™. However, note that, for n > 0, all of these
odd parts are generated by 1/(1+ ag?™*!), and each part is weighted by —a.
The remaining parts, which are even, are generated by

iam

m=0

m (m+1)

m

For these partitions into m distinct even parts, the exponent of a again denotes
the number of parts. O

Entry 1.6.6 (p. 35). Recall that 1)(q) is defined by (1.4.10). Then

nn+n

Z 1_q2n+1) = ¥(q).

Proof. Set a = —1 in Entry 1.6.5. Using (1.2.4), we find that

>

n= O

n n 24in o n(n+1)/2

q
= (&9

1_q2n+1) = (4" 9" ) o
= (0" ¢*) (- @) =
by Euler’s identity and (1.4.10). O
Entry 1.6.7 (p. 40). For |a|] < 1,
0 a” > nbn n?
n=0 =

Proof. In (1.2.10), let both a and b tend to 0. Then replace ¢t by a and ¢ by
bg, and lastly multiply both sides by (a)uo- O

1.7 Corollaries of Section 1.2 and Auxiliary Results

Up to now in this chapter, we have concentrated on results from the lost
notebook that can be traced to pairs of antecedent formulas proved in Section
1.2. In this section, we also often draw on several of the results from Section
1.2, but additionally we require other formulas that have appeared often in
Ramanujan’s work.

The Rogers—Fine identity [149, p. 15]
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i (@ _ i (@)n(aTg/B)nB"7"g" (1 — atq?") (1.7.1)

(B)n (B)n(T)n+1

n=0 n=0

is needed in this chapter. Ramanujan frequently used this identity in the lost
notebook; see Chapter 9 of [31], which is entirely devoted to formulas in the
lost notebook derived from (1.7.1).

The next two results are, in fact, special cases of the g-binomial theo-
rem, (1.2.2). However, it will be more convenient to invoke them using the
g-binomial coefficients, which are defined by

0, if ¢ <0or >k,
m _ m - (1.7.2)
q

¢ ¢ (Q)k
(@De(Dr—e

For any complex numbers a, b, and any nonnegative integer n,

otherwise.

n

3 m (=1)7a b g?0=D/2 = (b/a),. (1.7.3)

Jj=0

Also, for |z] < 1 and any nonnegative integer N,

f: ["‘L N] oo ! (1.7.4)

o L (2)v+1

Entry 1.7.1 (p. 5). For any complex number a,

. 2n+1 o0
Z ( a; q.)22+1q + Z(ia)nqn(nJrl)/Z
n=0 (q7 q >n+1 n=0

~(—ag; @) i (—a)gn(nti)/2
(:¢%) (—aq;q)n

n=0
Proof. In (1.2.5), set t = q, b = —¢q, and a = 0; then replace ¢ by ag. We
therefore deduce that
> n

q (6D = (—a5) 20"
2 (¢:q) (043 9)0 (45 4%) o 2 (4% ¢%)n

— n(aq; @)n vt

2n-+1

(—:9)oo i (—a;Q)2n+1q

 (ag;9) oo (6% 4 o (45 ¢*)nt1

(1.7.5)

n=0

In (1.2.1), set h =1, a = 0, and ¢ = ¢. Then, replacing ¢ by aq and letting b
tend to 0, we find that

(o]

Z q" _ 1 Z(ia)nqn(nJrl)/? (176)

(G D)n(aq;@)n (45 0)00(aq; @)oo

n=0 n=0
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Equating the right-hand sides of (1.7.6) and (1.7.5), and multiplying the result
by (¢; @)oo (aq; ¢) oo, we deduce that

0 0 2n+1
—a; q 2 +1q
( a)n n(n+1)/
q 1 q oo —a; q 2nq
* 0 Z
q n=0

We therefore will be finished with the proof if we can show that

n n(n+1)/

i (=3 Q)2ng™" _ —ag: q o Z . (L7.7)

= (%) —ag;q

To that end, we apply (1.2.1) with h = 1, ¢ replaced by ¢%, c =0, t = ¢2,
a replaced by —a, and b replaced by —agq to find that

o0

ZO amnq _(—aq'qi) —ag*; ¢ ooz
_ CLQQ) Z

by Entry 1.6.4. Thus, (1.7.7) has been proved, and so the proof of Entry 1.7.1
is complete. O

—aq?; q?)
n n(n+l)/2

—aq;q

Entry 1.7.2 (p. 5). If |b| <1 and a is an arbitrary complex number, then

i )n(—aq/b; q)n i (—agq/b; )b g+ 1/

_ (ag; ¢*)nsa 0 (b5 @ns1

Proof. In (1.2.1), set h = 2 and t = ¢?, and replace b, ¢, and a by —b, aq,
and aq, respectively. Consequently,

G )n(—aq/b; q),b"
nz:g (aq; ¢*)nt1
(0% ¢} 0o (075 4%) o (=40 on
T (hoe Z <q (0 @)
- GQ/bq "
Z 5 (—bq)",

where the last equality follows from (1.2.1) with h = 1, ¢ replaced by ¢2,
t =¢2, and qa, b, and c replaced by —b, —bq, and ag?, respectively.
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To this last expression we apply the Rogers—Fine identity (1.7.1) with ¢
replaced by ¢?, a = —aq/b, 8 = —bg?, and 7 = —bq to deduce that, after
multiplying both sides by 1/(1 +b),

o0

aq b; q n
Z / (—bq)
n=0 n+1
_ Z aq/b q an/b; q2)n(—bq2)"(—bq)”q2"2_2”(1 o aq4n+2)
(=b; qz)n+1(_bQ§q2)n+1
. (—aq/b; ¢®)n(—aq? /b; ) b2+ (1 — agin+?
=2
s (=01 %) n+1(—bg; ¢*) nt1
& —aq b’q 2nb2nq2n2+n 1— aq4n+2
=2
n—0 (=b; @)2n+2
> —aq b;q 2nb2nq2n2+n 7bq2n+1 . aq4n+2
= (=03 @)2n+1 1+ bg?nt!
_ i (—aq/b; q)zannq2n2+n B Z aq/b q 2n+1b2n+1q(n+1)(2n+1)
o (b5 q)2n+1 (=b;@)2n+2
- i (—1)"(—aq/b;q)nb"q" ”“W
n=0 (_b; q)n+1 ’
which is the desired result. O

Entry 1.7.3 (p. 30). For any complex numbers a and c,

n2+n

i (c/a; q)pamq""+D/2 cq, )oo Z (a Q/C 7*)nc"q

~=  (¢Oulaga)n  (ag0) Jn(ca: a%)n

Proof. First, applying (1.2.9) with a, b, ¢, and ¢ replaced by —q/7, ¢/a, agq,
and aT, respectively, and letting 7 tend to 0, we find that

o~ (¢/a;q)na™q" "2 (aPq/e q)o n (/0% 6%)n (aPq)"
2 (G Onlag;q)n (0G5 @)oo Z (4 Dn (C) - (178)

n=0 n=0

Second, we invoke (1.2.8) with a, b, and ¢ replaced by 0, ¢/a?, and a?q/c,
respectively, to deduce that

i (c*/a*; ¢*)n (@)n G i 2/@ 1q%) (a2q2)"
—= (G c azq/c q°) n(cqiq ) ¢

n—O
(1.7.9)

Combining (1.7.8) and (1.7.9), we see that
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i (c¢/a; q)na™gn 1)/

o (@ Dnlag;q)n

_ (@%¢*/e1¢%) o (ca3 %) i 2/a ) (aQqQ)"
&

n=

(ag; q) )n(cg;q )n
_ (@¢/ed? )oo(cq;q )oo (a Q/C q ) (cg* 0*)oo
(ag; @)oo (a*q%/¢;¢%) oo (cq; ¢*) o
2/@ ) (a’q\"
X Z NCETIR (T) , (1.7.10)

where in the last line we applied (1.2.9) with ¢ replaced by ¢ and with a, b,
¢, and t replaced respectively by 0, ¢?/a?, cq, and a?q?/c.

On the other hand, by (1.2.1) with ¢ replaced by ¢*, h = 1, and a, b, c,
and t replaced by ¢/, a®q/c, cq, and er, we find that, upon letting 7 — 0,

i (a q/c @)ncg" "

= )n(cq; ¢*)n
_(a q/C'q) cq 4*)oo 2/a,q) a’q\"
a (cg; 4?) Z n(ca? ¢%)n ( c ) -

Equating the left-hand side of (1.7.11) multiplied by (cg; ¢*)oo/(aq; @)oo With
the left-hand side of (1.7.10), we arrive at

n?4n

cq7 )oo Z (a Q/C q nc"q

(aq; @)oo )n(cq; @)

_ (a? Q/C'Q) (cg®;q%) OOZ 2/a,q) (a q)”

(aq; q) n(ca?¢*)n \ c
Z C/a q)na"q" "H)/Q
2 (@Dnlag@n
which is what we wanted to prove. O
The next two entries are, respectively, the cases a =i, b = —i and a = 1igq,
b = —ig in Andrews’s paper on the g-analogue of Kummer’s theorem [15,

p. 526, equation (1.8)].

Entry 1.7.4 (p. 34). Recalling that p(—q) is defined in (1.4.9), we have

o~ (—15¢2), "tV p(—g)

= (@) e(-a)
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Proof. In (1.2.1), set h =2 and ¢ = a = —q, and let b — 0 to deduce that

M8

(t:@*)ng" "2 (—g @) (t; q 5 Z

0 (6 On(—1¢; ¢%)n (—ta:¢%)o = (
(~4: @) (td*1 ¢%) o
(14542 oo (tg ¢

by (1.2.3) with b = ¢ and ¢ replaced by ¢*. If we now set t = —1 above, the

left-hand side of (1.7.12) reduces to the left-hand side in Entry 1.7.4, while
the right-hand side reduces to

n

(1.7.12)

(6 0)0 (0% ") _ (-0 D0(=0% 00 (4*; )
(45 4% oo (=% ¢*)oo (¢ D)oo (=% ¢*) o
_ #9000 _ p(—4")

(@ Do (=" 00 (=)
by (1.4.9), as desired. O

Entry 1.7.5 (p. 35). If p(—q) and ¥(q) are defined by (1.4.9) and (1.4.10),
respectively, then

)

(=202 g2 p(—g?)

D

= (G D@ a?)an w(=a)

Proof. In (1.2.1), take h =2, a = c= —q, b = 0, and t = —¢?, and multiply
both the numerator and the denominator of the resulting identity by 1 — q.
Then use (1.2.3) with b = —¢? and ¢ replaced by ¢*. Accordingly, after using
Euler’s identity, we find that

= (—q L2 2, 2 = (=

,; @ Onla Py FD(T5 )w,;) (a*:q")n
_ (w9 ( 7*14%) oo
(¢ ")

_ 5 0)x(-6%¢%) (% 6*)
(4 6%) o0 (4% ¢%) o0 (0% ¢*) o
_ 8900w _ ¥(=4)
(4o (—0* 00 ¢(—0)
by (1.4.9) and (1.4.10). This completes the proof. O

2; q2)nqn(n+1)/2

)

The next entry can be found in Slater’s compendium [262, equation (35)].

Entry 1.7.6 (p. 35). Recall that f(a,b) is defined in (1.4.8). Then

[o}

3 (—:¢*)ng" V22 qf(—q,—d")
(4 9)n (¢ ¢*)n 1 ¢(=aq)

n=0
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Proof. In (1.2.1),set h =2, a = ¢ = —¢*, t = —q, and b = 0. Multiplying
both sides of the resulting identity by q/(l + ¢q), we find that

i (*q;qQ)nq("?(””)/ _a-a q - Z C ar13)
n=0 (Q7q)n(Q7q )n+1 2n+1

Using (1.2.3) twice, with b = /g and b = —,/q, respectively, using Euler’s
identity, and employing the Jacobi triple product identity (1.4.8) three times
altogether, we find that

0 q" 1 0 N q(nfl)/2
Y =5 (1-(-1
(G QD21 2 :0( =) (4 O

= ((—qm;q2)oo(—q3/2;q2)oo(q2;q2)oo
o0

_ = n —n/2 = _1\n nz—n/Q
2\/_ o > g > (-1)q )

n=-—0oo n=-—oo

1 2 ion
= —\/ﬂ_](q;q)oo n;w ¢t - @nt1)/2

o0

— 1 Z q4n2+3n

(¢ D)oo S

7
_Ja.d) (1.7.14)
(45 9)o0
Replacing ¢ by —¢ in (1.7.14), substituting the result in (1.7.13), and using
Euler’s identity, we deduce that

f:(*q;tJQ)nq("“)(’”z)/2 4(—¢;¢*) oo f(—q,—q")

= (G Dn(@ Pt (4:4*)%.(¢% ) oo ( 7 4%)oo
() f(—q,—q")
B (¢ 0o
_qf(—q,—q")
I C
which is the desired result. O

Entry 1.7.7 (p. 35). If f(a,b) is defined by (1.4.8), then

o _1)nq(n+l)(n+2)/2

2 | (@)n(1— g2 th) af(a.q").

n=0
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Proof. Expanding 1/(1 — ¢?"*!) in a geometric series, inverting the order of
summation, appealing to (1.2.4), and using (1.7.14), we find that

i q(n+1)(n+2)/2 _ i i q(n+1)(n+2)/2+m(2n+1)
n=0 1 - q2n+1 n=0 m=0 (q)n
0 > n n(n 1)/24n(2m+2)
m—+1
= q
_ Z qurl(quJr2)Oo
m=0
OO 7;) 2m+1
af(a:4"),
which completes the proof. ]

Entry 1.7.8 can be found in Slater’s paper [262, equation (37)].
Entry 1.7.8 (p. 35). If f(a,b) is defined by (1.4.8), then

i (=46 g™ "2 f(—¢® —¢°)

= (@GOG e(=q) (1.7.15)

Proof. In (1.2.1), weset h =2, a = —¢*, b =0, and ¢ = t = —¢. Upon using
Euler’s identity, we find that

> (—g;q )nd

= (6 D)n(¢56%)nt1

n(n+1)/2 0

= (—g; 9% Z . (1.7.16)

We now proceed as we did in the proof of Entry 1.7.6. We apply (1.2.3)
twice, with b = /g, —,/q, and use the Jacobi triple product identity (1.4.8).
Accordingly,

2(q;q)
+(0'% %) (q 3/2;612)oo(q2;c12)oo)

)oo
( Z qn +n/2_|_ Z n n +n/2>

n—=—oo
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1 G n2 n
T G0 n;oo "

_ [, d°)

= T (1.7.17)

Replacing ¢ by —¢ in (1.7.17), combining the result with (1.7.16), and
using Euler’s identity, we deduce that

i (—4:6%)nq

nn D2 (g2 (43 ¢Y) o f (0P, —0°)

= (GG (4% 4o (=03 4*)
(49 f(=¢*, —¢°)
a (¢ @)oo
_ f(=¢*—¢")
o e(-q)
by (1.4.9). This therefore completes the proof. O

Entry 1.7.9 (p. 35). With f(a,b) defined by (1.4.8), we have
0 -1 nqn(n+1)/2
Z ()—gnﬂ = f(q35q5)'
(@)n(1 = g* 1)

n=0

Proof. Employing the g-binomial theorem (1.2.4) and proceeding as we did
n (1.7.17), we find that

Z

n=0

1 ngn (n+1)/2 n n(n+1)/24+m(2n+1)

w1 (-Dg
S

1

2

1 1 1
=30~ (G * )

% (n_z_:oo qn 24n/2 + n_z_oo n n +n/2>

(oo}

2
Z q4n = f(q33q5)7

n—=—oo

by (1.4.8). O
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Entry 1.7.10 (p. 3). Recall that 1(q) is defined in (1.4.10). Then

(D) Mg 6P)ng™ 1
D ar T} (17.18)

Proof. We utilize the ¢-Gauss summation theorem (1.3.1). Replace ¢ by ¢>.
Then set b = g and ¢ = ¢°. Letting a — oo, we find that

E aq nq”2 (@) 1
; (@)~ v()

by (1.4.10). O

Entry 1.7.10 is identical to Entry 4.2.6. I. Pak [226] asked for a combinato-
rial proof of (1.7.18), but there is a misprint in his formulation. Berndt, Kim,
and Yee [73] observed that if in Entry 1.3.2 we replace ¢ by ¢? and then set
b=1and a = 1/¢, we obtain Entry 1.7.10 with ¢ replaced by —g. Since these
authors also gave a combinatorial proof of Entry 1.3.2, this gives the desired
combinatorial proof sought by Pak.

Entry 1.7.11 (p. 41). With f(a,b) defined by (1.4.8) and (q) defined by
(1.4.10),

= (=D (g 63" (g
Z:O (@) flad")

Proof. In (1.2.1), let h = 1, replace ¢ by ¢>, then set a = ¢/t, b = ¢, and
¢ = 0, and lastly let ¢ — 0 and simplify. Using (1.7.17), (1.4.8) twice, and
(1.4.10), we find that

3 (—1)"(¢:¢*)na" — @Y q"

(@ ¢%)n = (6:0)2n

_ @)
g T
_ (@0)oo(=0%0%) oo (=0 6%) (0% ¢°)
(4% %)
. (36°)x(@% Yo (-0 6
(4% ¢*)oo (=43 ¢*) oo (=473 ¢*)

n=0

_ (0% ¢%) oo

(0%16%) o0 (6% 4®) oo (=03 ¢®) oo (=475 4%) o
)

fla,q7)’

as desired. O
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The latter entry and the next entry are the analytic versions of the two
famous Gollnitz—Gordon identities [157]. They can also be found in Slater’s
list [262, equations (36), (34)], but with ¢ replaced by —¢. The Gollnitz—
Gordon identities have played a seminal role in the subsequent development
of the theory of partition identities. They were first studied in this regard by
H. Gollnitz [156] and by B. Gordon [158], [159]. A generalization by Andrews
[10] led to a number of further discoveries culminating in [16].

Entry 1.7.12 (p. 41). If¢(q) and f(a,b) are defined by (1.4.10) and (1.4.8),
respectively, then

o0 _1n;2nn2+2n 4
Z( )"(q:4%)nq (Y

= (4% %)n (. a®)

Proof. In (1.2.1), set h = 1, replace ¢ by ¢?, then set a = ¢3/t, b = ¢, and
¢ = 0, and lastly let ¢ — 0. Simplifying, using (1.7.14), and invoking the triple
product identity (1.4.8), we find that

Oo_ln;an2+2n 2200 n
Z( )(q2,ng =(q;q)ooz—(q’qq)

"0 (@%¢*)n =0 2n+1

_ (30%)00(=4:6%) o0 (=471 ¢%) 0 (0% ¢°) 0
(4% ¢%)
(30 (-40*) (0% 6o
(4%50%) o0 (=01 ¢%) oo (=07 ¢%) o

_ (4% *)oo
(4% 6%) o0 (¢35 4®) 00 (=% ¢®) 0 (— 0% ¢®) o
AU
(@, q°)
by (1.4.10) and (1.4.8). O

Entry 1.7.13 (p. 35). Recall that ¢(—q) is defined in (1.4.9). Then

o0

Z _ o=

= @)on+1 ¢(—q)

Proof. We apply (1.2.9) with ¢ replaced by ¢ and with a, b, and ¢ replaced
by —q/t, —¢?, and ¢3, respectively. We then let ¢ tend to 0. Thus,

o0

2 (—g% g™ 1 (=42 ¢*)ng™
Z . - Z( 2. 2 3. 2

— (6 0)2m+m 1—q = (¢*:¢*)n(a® ¢*)n
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_ (66
(¢4%) o0
(5 (69
(=% %) (60

by (1.4.9). O

The next entry is also a special case of Lebesgue’s identity [200], [18, p. 21,
Corollary 2.7]. One can also find it in Slater’s paper [262, equation (12)].

Entry 1.7.14 (p. 34). With ©(q) as in the previous entry,
i q" (n+1)/2 _ CP(*(JQ)
o(—q)

Proof. In (1.2.1),set h =1, a = —q/t, and ¢ = —bt, and then let ¢ — 0. After
simplification and the use of (1.2.3), we find that [18, p. 21]

q" (n+1)/2 pr

OOb (oo}
I LN W oy

n=0 n=0
_ (19 (=3 0o
(0:6%) 0
= (043 ¢%) o0 (— 4 ) oo
Setting b = —1 above, we find that

o (—1;q),q"("+D/2

> : = (40" oo~ @) - (1.7.19)
= (¢ @)n
Now, by Euler’s identity,
(—gi ) = TP _ (4% 0%)os _ (@)
’ (=% 0 (60*)0(d%6*) o0 (=% 6% (4 @oo(—0%6%) 0
(1.7.20)
Thus, using (1.7.20) in (1.7.19), we find that
i 10)nd" "2 (@07 (69 _ o(—4%)
=~ In (0% @) (G0 (-a)’

by (1.4.9). O
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Entry 1.7.15 (p. 28). If

then

$(a,q)d(b,1/q) =Y (b/(aqn();;lq/)ci)nanqn |

n=0

This is a purely formal power series identity in the variables a and b. There
are no values of ¢ for which all the series in the identity converge.

Proof. Formally, after algebraic simplification,
oo (_1)najbnqj2fn(n71)/2

ola, )b, 1/q) = (¢50); (¢ @)n

j,n=0

(1.7.21)

On the other hand, by (1.7.3),

i(b/(aqn); 1/q)na"q"™ _ i (=1)""q~ """V (ag" /by @)n

=0 (Q; q)n n=0 (QQ Q)n
00 (_1)nbnq—n(n—1)/2 i |:n:| 4 o
= Z . . (_1)J (aq"/b)]qJ j
n=0 (qv q)n o ]
i (*1)najbnqj2,n(n71)/2 -~
=" (4:9);(¢: On ’ 7.

where in the last step we replaced n by n + j after inverting the order of
summation. Comparing (1.7.21) and (1.7.22), we see that we have completed
the proof. 0

Entry 1.7.16 (p. 28). Let a and b be any complex numbers, and suppose that
lzy| < 1. If
© n,n(nt+l)/2
a"x
¢(a’ x) y = 9
)= 2

n=0

then

oo n 2 b n—1 . n b
d(a,x,y)p(b,y, ) = Z (az + by™)(ax (;—yiy)n) (az™ + by)

n=0

Proof. Applying the ¢-binomial theorem (1.7.3), we find that

oo

(ax + by™)(az® + by~ 1) - (az™ + by)
2 (2y; 2Y)n

n=0
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§ Y By by (a4 by - (e by
(xy,xy)n

n=0
> —n(n+1)/2 ™
Y Z |:n:| (b n+lyn—j J Jj(i—1)/2
Z | (by" T (ay) ()
n=0 ,Iy,:l?y) 7=0 J Ty
i ajb”xj(j+1)/2 n(n+1)/2
2y yiay)(ayiay)n
= ¢(a7 x’ y)¢(b’ y7 x)V

where in the penultimate line we inverted the order of summation and then
replaced n by n + j. ]

Entry 1.7.17 (p. 57). If

$la) =

anqn(n+1)/2

2.2y
= ()
then
00 (a+bqn—1>(a+bqn—3) (a_,’_bql n) n(n+1)/2
o(@)p(b) =)
o (@%4*)n
Proof. Set x =y = ¢q in Entry 1.7.16. a
Entry 1.7.18 (p. 31). The expression
1 ok
1-— < (1—az™)(l—az"'y)---(1-ay")
is symmetric in « and (3.
Proof. Set ¢ = y/x. Then, by (1.7.4),
1 - B
11—« * ; (1—az")(1—az™1ly)--- (1 —ay?)
_1 L& g
Cl-a« — (1 —az™)(1 —az™q)--- (1 - az"q")
B a:n 1 Q)n+1

§M83M8

m 3

=0

which is easily seen to be symmetric in o and . ]
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For a combinatorial proof of Entry 1.7.18, see [19, pp. 106—-107], [75, p. 182].
Entry 1.7.19 (p. 26). Define the coefficients ¢,,,n > 0, by

no_ a/\)
Z Cp Ny

Then

bn n(n+1)/2

o0 (oo}
> engt I = Z (1.7.23)
n=0

n=0 Cq)

Proof. By (1.2.2) and (1.2.3),
n_ (0N 1
Z Cn A\ b/\ - ( N

= a/b b)\)m L (eN)F
mzzo ,;J (@)x
Sy Gt

= 5, @m@k

bk

Hence, for n > 0,
(—a/b),, b ck

o, (@m(@
Therefore, by (1.2.4),
m .k (m+k)(m+k+1)/2
ZC D)2 Z Z (—a/b)mb™ kgl )/
n=0m+k=n (q)m(q)k

—a/b)ybmgmm+/2 (Cqm+1)qu(k—1)/2
(q)m k=0 (q)k

_y !
m=0
OO —a b bm m(m+1)/2
= Z ) @ (—cq™)ae
m

=0

) i a/b

— (—cq)m

bm m(m+1)/2

)

which is what we wanted to prove. O

If we set @ = 0 in (1.7.23), we see that Entry 6.2.4 in our first volume on
the lost notebook [31, p. 148] is an immediate corollary of Entry 1.7.19. Fur-
thermore, in the notation of Entry 6.2.4 of [31], the claim that (—bg)..G(a,b)
is symmetric in a and b, as asserted in [244, p. 42], is also immediate from
Entry 1.7.19.
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Entry 1.7.20 (p. 57). Let m and n be nonnegative integers. Let

gt )
o) =2 =, O
Then
¢(a) = d(aq) + ag"™ " ¢(ag™™) (1.7.24)
and

1=1(a) + aqm—&-nw(a),‘l](aq)w(an) o w(aq2m—1>.

Proof. We have
B = aquj2+nj(1 — )

m] +nj

M

Jj=1
aquj2+2mj+nj

—agny @,

j=0
_ aqm—',-n(b(aq%n)7

which is the first assertion.
Upon dividing both sides of (1.7.24) by ¢(a) and noting that

(15(:;21;;”) — lb(a)w(aq)w(a(f) - w(a2m_1)’
we obtain the second assertion. i

Entry 1.7.21 (p. 10). For |zy| < 1 and a and b arbitrary,
e n n(n+1)/2 —-n

(ab)
Z NG _H’“’Z (az:

( )n(n+1)/2
s )1 (bY; Y)n

Proof. We have

(ab)™(x
—b+b
' Z (ax; @) n41(by; Y)n
(ad) (:vy)"(”+1)/2 az+1
—b+b 1y
" Z (az; 7). (by; Y)n + 1 —qxntl
1—b+bz ab (my)n(n+1)/2 N 0 (ab)"“(xy)("+1)("+2)/2y—n—1
(ax;2)5 (by; y)n = (ax; 2)n41(by; Y)n

n

)n(n+1)/2
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n(n+1)/2y7n

I SN
=1 Z (ax; ) (by; Y)n 2:: (ax; x) (

bY; Y)n—1

2, —n

e (ab) ) D2y W
=1+ (az; )n (by; y)n (by™ + (1= b))

)n(n+1)/2y—n

o (ab)"(zy
=2 (az; z)n (by; Y)n

Thus, the proof is complete.
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2

The Sears—Thomae Transformation

2.1 Introduction

In this chapter, we consider those identities in the lost notebook most closely
tied to the transformation

a,be, de’\ _ (e/a)ss(de/(bc))oo a,d/b.dfc. e
302 ( g abc) o (€)oo (de/(abc)) o 302 <d, de/(bc)’q7 a) ) (2.1.1)

where

A, A1y, Ay, _ > (aO)n(al)n"'(ar)n n
T“"”( o by ’q’t>‘§ @albi) O ' 212

Identity (2.1.1) was first proved by D.B. Sears [256] as a g-analogue of a result
of J. Thomae [270].

It must be pointed out that in subsequent chapters use is often made of
(2.1.1). In this chapter, we examine only those identities that are primarily a
consequence of (2.1.1) and possibly some further elementary transformations.

Before we proceed to Ramanujan’s discoveries, we note a limiting case [15,
Lemma] of (2.1.1) when ¢ — oo, namely,

(1)@ (D) (de\" 1y (/0)o = (@)n(d/b)n fe\"
7;) ()n()n (b) ! (©)os 2 @ () (%)
(2.1.3)

2.2 Direct Corollaries of (2.1.1) and (2.1.3)

Entry 2.2.1 (p. 1). For 0 < |ag| < 1,

oo

i Q209" Z Q/aqzaq
n n

o (aq; ¢*)n+1 Q/a @*)n+1 n—O @ P )n+1(0/0 P )nsr

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_-3, (© Springer Science+Business Media, LLC 2009
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Proof. In (2.1.1), replace g by ¢* and then replace a, b, ¢, d, and e by ¢?, —q,
—q?, ¢*/a, and ag®, respectively. Then multiply both sides by 1/(1 — ag) and
by 1/(1 — q/a). O

Entry 2.2.2 (p. 8). We have

2
i (=¢*¢*)na" " _ i (=¢:¢*)ng" Y
— (66 — (64

Proof. In (2.1.3), replace ¢ by ¢?, and then replace a, b, d, and e by ¢%, —q,
q®, and ¢3, respectively. Finally, multiply both sides by ¢/(1 — ¢)2. O

Entry 2.2.3 (p. 42). For arbitrary complex numbers a, b, and c,

)oo Z aQ/b b” n(ntl)/z (aq) i bC/a a"q"
(—cq)n ~ Jn(—c )

We have recorded Entry 2.2.3 as Ramanujan recorded it, that is, with a
common factor (ag)~ on each side.

Proof. In (2.1.3), let a — oo, and then replace b, d, and e by be/a, —cq, and
—bq, respectively. O

Entry 2.2.4 (p. 42). Let a and b be arbitrary complex numbers. Then

X n_ n(n+l)/2 e n n(3n+1)/2
a
> —a0)es Z
= (@)l b)n — (@)n(—aq)n(=bq)n
Proof. In Entry 2.2.3, let a — 0, and then replace b by a and ¢ by b. ad

2.3 Extended Corollaries of (2.1.1) and (2.1.3)

Entry 2.3.1 (p. 37). Let a be arbitrary and suppose that |bg| < 1. Then

> bn n
Z bq - 1+az (2.3.1)

n:O n:l
00 00
( n 27an anqn
Y a2 =l-a) Cad) (2.3.2)
n=0 a q n=1 d)n

Proof. In (2.1.1), replace a, b, ¢, d, and e by ¢, 1/7, 1/7, aq, and bq, respec-
tively. Then let 7 — 0. After simplification, this yields

0 (ab)nqn2 B B 0 pr
2 Do)~ b)z(aq)

Qa
n=0 ( n\0q)n n=0
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o0 o0
i bn n

’I’L n

and so (2.3.1) has been proved.
The identity (2.3.2) is obtained by setting a = —b in (2.3.1) and then
replacing b by a. a

Entry 2.3.2 (p. 34). Recall that ¢(q) is defined by (1.4.9). Then

(—Li@ag" "2 p(q)
nz:;) (@ Dn(t:6*)n  ¢(=a)

Proof. In (2.1.3), replace a, b, d, and e by —1, —1, q'/?, and —q'/2, respec-
tively. Consequently, after simplification and the use of the g-binomial theorem
(1.2.2),

o0 —1: 2 n(n+1)/2

S = Z ( ’Q)nq 5
= (G Dn(6%)n
( 1/2,(]

(Do = (=100 (=25 q) g™
( 1/2,61) nz% (@3 D)n(a"/% @)n

oo —1; L]/ 2nq n/2
= 1/2 Z (4125 q1/2),

B (q1/2 ) B (71;q1/2)nqn/4
-~ 2(—qV/ Z(1+( ") (¢"/%:¢1/?),
(

7)OOnO

@30 (=640 N (aY% ¢*?)
T 2% ) \ (¢4 ¢ 72) (—q /%72 )

Now put the fractions on the right side above under a common denominator,
multiply both the numerator and denominator by (¢'/?;¢'/?)s, and simplify
to arrive at

1
S= 0" 2 (0" ¢

Y T q
2(¢34%) 00 (43 @) 0 ((
+(q1/4;q1/2)§o(q1/2;q1/2)00)

:W< oot Z " "/4> (2.3.3)

n=—oo n=—oo
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_ vla)
e(—q)’
where in the antepenultimate line we used the Jacobi triple product identity

(1.4.8), and then afterward used Euler’s identity and the product representa-
tion from (1.4.9). This completes the proof. O

Entry 2.3.3 (p. 35). If p(q) and ¥(q) are defined in (1.4.9) and (1.4.10),

respectively, then

(—q;q)2q" D2 p(g?)

(@G D@62 o(=a)

[M]¢

n

Proof. In (2.1.3), set a = b = —q, d = ¢*/?, and e = —¢*/?, and multiply
both sides of the resulting identity by 1/(1 — ¢). We proceed in the same
fashion as in the previous proof. In particular, we use the calculation (2.3.3).
Consequently,

o (—g5q)ngn /2 ( Y2 @)oo 7% q)ng""?

Z = 4% g Z

n—0 (q7 q)n(q7 q )n+1 — ) q)n+1

_ ( 1/2 ;Q) Z (—1;61 /2 )2n+1qn/

C2(—4Y% )0 = (6250 ) 2040
(6% q)0eqg ™/t & y (—15¢2) g/
= —_1/2. Z(l_(_l) ) 1/2. 1/2
4=0"% ) = (@' /24"

q_1/4 — n n?/4
s (- 5 e

n=—oo n=—oo
_ (=4 Q)ocq'/* i q(2n+1)2/4
A 9)e
q q oo Z n24n
n=0
_ ¢(q2)
¢(—q)’

where we employed the product representation of ¢(—¢q) given in (1.4.9). O
Entry 2.3.4 (p. 35). Recall that f(a,b) is defined in (1.4.8). Then

o0

Z g )ng® " f(=d® —¢") + af (=%, —¢'")

— n(@25qH)n (1 — g2nt1) = o(—¢) . (2.34)

Proof. We prove Entry 2.3.4 with ¢ replaced by —q. Applying (2.1.3) below
with ¢ replaced by ¢?, and then setting a = iq, b = —iq, d = ¢, and e = —¢3,
we find that
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oo n+n

Z q 34 4)nq
qz7 ((]27 4)n(1+q2n+1)

_ 1 ¢ (lq ¢*)n(— @q ¢*)ng" t"
l+gq ZO (% ¢*)n(—q )n(Q7q2)n
1 Zqz, )oo o= (ig;q 4*)nlig*)"
- l+g (=g ,;) (@ @%)n
zq qz) Z (35 q 2n Zq
B (Zq 1 0%) oo : v ()i 2"
2(—¢:¢)e0 nz%(lﬂ V) s

_ (6% %o <(i3/2q;q)oo N (Z’B/Qq;q)oo)
2-0:¢*) \(I'2¢:0)oc  (—=112¢:0)0 )
where we have applied the ¢-binomial theorem (1.2.2). Putting the terms on

the far right side above under a common denominator and applying the Jacobi
triple product identity (1.4.8), we find that

(Zq2ﬂq2)oo ‘1/2 ,71/2
S = - =17 @)oo (177G @)oo
2(—4;4?) 00 (1% ¢2) 0o (( Joo! )

+(i1/2 'Q)oo(i_l/Qq;q)oo)

B 0o (=124 4) o (45 0)
2(¢;9) o )oo 1+il/2
L2 0) o (71726 0)oc (43 0)o
1711/2
— 2( <1+ 7 Z Zn/2 n(n—1)/2
q;49 oo 1
1 oo
_ (1 11/2) Z n/2 n(n—1)/2
2(1 = i)(¢: @)oo (—q: ¢2) ( =
o0
+(1+i1/2) Z (_1)nin/2qn(n1)/2>

oo

1
_ n n(2n 1) -n+1 _n(2n+1)
T 0= )@ @) (67 ( 2 ! -2 )

n=—oo n=—oo
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= : itgrm yrgn@n=1)
(1= )¢5 @)oo (=41 ¢%) o ( 2. Z > ,

n=—oo n=—oo

where we replaced n by —n in the latter sum. Dissecting each sum above
into its even- and odd-indexed terms and applying the triple product identity
(1.4.8) and the product representation for ¢(—g?) given in (1.4.9), we conclude
that

1+ >
S = 1" 8n2—2n 44 2n+1 )(4n+1)
2(g;9) 1q° ( 2. (1 Z

oo(_qu )oo n——oo ne—oo
— Z n 8n —2n __ Z (_1)nq(2n+1)(4n+1)>
1 . n 8n2—2n - n 8n2+6n+1
=22 2. 1 Z (=1)"q - Z (=1)"q
(4%54%) o0 (4% ¢*) o

_ (=% =d") —af(=¢? —q")
p(=¢?)

)

which is (2.3.4) with ¢ replaced by —¢, as we had intended to prove. ad

Entry 2.3.5 (p. 5). For any complex number b and |aq| < 1,

= (q;¢2)n(V2q/a; P naq" aq/b; q)pbgm(nt1)/2
Z(qq)( 4/a;4")na"q :Z( D" (=aq/b; q)n _

= (—=bg; @)2n+1 = (ag; ¢*)n+1

Proof. After rearrangement of the series on the left-hand side above, we apply
(1.2.1) with » = 2 and a, b, ¢, and t replaced by b%q/a, q, —bg?, and aq,
respectively, to deduce that

; b2q/a; ¢*)na®
S:_Z(q )(( q/a; ¢*)na"q"

n=0 an )2n+1

1 i (0%q/a; ¢*)n(q; 9)2na™q"

CL+bg = (0%562)n(—ba% q)2n

_ @9)=(t’¢* %) bq, n(aq; %) ng"
(bq,) (ag;q oonz qu 7*)n

_ (%4 bq(IOoZ aq,
(ag; %) bq,

_ (@9)(bg39) \/_,q q\/_,qooZ (by/a]@; )n(ag)™/
(ag: %) oo (45 4) oo (bg; q) —~ q\/—q7q) ,

by another application of (1.2.1), this time with h = 1 and a, b, ¢, and ¢
replaced by —,/aq, \/aq, bq, and ¢, respectively. Simplify the far right side
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above and then apply (2.1.3) with a = ¢, then with d = —a'/?¢%/? and
e = a'/?¢%/?, with b replaced by —aq/b, and with both sides multiplied by
1/(1 —/aq) and 1/(1 + \/aq). Accordingly, we find that

b n n(n+1)/2
5_ Z q/a;Q)n Z aq/b q)nb

0 —y/a ,q n+1 aq,q )n+1

which is what we wanted to prove. ]

9
n=0
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Bilateral Series

3.1 Introduction

In this chapter, we collect a number of formulas from the lost notebook that
relate to classical bilateral g-hypergeometric series, defined by [151, p. 125]

(oo}
a1,a2,...,0, (ar,az,...,6:5q)n n
. 3 ,t - ta
vy (bhbg,... b, 4 > n;m (b1,b2, .-, br; @)

where, for any integer n,
(ala az, ..., 0r; Q)n = (al; Q)n(a% Q)n ce (ar§ Q)na

with

o 1—ag
(a;q)n = H W-
=0

In particular,
(71)na7nqn(n+1)/2

a;q)—n = 3.1.1
(i) (@/ai o (311
Moreover, the quintuple product identity

>0 (=0)grCrTIRA (1 2q") = (2, —0/2, 4, 0) (027, 4/2% ¢%)oo

B (3.1.2)

fits reasonably well in this chapter. Ramanujan stated the quintuple product
identity only once in his extant writings, namely, on page 207 in his lost
notebook. In order to state this identity in the form given by Ramanujan,
recall from (1.4.8) the definition of Ramanujan’s theta function f(a,b). Also,
in Ramanujan’s notation, set

f(=0) = (@ Q) o- (3.1.3)

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5-4, (© Springer Science+Business Media, LLC 2009
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Entry 3.1.1 (p. 207). Provided all arguments below are of modulus less than
1, we have

f(_)\Q7 _q2)
f(_qa _>‘q2)

An excellent survey describing all known proofs of the quintuple product
identity has been prepared by S. Cooper [140]. A finite form of the quintuple
product identity was established by P. Paule [227] and later by W.Y.C. Chen,
W. Chu, and N.S.S. Gu [122], and by Chu [128]. A proof of the quintuple
product identity by S. Bhargava, C. Adiga, and M.S. Mahadeva Naika [82]
was written after the appearance of Cooper’s survey. Lastly, we remark that a
bijective proof of the quintuple product identity had long been sought; S. Kim
[191] has recently devised such a proof.

In Section 3.2, we examine those identities associated with Ramanujan’s
famous 111 summation

a .\ _ (@&b/a,azq/(az);0)
11/’1(6"-”) (b,q/a,2,b/(a2); Q) (3.14)

F(=AP) = F(=X¢, =A%) + af (=X, =N¢7).

where |b/a| < |z| < 1.

Section 3.3 is devoted to a variety of formulas connected with the 1)
summation and identities proved initially by W.N. Bailey [43]. Next, we focus
attention on results intimately connected with the quintuple product identity.
We conclude in Section 3.6 with several identities that are clearly appropriate
for this chapter but do not fit into the other sections.

3.2 Background

The work in this chapter is primarily based on the celebrated 111 summation
(3.1.4) and the quintuple product identity (3.1.2) as well as three lesser-known
results of W.N. Bailey [42]. Since the 11); summation is central to this chapter
and is one of Ramanujan’s most famous theorems, it seems appropriate here
to give a brief history of this epic theorem.

The 147 summation theorem was first recorded by Ramanujan in his sec-
ond notebook [243, Chapter 16, Entry 17], [54, p. 32]. However, because his
notebooks were not published until 1957, it was not brought before the math-
ematical public until 1940, when G.H. Hardy recorded Ramanujan’s 117 sum-
mation theorem in his treatise on Ramanujan’s work [174, pp. 222-223]. Sub-
sequently, the first published proofs were given in 1949 and 1950 by W. Hahn
[172] and M. Jackson [185], respectively. Since these first two proofs, several
others have been published, namely, by Andrews [11], [12], M.E.H. Ismail
[184], Andrews and R. Askey [29], Askey [39], C. Adiga, Berndt, Bhargava,
and G.N. Watson [3], K.W.J. Kadell [187], N.J. Fine [149, equation(18.3)],
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K. Mimachi [221], M. Schlosser [253], S.H. Chan [116], S. Corteel and J. Love-
joy [144], Corteel [143], A.J. Yee [285], W. Chu [127], and V.J.W. Guo and
Schlosser [169]. The proof given in [3] and reproduced in [54, Entry 17, p. 32]
was, in fact, first given in lectures at the University of Mysore by K. Venkat-
achaliengar in the 1960s and appeared later in his monograph [272, p. 30].
The proof of Chan [116] employs partial fractions, which appear to have been
central in much of Ramanujan’s work. The most succinct proof of (3.1.4)
was given by Ismail [184]. Tt consists in the observation that if b = ¢™ for
any integer m > 0, then (3.1.4) is merely an instance of (1.2.2). However, this
completely proves (3.1.4), because the identity holds on a convergent sequence
within the domain of analyticity |b] < 1. W.N. Bailey’s [43] proof of (3.1.2) is
quite simple. Let us denote the right-hand side by r(z). Bailey observes that
r(z) satisfies the ¢-difference equation

r(z) = 23q r(zq). (3.2.1)

He then expands 7(z) in a Laurent series that yields the left-hand side up to a
constant term cq(q). By setting z = 1 and invoking the Jacobi triple product
identity (1.4.8), he concludes that c¢o(q) = 1. The proofs by Corteel [143] and
Yee [285] are combinatorial. In particular, Yee devised a bijection between the
partitions generated on each side of the 14, identity. Chu’s proof [127] using
the classical tool of partial summation is also markedly different from other
proofs. There is also an unpublished proof by Z.-G. Liu [212]. W.P. Johnson
[186], in a delightful historical article, points out that had not Cauchy made
a mistake, he could have discovered the 117 summation theorem in 1843.
Lastly, Schlosser [254] has derived a noncommutative version of Ramanujan’s
11 summation formula.
The aforementioned three formulas of Bailey [42] are given by

2¢2 (a §’1Qa )

_ (6(]/(0462)77/ﬁ7012, 6/043 Q)oo Oéﬂzj/(s7 o é
- (q/B,7d/(aBz),0,2;q) oo 292 ( s ) ) (3.2.2)

az, Y 6%
21/1 (a 57;(], )

_ (@2, 82,7q/(2B2), 6q/(2B2); ¢) ” (aﬁZ/% aBz/6 75)
(q/c,q/B,7,0:q)s0 ? az, Bz Yagz)’
(3.2.3)

and

212 ( e f aq) ( (¢/c,q/d,aq/e, aq/f; q)o

aq/c aq/d’q’a aq,q/a,aq/(cd),aq/(ef); q)oo

q{_q\/&Cdef;) a3q nnz
> (Va,—va,ag/c,aq/d, age, aq/ - D)n <cdef> . (324

n=-—oo
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Bailey [42] deduced (3.2.2) by multiplying together two instances of an
identity equivalent to (3.1.4). However, one can also give a proof in the spirit
of Ismail’s aforementioned proof [184]. Namely, if v = ¢, with m being a
positive integer, then (3.2.2) reduces to an instance of (1.2.9). This proves
(3.2.2) in full, because the identity holds on a convergent sequence within the
domain of analyticity || < 1.

Bailey [42] observed that (3.2.3) follows by applying (3.2.2) to itself.

Finally, (3.2.4) follows from equation (12.2.1) of Part I [31, p. 262]. To see
this, replace ¢ by aq/v. Now, if v = ¢, where m is a positive integer, then
(3.2.4) reduces to an instance of (12.2.1) from Part I. This proves (3.2.4) in
general, since the identity holds on a convergent sequence within the domain
of analyticity || < 1.

3.3 The 1, Identity

We begin by noting that in fact Ramanujan had a disguised form of (3.1.4)
in full generality in the lost notebook.

Entry 3.3.1 (p. 7). For |abg?/c| < |bq| < 1,
i cq/b q n "—i (¢/a;¢*)n a"q"
(ag; ¢*)n+1 = (bg/c; ¢ )ngr T

_ _1, (P /e,abg® Je,q?,cq?; 47 o
—(1—c . (3.3.1)
(ag/c,bq/c,aq,bq; q*)oo

n=0

Proof. In (3.1.4), replace ¢ by ¢?, and then set z = bq, a = cq/b, and b = ag>;
then split the 111 series into two sums, the first with all the nonnegative
indices, and the second with the negative indices. Finally, multiply both sides
by 1/(1 — ag). Applying (3.1.1) to the negative indices, we find that the left-
hand side of (3.1.4) becomes

1 i (ca/b;q)n b

1—aq “~ (ag*q*)n
_ - (CQ/b;q2)n n_n 1 - (Cq/b) n(q2 ( ) )TL —n _—n
=2 (g P +1—aqz< 3" (bg? /< 0P
o= (/i) n 0~ (@/03¢))n (ag)"”
- 7;) (aq;qz)nﬂb q nz::l (bq/c p ) B (3.3.2)

This reduces to the left-hand side of (3.3.1). It is easily checked that the right-
hand side of (3.1.4) reduces to the right-hand side of the above. Thus, this
entry is, indeed, identity (3.1.4) in full generality. O
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Entry 3.3.2 (p. 370). If k = ab, |k| < 1, and n is any complex number, then
(—a/1; k) oo (—bn; k) oo (k3 k)2, - a’ b
=1 1 . - ).
(@ 1o (55 B oo (ks Roo (s e T 2:1 P A
(3.3.3)

Proof. On page 354 of his second notebook, Ramanujan claimed that

fla/n.bn)f3(—ab) 1 +i(n o L _ Y ) (3.3.4)
=1

n f(—a,—b)f(nab,1/n) n+1 + (ab)y 14 n(ab)i

where f(a,b) is defined by (1.4.8) and f(—¢q) is defined by (3.1.3). The identity
(3.3.4) was proved by Berndt in [56, p. 152, Entry 17]. Comparing (3.3.3) with
(3.3.4), we see that we need to show that

(—a/n; K)o (=bni k)oo (k1 k)3, (n+1)f(a/n,bn)f*(—k)
(a5 k) oo (b5 k) oo (—k; k) oo (—k /15 k) oo nf(—a,—b)f(nk,1/n)

(3.3.5)

However, with the use of the Jacobi triple product identity (1.4.8), this is an
easy exercise. O

The next result is the same as Entry 3.3.2, but in a different notation.
In this entry on page 312, Ramanujan uses the notation f(z,y), but it does
not denote Ramanujan’s usual theta function defined in (1.4.8). Therefore, we
have replaced f(x,y) by F(x,y) below.

Entry 3.3.3 (p. 312). For any complex numbers x and y with |x| < 1, let
S o
k=—o00
Then, for complex numbers a, b, and n with |ab] < 1,
Vab,ny/ /a )(ab; ab)?, 1 > a’ b7
=1 n+ '

nFﬁ—m Vabna) el (aby T+ n(ab)
(3.3.6)

Proof. First observe that F'(z,y) = f(ay,2z/y), in the notation (1.4.8). Thus,
if we rewrite (3.3.6) in the notation of f(z,y), we obtain precisely (3.3.4).
Hence, (3.3.6) is equivalent to Entry 3.3.2, and so the proof is complete. O

Entry 3.3.4 (p. 47).

(q3; q3)3 oo qn o q2n+1
(@: @)oo 7;)1—(13 o gl—q?’ 2

1+ g3ntt 32+2 > 1—|—q3n+232+4+1
- Z 3n+1 " " Z 1 - q3n+2q " " . (338)
n=0
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Proof. We first show that the right-hand side in the first line of (3.3.7) reduces
to an instance of (3.1.4). More precisely,

o oo 2n—1 o

Zl 3n+1_2 q3n—122%

n=0 n=1 L= q q

q
1¢1 (q47q aq>

( ) (Q7 3)00 7q
( 4 0°)o (0% 4°)%
_ (@’
(¢ 9) o

The last equality in (3.3.7) follows from the following general considera-
tions. For arbitrary positive integers j and k,

9] kn oo 0o

) e DD D S
]nJrk q

n—O n=0m=0

_Z Z + Z qkn-l-km-‘rjnm

m>n  0<m<n

_ Z Z qkn+k m+n+1)+jn(m+n+1) + Z Z qk(ner +km+j(n+m)m

n=0m=0 m=0n=0
o an2+(j+2k)n+k o qjm 242km
- Z 1 — gintk T mz;o 1 — gimtk

oo an2+2kn(1+an+k)

_ qintk )
n=0 1 q

where in the latter sum in the penultimate line we replaced m by n.
The case j = 3, k = 1 in the calculation above immediately yields

o0 0 3n2+2n(1+q3n+1)

Z 1— 3n+1 Z;) 4 1— q3n+1 ; (339)

n=0

while the case j = 3, k = 2 yields, after multiplying both sides by ¢,

o 2n+1 o 3n?4dan+1 3n+2
q (1+¢""%)
Z R Z 1— gon+2 : (33.10)
= n=0

Thus, substituting the right sides of (3.3.9) and (3.3.10) into the first line of
(3.3.7), we immediately establish the final portion of Entry 3.3.4. a
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The right-hand side (3.3.8) can be written in a more symmetric form as a
bilateral series

(%) s i 1 +q3k+1q(3k+1)2/3

: - — 3k+1 :
(45 0)c S l—a

Moreover, the previous right-hand side (3.3.7) may be written in the symmet-

ric form

(3(13) 71/322{ DG/ _ @it DE2/3L - (3.3.11)
7=0 k=0

If Clausen’s transformation [54, p. 113] is applied to the double series in
(3.3.11), we find that

(¢*:4°)3, —1/32()

(¢ 9) o

n/3

where (%) denotes the Legendre symbol. The function on the right-hand sides
of (3.3.7), (3.3.8), and (3.3.11) is equal to %q*1/3c(q), where ¢(g) is one of the
cubic theta functions of J.M. and P.B. Borwein [90] defined by

oo

clq) == Z g(m1/3)*+(mA1/3)(n+1/3)+(n+1/3)*

m,n=—00

For a proof of this remark, see Berndt’s book [57, p. 109, Lemma 5.1, equation
(5.5)]. The function ¢(g) is crucial in the development of Ramanujan’s cubic
theory of elliptic functions set out by Ramanujan in his second notebook [243,
pp. 257-262] and first established by Berndt, Bhargava, and F.G. Garvan [60],
[57, Chapter 33]. Undoubtedly, Ramanujan was the first to prove (3.3.7), but
the first proof in print was probably that of Fine in his book [149, p. 79,
equation (32.35)]. Another proof has been given by L.-C. Shen [258].

The identity (3.3.7) can be greatly generalized. For |¢| < || < 1 and any
number ¥,
(2y; @)oo (a/ (29); @)oo (43 0) 2 i z

(23 0) 00 (0/25 @)oo (U D)oo (4/ Y5 Qoo 1—yq

n—=—oo

n

(3.3.12)

If we replace ¢ by ¢® in (3.3.12) and then set * = y = ¢, we readily find
that (3.3.12) reduces to (3.3.7). We are uncertain who first proved (3.3.12).
The earliest reference for (3.3.12) known to us is by L. Kronecker [196], [197,
pp. 309-318] ; see A. Weil’s monograph [282, pp. 70-71] for an account of Kro-
necker’s proof. Another proof can be found in K. Venkatachaliengar’s mono-
graph [272; p. 37]. A short proof can be found in S.H. Chan’s thesis [117]
and paper [118]. Special cases of (3.3.12) are useful in deriving Lambert series
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identities arising in the number of representations of an integer as a sum of
squares or triangular numbers [115], [139], [258]. Its relation to Chapter 16 of
Ramanujan’s original second notebook is found in [27].

A further generalization of (3.3.7) and (3.3.12) involving one additional
variable was discovered by S. McCullough and Shen [220] and by Andrews,
R. Lewis, and Liu [37, Theorem 1]. A simpler proof was found by S.H. Chan
[117], [118]. This identity is also equivalent to an identity for Lambert series
found by K. Venkatachaliengar [272, p. 37] and elaborated upon in more de-
tail by S. Cooper [139]. However, the aforementioned generalization of these
authors is actually equivalent to an identity for the Weierstrass o- and (-
functions, which was given by G. Halphen [173]. This identity,

ola+b)o(a—10)
ola+c)o(a—c)o(b+c)a(b—c)
1

=29 (Cla+e)—Cla—c)+¢(b—c)—C(b+0)),

can be deduced from an exercise in Whittaker and Watson’s text [283, p. 451,
Exercise 5] that is originally due to C. Weierstrass, namely,

ola+b)o(a—bo(c+d)o(c—d)+o(b+ c)o(b—c)o(a+d)o(a—d)
+o(c+a)o(c—a)o(b+d)o(b—d) =0,
by dividing both sides by ¢ — d and letting d — c.

The final entry for this section is, as we shall see, merely a transformed
version of identity (3.1.4).

Entry 3.3.5 (p. 1). For|g/a| <|1/b] <1 and abe # 0,

N (=4/c;0)n N a1y
nz:;) (—¢/a;0)n(=q/b: )n <ab> 4

+(l+a HP+d! Z (=g/¢ia)n- (acb> gt/

(aq/c;q)n(bg/c:q)n

_ (—q/¢;9) 0 i a"b"+ it g n+D)/2
(ag/c;bg/c,—q/a,—q/biq)oc g \ " a™Fio"T '

(3.3.13)

Proof. We begin by noting that, by the Jacobi triple product identity (1.4.8),

o~ (0" ! iz _ N~ (BN iy
Z ( n+1bn+1>q = Z (C) q
n=0 n=-—oo

= (—abg/c; q)oc(—c/(ab); 4) oo (¢ @)oo

Therefore, the right-hand side of (3.3.13) is, in fact, equal to
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(=a/c,q,—abg/c, —c/(ab); @)
(G’Q/C’ bQ/C7 7q/a7 7Q/b7 q)oo
Next, we apply (2.1.1) to the first sum on the left-hand side of (3.3.13) with
a, b, ¢, d, and e replaced respectively by ¢, —q/c, —=1/7, —q/a, and —q/b, and
then let 7 tend to 0 to obtain

00 (_(Z/C;Q)n i n n(n—1)/2 _ im q, —Q/C,—I/T. z
;(—Q/a;q)n(—Q/b;q)n (ab) q —Tl_>03¢2< _gja,—q/p ab)
= (1+b_1)iMb_".

n=0 (_q/a; q)n
(3.3.15)

(3.3.14)

Applying (2.1.1) to the second sum on the left-hand side of (3.3.13) with a,
b, ¢, d, and e replaced respectively by ¢, —¢*/7, —q/c, ag*/c, and bg?/c and
then letting 7 tend to 0, we deduce that

S (—q/¢; @)n1 Cl_b " n(nt1)/2
< (ag/c:q)nba/ca)n \ ¢ )
_ abq/c q,—q¢*/T,—q/c _ Tab

= T —ag/o)(d —baje) 72592\ ag?/e,bg?/c 1T e

[e )

abq (—ag;q)n (bg
- e (2) (3:3:10)

= (ag®/ciq

n

Hence, using (3.3.14)—(3.3.16) in (3.3.13), we see that we can reduce the proof
of Entry 3.3.5 to proving the assertion

e (FD™Me/ai ),
1+ >T; (—a/a;@)n ’
abg(1+a (1 +b07) = (—aq;q)n [bg\"
" (1—aq/c Z;aq/cq ( )
_ (—q/c,q,—abg/c,—c/(ab); q) oo

(ag/c,bg/c,—q/a, —q/b;q)oc (3.3.17)
By (3.1.1), we find that
 (DMe/ad)n, o~ (—aq)n (bg\"
,; Cafadn 7;(aq/c;q)n <C> (33.18)
 (1+a) & (agg)n (bg\"T
(1 -ag/c) ,;0 (ag®/c; q)n ( c )

Substituting (3.3.18) into (3.3.17) and then multiplying the resulting identity
by 1/(1+b71), we find that (3.3.17) reduces to
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o0

(—1)"(¢/a:@)n,—p  (—q/c,q,—abg/c,—c/(ab); q) s
2 (—q/a;q)n b= (ag/c,bq/c, —q/a, =1/b;q)oc

(3.3.19)

n=—oo

and this is merely (3.1.4) with a, b, and z replaced by ¢/a, —¢/a, and —1/b,
respectively.

We have ignored needed conditions on a, b, and ¢ in our proof. However,
if we translate the hypotheses necessary for the validity of (3.1.4) into those
needed for Entry 3.3.5 to hold, we arrive at the hypotheses given for Entry
3.3.5. a

3.4 The 31, Identities

Entry 3.4.1 (pp. 6, 14). Let a denote any complex number. Recall that
f(a,b) and 1(q) are defined by (1.4.8) and (1.4.10), respectively. Then

i( agq; q*) n g +Z /aqzn .
(

— (ag; q)2n (—a/a;q%)
¥(q) (f(a®¢? a 3q4)+af(a q ,a*?’qz))

= . 3.4.1
(aq; @)oo (—q/a: %) oo f(a, ¢? /@) (341)
Proof. We begin by observing that, by (3.1.1),
(=0 0") 0~ (-ny _ (4/ag; Danlaq) """, e
(aq; Q)f2n (q2/(_aq>;q2)n(_aq)—2nq2n(2n+1)/2
_ _Vagm
(7(]/(1; qz)n

Now use (3.2.4) with ¢ replaced by ¢?, a replaced by a?, and ¢, d, e, and
f replaced by aq, a, —q/7, and —agq, respectively. Using also the calculation
above and letting 7 tend to 0, we find that

= (~a - (1/a;q)on
Z qq na"q" +Z Q2n "

— (aq;q)2n —q/a;q )
o0
_ Z (—ag; ¢° )nanqn2
n——oo (GQ§Q)2n
Y q/T, —
—}%21?2( aq, q2 ,q a7’)

_ (9/a:¢*)c(@*/a56%) o0 aq q o N LHag’ g )
(0% 4%)oo(d” /a®; q ) H_E_:OC !

_ (q/a;q)oo(—aq;q )oo s aa®™) g3 gn(3n=1)
(G5 q)oo (=03 @)oo (4/ 5 @) 00 (— 0/ @3 Q)50 (4 %) 2 (L ad™)a™y

n=—oo
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(@%:0%) (f(@®, aq*) + a f(a®q*, a ¢?))
(a3 @)oe (=5 ¢%) oo (—0/ 05 %) oo (=47 /05 67 o0 (43 %) (65 47 ) o
(5w (f@PaqY) +a faPqt, a3))
(4:6%) 0 (aq; @)oo (—q/a; 4%) oo
1

(—a;¢*) o (—0°/ ;6% oo (0% 47 o

X

Applying (1.4.10) and (1.4.8) on the far right side above, we arrive at the
right-hand side of (3.4.1). O

The next entry is a natural companion to Entry 3.4.1.

Entry 3.4.2 (p. 14). Let a denote any complex number. Recall that f(a,b)
and ¥(q) are defined by (1.4.8) and (1.4.10), respectively. Then

> (lq, n n+1 (n+1)2 (1/G;Q)2n71 n
Z CLQ7 2n+1 a nzz:l (7Q/a; q2)n 1

_ q¥(q) f(¢°/a®,a®)

—alag; ) oo (—q/a;¢%) e f(q%/a,a)’ (3.42)

Proof. We begin by observing that, by (3.1.1),

n=0

(—aq;qz)—n a_n+1q(_n+1)2 (1/a Q)zn 1 n
(aq; q)—2n41 (—q/asq )

So we see that

o0

i aq, In ontl (n+1 Z 1/61 Qon—1 7

0 (ag; @)2n+1 el (—q/aiq )

= (o ¢%)n antlgn+D? (3.4.3)
(aq; q)2n11

n=—oo

Apply (3.2.4) with ¢ replaced by ¢?, a replaced by a¢?, and then ¢, d, e, and
f replaced by aq?, aq, —1/7, and —agq, respectively. Letting 7 tend to 0, we
find that

(o]
Z (—ag; qz)n an+1q(n+1)2

n——oo (QQ;q)2n+1
_aq 1/7, —
—1iaq 2«/}2(&(]’ q37(1 am)
ag (1/a,q/a,—aq* ¢*)o o gn

= 3.4.4
1—aq (a®¢* 1/a,qq ( )

n—=——oo
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Replacing the index of summation n by —n — 1, simplifying the products, and

using the Jacobi triple product identity (1.4.8) twice and (1.4.10) once, we
find from (3.4.4) that

> 2
Z (—aq;q7)n an+1q(n+1)2

L (ags @)ona
= aq(1/a; q) oo (—a4; ¢*) oo i q3n2+3na—3n—3
(a4 @)oo (=G5 @)oo (1/0; @)oo (—1/05 0) 00 (45 67 ) o , 5,
a3 ) f(d°/a,a®) 1

(@) (a6 @)eo(—a/a: ) (—ad%: ) oo (—1/056%) (%5 6%)
a2 (e et a)
- (aq7 ) ( /a q )oof(l/a aq ) (3'4'5)

Use the identity a f(1/a, aq®) = f(¢*/a,a), which is a consequence of (1.4.13),
n (3.4.5). Then substitute (3.4.5) into (3.4.3). We thus obtain the right-hand
side of (3.4.2) to complete the proof. O

The next entry is an immediate corollary of Entry 3.4.1.
Entry 3.4.3 (pp. 6, 16).

o0 (oo} (_ . )
3 C G ey 5 s,

— (D2 = (@9 )
( 6n+2 o0 q6n+4
= +6Z PRl 6 ——r1 | (346
<P( =l1-q

Proof. The left-hand side of (3.4.6) is the left-hand side of Entry 3.4.1 at
a = —1. On the other hand, for the right-hand side of (3.4.1), by (1.4.8),

U(q) (f(a*e? a"%¢") +a f(a’q*,a%¢%))

2 T (0g; @)oo=/ D) (@, 2J)
_ (0°;07) o
(45 0%) (—q q) (4:0%) o
i TP 07?0 6% 0 + al—a’et —aT % 6% 0%
a—-1 (—a,—a"'¢*. %1 )0
1

(0:0%) 0 (0% %) 2
« lim (—a*q*, —a%¢", 4% ¢%) o + a(—a’q*, —a2¢%, 4% ¢%)
a——1 1+a
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. d _
x 1im (¢%5¢%)00 (4" ¢%) 0 {@ log{(=a’¢% ¢%) o (—a"%¢"; ¢%) oo }

d d _
+-a+a log{(—a’q"; ¢%) s (—a?¢%; q6)oo}}

d d
B qQ’ q2)oo ) + i 6q6n+2 B i 6q6n+4
(@) (T q2 2 T L o
(@) (=g 1+§: 6q6"+2 B i 6q°"
- (QQ; q2)oo 6n+2 et 1— q6n+4 ’

by Euler’s identity. This last expression is equivalent to the right-hand side of
(3.4.6) upon an application of (1.4.9). 0

Entry 3.4.4 (p. 14).

= n (n+1) qw(q6)
; (6 onir | CY(—q) (3.47)

Proof. Set a =1 in Entry 3.4.2. The resulting left-hand side is the left-hand
side of (3.4.7). The right-hand side of (3.4.2), with applications of (1.4.10)
and (1.4.8), becomes

@ (a)f(d°,1) _ 0¥ (9)2¢(¢°)
(¢:0)oc(—a3q )oof( 1) (6 Do (=05 07) 0 2¢(g?)
_ (6400 (a? 01 t(d°)
(43 @)oo (=3 4*) 00 (45 ¢%) 0 (0% ¢*) o
- q¥(q°)
C(66%) (0% ¢Y oo
qv(q°)
T (@0 (@3 %) o (0% 0%
_ q¥(d®)
P(—q)’

and this completes the proof. a

)

Entry 3.4.4 is due to Slater [262, equation (50)].

Entry 3.4.5 (p. 14).

S _ (=%
Z:: Z . (3.4.8)

Danir ©(—q)

Proof. Apply (1.2.10) with ¢ replaced by ¢? and b = —q, ¢ = ¢3, and t = q.
Letting a tend to 0, we find that
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= nn 1 — _§2n n
Z _1—qZ(q2.(q2)qq3). 2 4

n=0 q q 27l+1 n=0 I n(q aq )n

1 & (e q2)nqn2+n 5.49)
(4367 s0 = (4502041

We apply Entry 3.4.1 with a = ¢, employ the identity qf(¢", ¢~ 1) = f(q,q%),
deducible from (1.4.13), and use (3.4.9), (1.4.8), (1.4.10), and (1.4.9) twice to
deduce that

i o w1 (@) (f(@®a) +af(d"qh)
@G (@ @D~ P ep(@)
_ (4% ¢*)x2f (2, 4%)
(65 0°)20 (@ Q) oo2(— 0% ) oo (— 05 °) 20 (0% 4% o
_ C86%)x(-0%4%) (% ¢%)
(6% 4") o0 (43 @)oo
(*q;q2)oo(q6'q6)
T (@ ) oo (65 9) oo (— 5 q)
_ (66 x(@%6%) (0% ¢%)
(4% ¢*)oo(4; 0) 0 (% ¢ )
_ (66 =(@%0")(¢% 4") (q 7)o (4" ") 0
(625 4%) 0o (€ @)oo (4% 412) o
_ f(7q377q9)
(45 4?) o0 (45 @) o
_ (=)
o(—q)’
as desired. O
Entry 3.4.6 (p. 22).
i i +§:(—1)"(Q'q2) ¢ = (g% ¢P)? i—qn(nﬂw (3.4.10)
() = o U (g T
Proof. We begin by noting that, by (3.1.1),
C\eng. 9 (—n)2—n: q2n2_n
(=1)""(@:47)-nq D

Using first the equality above, employing secondly (3.2.3) with ¢ replaced by
¢® and with o = q/7, 3 =¢q, d = v = 7, and z = g7, thirdly letting 7 tend to
0, and fourthly applying Entry 1.5.3, we find that
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o0

i = +§:(—1)n(q;q2)nq"2+" = > D)@ )ad" "

n=-—oo
o q/T.q. 2
—Thi%ziﬂz( T7q7q7>

7% q°) T, /T
((q ( / Q/7 2/q)
i 2n “+n
=(—q
_ g mi e
(q,q o In

S

=037 ) — 3

. \2
= (Ga),

where we invoked Entry 1.5.3, and next applied (1.2.1) with A = 1, a = ¢/t,
and ¢ = —q, and then let b and ¢ tend to 0. This completes the proof. O

Entry 3.4.7 (p. 15). For a,b # 0,

&0 —n—lb—n

; (*1/a;aq)n+1(*Q/b; On ¢+ (=g -1 (~bi q)nd" (3.4.11)

n=1

(—aq; @) <OO R R b_nqn(n+l)/2>
0

T (69)0(—0/b:9)oo l+a¢" a‘= 1+q"/a
Proof. In light of the fact that, by (3.1.1),

a*(fn)flbnq(fn)2 ; .
Claa) i —aba) GO (=biind

and
prg-m(nt)/2 g —1p=ngn(n+1)/2

1+aq(*”) - 1+q”/a

we see that we may rewrite (3.4.11) as

i a "l o= (ewd) > N
o (F1aQ)nga (=a/b; @)n a(@; D)oo (—4/b; oo = 1+4"/a
(3.4.12)

This last identity is, after simplification, the special case of (3.2.2) in which
we let « = 3 =1/7, v = —q/a, 6 = —q/b, and z = qr2/(ab), multiply both
sides of (3.2.2) by 1/(1 + a), and then let 7 tend to 0. O
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Entry 3.4.8 (p. 15). Fora # 0,

0o —n n?

= 1 a "q
—1L;q)n(—aq;q¢)n—19"
> (—Lg)n(—ag; )14 +1+“n§o<"

— ¢ @)n(—q/a;q)n

(—ag; q)oo (00 "R & qn(n+1)/2>
= s et =) T
(€%0%)0e \= 1+0aq"  a‘=1+4q"/a

Proof. Set b= 1 in Entry 3.4.7. ]

3.5 Identities Arising from the Quintuple Product
Identity

Entry 3.5.1 (p. 48).

n2 00

2 — 4 _1\n 15n%+2n 6n+1
X g = L (I @)

Proof. By the first Rogers—Ramanujan identity (Entry 3.2.2 of Part I [31,
p. 87] or (4.1.1) in this volume), we find that

1 0%) oo

0o (0*10°)

_( 2) ( )w(*q4§q5)oo
(¢%q" )oo(qs;qlo)

(0" 4™)oe(—4:0°) 0 (—q

e
4

10”00 (050" ) 00 (0% ")

=(4"9") e (=4 4" o0 (—0"; 4" 0 (6% 0°) s (¢'% ¢°%)
= Z (_1)nq15nz+2n(1_H]GnJrl)7 (3.5.2)

where in the last equality we used (3.1.2) with ¢ replaced by ¢'° and z replaced
by gq. O

Entry 3.5.2 (p. 48).

0o p2in oo
q n n?+4n n
(@5 0%)00 Y e ST (1)t (A 10, (3.5.3)
n=0 P n=-—o0

Proof. By the second Rogers—Ramanujan identity (Entry 3.2.2 of Part I [31,
p. 87] or (4.1.2) in this book), we find that
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(q2 q2) f: qn o _ (q2;q2 00
b) oo
(GO (6%560°)(d%67) 00
_ (@6 x(=0%0") o (6% 4°)
q4’ IO)OO(QG’QIO)OO
= (qlo;qlo)OO(_q2;qs)m(_q3§q5)00(q2§qlo)m(q8§q10)oo
=(0"%¢")o0 (0" 0" ") 0 (=% ") oo (0" 4*°) e (0'% ¢**) o
o0
_ Z (_1)nq15n2+4n(1+q10n+3), (3.5.4)
n=—oo

where in the last equality we used (3.1.2) with ¢ replaced by ¢'° and z replaced
by ¢*. O

Entry 3.5.3 (p. 36). We have

oo n_(5n%+7n+2)/2 e
q _ ! n(15nE7)/2() _ g8t
7;) o 5 Z: —¢")
+ 1 Z q(15n2+13n+2)/2(1 B q2n+1) _ M (3 5 5)
2 2« 2(—¢; @)oo o
%) n (Em +3n)/2 1
> C _ LSS e g
n=0 n+1 n=0
1 2 f(7q2 7q8)
i (15n"+13n+2)/2(1 _ g2ntly 4 J0 210 4 ) 3.5.6
+2;q ) S (3:5.6)

We have combined these two results into a single entry because it is easiest
to prove them simultaneously.

Proof. We propose to prove the following two formulas, from which the de-
sired results follow by addition and subtraction:

2 2
o0 1)nq(5n +3n)/2 e ( l)nq(5n +7n+2)/2

Z(_ > +Y = (3.5.7)

n=0 (=¢% " )ns1 n—0 (=4 ¢ )1
> 2, 4.
— Z q 15n+7)/2 8n+4 Z q(15n +13n+2)/2(1 _ q2n+1)7
n=0
o0 n n e n n2+7n
Z q(5 243n)/2 B Z (_1) q(5 +7n+2)/2 _ f(_qQ,_q8). (358)
—~ Vot = (=45 (—4¢: 9)oo

To prove these last two results, we first apply the Rogers—Fine identity
(1.7.1) with ¢ replaced by ¢°, a = ¢%/7, and 3 = —¢®. Let 7 tend to 0 and
multiply both sides by ¢/(1 + ¢*). Accordingly,
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> &

n=0 )n+1

n (5n +7n+2)/2

= a lim i (q6/7—; q5)n(_q3; q5)n(_ )nq8n7'”q5n —5n(1 _ q10n+6)
1 + q3 T—>On:0 (7(]87 q5)n(7_7q )n+1

= 3 et o), (35.9)
n=0

Also, applying (1.7.1) with ¢ replaced by ¢°, a = ¢*/7, and 3 = —¢”, letting
7 tend to 0, and then multiplying both sides by 1/(1 + ¢?), we deduce that

et n (Em +3n)/

n=0 n+1

Hence, if we add (3.5.9) and (3.5.10), we see that (3.5.7) follows from

Z (1502 +7n)/2 5n+2 Z q(15n2+13n+2)/2(1 . q5n+3)
n=0

<q(15n2+7n)/2 - q(15n2+17n+4)/2 + q(15n2+13n+2)/2 - q(15n2+23n+8)/2)

U

3
Il
o

(15n2+7n)/2(1 _ q8n+4) + Zq(l5n2+13n+2)/2(1 _ q2n+1).

n=0

M

q

I
o

n

To obtain (3.5.8), we see that we must subtract (3.5.9) from (3.5.10). Thus,
we need to determine

oo o0

Z q(15n2+7n)/2(1 . q5n+2) _ Z q(15n2+13n+2)/2(1 . q5n+3)
n=0 n=0
_ i (q(15n2+7n)/2 _ q(15n2+17n+4)/2
n=0

_q(15(—n—1)2+17(—n—1)+4)/2 + q(15(—n—1)2+7(—n—1))/2)

s 2 > 2
_ Z q(15n +7n)/2 Z q(15n +17n+4)/2
n=-—o0 n=—o0
s 2
=Y T g2y, (3.5.11)

Applying (3.1.2) with g replaced by ¢° and z replaced by —¢?, we find that

(oo}
2
> g = 72 = (676°)00(6%5107) 00 (0750700 (4 0™) oo (075 0o

n=—oo
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= (0*4") e (6% 0"") e (6" ¢") 00 (4 ¢*) o

- M7 (3.5.12)
(¢ Qoo
where we used (1.4.8) in the last equality. This proves (3.5.8). O

The following three entries are, respectively, formulas (117), (118), and
(119) in Slater’s paper [262], but with ¢ replaced by —¢. The three formulas
are also related, respectively, to formulas (80), (81), and (82) in Slater’s paper
[262], which can be found in Rogers’s paper [248, p. 331, equation (1), lines 2,
1, and 3, resp.]. Although results from Chapter 1 are required in our proofs,
in light of the fact that the quintuple product identity plays a central role, we
have placed these entries here.

Entry 3.5.4 (p. 10). Recalling that f(a,b) is defined in (1.4.8), we have

i "t f(@e") —af(ata") _ (@70 f (=47 —d°)
— —4;4%)n (4% %) (q ¢*) oo flq,4°)
(3.5.13)

Proof. We first apply (1.2.1) with h = 2, a = ¢/t, and ¢ = —¢, and then let
b,t — 0. Accordingly,

i n2 _ i (_1)nqn2
— P = (@3 P)n(—0 D)2n
(q;qz)oo 0 n(n+1)/2
(G0 2 (@ D)n(a: %)
1 (g n(n+1)/2
= . Z( 4 Dnd =5 (35.14)

(—4:9)3% =, (¢ 9)2n

We now apply two representations in equation (81) of [262]. First, the right-
hand side of (3.5.14) is equal to

1
= ——— (4" =" ¢ ¢*) e —a(—¢", =0, ¥ ¢* ) )
(4% ¢%) o

_ 1@ ¢ —af(d*,q)
(4% ¢%)oo

)

by the Jacobi triple product identity (1.4.8). Thus, we obtain the first equality
n (3.5.13). The other representation of equation (81) in [262] yields from
(3.5.14)

1 -
S=—5——(0,4°4"0)(d’. " 4" )
(g% 4?)
b o0
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1 (4,4%4"0)% (@ 0% 4 )
(4% 4% oo (q2 q12'q14)oo
_ @540 (%6054
(a*:4?)
(054"
2.

2 q?

4% 4%) e (=4,—4% 4740
q7a (_ , —q )
(0% @)oo f(a,4%)

upon two applications of the triple product identity (1.4.8). a

7

Entry 3.5.5 (p. 10). With f(a,b) defined by (1.4.8),

i ("2 (6% 0™) = F(4.4%) _ (@750 )eof (4% =)
(@ ¢*)n(=4 ) (4% 4% (0% ) (e %)
(3.5.15)

Proof. We apply (1.2.1) with h = 2, a = ¢3/t, and ¢ = —g. We then let b and
t tend to 0 to find that

> (_1)nq _ o (_1)nqn +2n

2 (@*;¢*)n(~a; _; (4% %) n(~¢: 0)2n
(%000 o= gt/
(~%:0)0 = (:0)n(@% ¢*)n

1 &~ (g Qg D/2
- ’ =S (35.16
(—49)3% ,; (¢ @)2n41 ( )

We now apply the two representations for S on the far right side of (3.5.16)
given in equation (80) of Slater’s paper [262]. First,
B 1
(6354w
_ f(d®.4"%) — ¢*f(a.4*)
a (4% ¢?)oo

21)

(=¢® —4", """ )oe — (=0, =0, > > ) )

b

by the triple product identity (1.4.8). This then proves the first equality in
(3.5.15). Applying the second representation for S given in equation (80) of
Slater’s paper [262], we find that
1 2 5 7.7 3 11, 14
S=W(q 07,040,010 )0
b o0
1 (@e,d%d)(e’ a0 )
; 00 ) 5 00
(¢*;9%) (¢*,¢"%5q")
_ @54 (2°.4" 40N
(0*:6%)oc (=%, —0°, 475 4") 0
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_ (@54 f (=6 —a*)
(¢*6*)cf(a% %)
upon two applications of (1.4.8). This then completes the proof of the second
equality of (3.5.15). O

Entry 3.5.6 (p. 10). If f(a,b) is defined by (1.4.8), then

i n n 242n _ f(q5,q16) —qf(q2,q19) B (q7'q7)oof( q, —qﬁ)
—q59 )n—i—l (q2;q2)oo ( q=;9q )oof( ) .
(3.5.17)

Proof. Apply (1.2.1) with h = 2, a = ¢®/t, and ¢ = —¢?. Then let b and ¢
tend to 0 and multiply both sides by 1/(1 + ¢) to deduce that

> n n 24on > n n 24on
HZ,O ~¢i a1 1+ an:O —4%q)2n
() q"(”+3)/ 2
(4D Z:( @)n (qg;qz)n
1 g 3)/2
- )2 Z @ Drr o

We now apply one of the equalities in equation (82) of Slater’s paper [262] to
S above and also apply the Jacobi triple product identity (1.4.8) to deduce
that
1
S= ((—q5, %%, Y ¢ oo — a(—¢2, _q19’q21;q21)00)
(4% 4%) o

_ f(@®,d") — af(¢? 4"

(% 6%)

)

which yields the first equality in (3.5.17). We now invoke the second repre-
sentation for S given in equation (82) in Slater’s paper [262] to find that

1
S =" 3, 47 7;7 ’13; 14
(qg;qg)m(q 7509 )e(2:0750 oo
1 (%d%d9) (0,454 )0

(4% %) oo (4% ¢% ') oo
_ (@50 (0,4%4%0 )
(4% 6% (=4, —¢", 474" o
(@54 oo f (= q,—qﬁ)

(0% 4%) o f (@3, q%) 7

upon two applications of the triple product identity (1.4.8). Thus, the second
identity in (3.5.17) has been established. O
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3.6 Miscellaneous Bilateral Identities

Entry 3.6.1 (p. 24).
X n(n+1)/2 0 2n%4+n oo
(- —Q)oo;q(q;;qg))il = T;O(qqz’(f)n +;(—1;q2)nq"2. (3.6.1)
Proof. In light of the fact that, by (3.1.1),
2+ o
CED (—1¢%)ng
we see that, with an application of (1.2.4),

S::Z(q

n=0

2n? “+n 0 q2n2+n

oo
+ Z ~1;4%) = Z 7. 32
) = W (a5 %)
1 = >
— (_qQ.qQ) Z q2n +n(_q2n+2;q2)oo
’ X n=—00

o0 oo m2+m+2nm

= 2,1 2 Z gt Z ! % )

(_q 3 q )oo n=—o00 m=0
1 o0 4m +2m—+4nm

_ s Z q2n2+n Z

(_q 14 )oo n=—oo m=0
0 4m +67n+2+4nm,+2n>

2m

q
= (@)

+

Invert the order of summation. Then replace n by n — m in the former sum
and by —n — 1 —m in the latter sum. Hence,

5 1 i 2m+m Z on?in
(A \ 2 (@ P)2m !

(=¢%5q7) B
oo
2m +3m—+1 e om2in
( Z q
m=0 7= 2 +1 n=-—00

(0% ¢%)e (@5 4%)2m+1

2m m=0

1 o e ol q2m(2m+1)/2 e q(2m+1)(2m+2)/2
- s X (z
m=0
Now we apply (1.4.8) to deduce that
P G i P G W P U 0 PR N i
(—q2;q2)oo

(P

3
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, . < mm+1)/2
=(—¢:9")0 (0% 4% ) o

2. 2
= (@5a)m
o (m+1)/2
qm
= (_q7 _Q)oo )
mZ:O (% ¢ )m
as desired. ]
Entry 3.6.2 (p. 24).
> n(n+1)/2 et 2n%—n
q n n q
(0% ") =N g ®)ng™ +Z . (36.2)

2. .2
n=0 (q 4 )" n=0
Proof. First observe that, by (3.1.1),

q2(—n)2—(—n) ( 2) 2y
— = (G )"
(—4:¢%)-n o
We now proceed with the same steps that we used in the proof of Entry 3.6.1.
We first use the equality above to write the right-hand side of (3.6.2) as a
bilateral series. We next apply (1.2.4). Then invert the order of summation
and replace n by n — m in the former sum and by —n — m in the latter sum.
We again invert the order of summation and apply the Jacobi triple product

identity (1.4.8). Accordingly, we find that

“+n . —
"GPty =
v (=) (54
1 - 2n°—n 2 1
= (=)
(—4:¢*) n;m
1 et on? oo qm2+2nm
= q
G n;oo mzz:o (@*¢*)m
1 o0 o0 4m2+4nm o0 4m2+4m+1+4nm+2n
= PR DD !
(~¢:0%) , S, (@) m = (650 )2mn
1 = q2m2+m - 2n?—n
= —- —_— q
(—¢:0%)oo (,nz_zo (4% ¢%)2 n;w
©  2om243m+1  ©
q 2n?—n
Y >«
,,; (4% 0%)2m+1 n_z_:oo >
Z an Y i q2m(2m+1)/2 o q(2m+1)(2m+2)/2
n=-—oo m=0 2m m=0 (q2§(12)2m+1
_ (*q;q‘*)oo(*q 1000 (0" 400 o g2
(=40 )oo — (q2,q2)m
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as desired. ad
We note that Entries 3.6.1 and 3.6.2 were first proved in [23].
Entry 3.6.3 (p. 27). Fora # 0,

e —1)mgmpm m?/4
Z an n?/4 Z ( ) a q
(@)m

n=—oo m=0
( L 1/42 7271 n +n
n=0
2 - a72nqn2 - 2 279, 1
+ (00" s [ D 7). +) (=1 " 2 (g /b | - (3.6.3)
n=1 n=0

Proof. In light of the facts that, by (3.1.1),

= (b9)

+ a71q1/4 Z(_l)naannqn(n1)/2(1/b)n>
n=1

a2 (=) (=n)
(bq)—n

_ (_1)n(1/b)na2nbnqn(nfl)/2

and (—=n) 4(=n)*
a72 —-n q -n R
(bq1/2) _ (*1)n(q1/2/b)na2nbnqn /2’

we see that we may rewrite the right-hand side of (3.6.3) as

00 a7(2n+1)q(2n+1)2/4 72nq(2n)2/4

(bq)oo Z o) + (b6"?)o0 Z a(bql—/z)n

n=—oo n=—oo

>0 2
Z a "q" /4(bq("+1)/2)oo =: 5.

n=—oo

Applying (1.2.4), we find that

0 0 mpm _(m?*+mn)/2
_ —n_n?/4 (_1) b q
S = Z @ g Z (@)m
n=-—oo m=0

o0 (_l)mambmqm2/4 o0

= Y a e glntmy?/a

m=0 (q)m n=-—oo
m,_mpm, m?/4
_ n n2/4 (_1) a™b q
= a ,
n_z,:oo mz:o (@)m

which is the left-hand side of (3.6.3). Hence the proof of Entry 3.6.3 is com-
plete. ]
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Entry 3.6.4 (p. 4). Recall that ¢(q) and ¥(q) are defined by (1.4.9) and
(1.4.10), respectively. Then

00 n2+n n?
#l4) <2 i q2”> - (Z - 1> —(—q).  (3.64)

n=—oo

Proof. On the right-hand side below, we replace m +n by m in the first inner
sum, and by —m in the second. Therefore,

Sl ( 1)n n?/44n/2

S = Z 1+q Z qm 2 imntn /4

n=-—00 m=—00
00 oo qn2 o'} ,
_ (m+4n)? (n+m)*—(m+n)
= 11 2n Z q > T D 4
s qn2+n e qn2
_ 2
= »(q) 2 W*‘W(‘J)Zwv
n=-—oo n=1

where we have noted that, in the penultimate latter sum on n, the sum over
—o0 < n <0 is equal to that over 1 < n < oco. Thus, the left-hand side of
(3.6.4) is equal to 25, and it remains to show that

25 = ©*(—q). (3.6.5)
Now, also
n n 2/44nj2 O ) R
28 — 92 m*+mn+n~/4
-2 ¥ G L
0o 00 _1)n+mq(n+m)(n+m+1)/2+m
-9 —_1)m m(m—1)/2 (
ol R o0 71)nqn(n+1)/2+m
=2 ), (YT Y = (3.6.6)
By Entry 12.2.2 of Part I [31, p. 264] with ¢ = —¢~™, we see that
i (_1)nqn(n+1)/2+m _ (Q)go
n=-—oo qm + qn (7q7m)00(7qm+1)00
(Q)2 m(m+1)/2
= —Oo . 3.6-7
2% 00

Putting (3.6.7) into (3.6.6) and using (1.4.9), we conclude that
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Sl (_1)nqn(n+1)/2+m

25 =2 Z mmm 1)/22

m=—oo n=—oo qm + qn
@)% < 2
(—0)% m;oo
= ¢*(—q).
Hence, we have shown (3.6.5), and so the proof is complete. O

After stating Entry 3.6.4, Ramanujan remarks, “Generalisations simple
and similar.” If we carefully examine the previous proof, we see that the same
method of proof yields the following theorem, which we state as an entry,
because it most likely is what Ramanujan had in mind.

Entry 3.6.5 (p. 4). If k is any positive integer, then

2k—1 oo o (2kn+j+1)(2kn+j)/2—kn? —jn
—1 J km? +jm q _
; ) (mzoo )nZOO T
= ¢*(—q)p(—q"). (3.6.8)

The identity (3.6.8) reduces to Entry 3.6.4 when k = 1.

We close this chapter with an entry that has close ties to the results in
Chapter 12 of [31]. However, a nontrivial application of (3.2.2) suggests that
we place it here.

Entry 3.6.6 (p. 29). Recall that p(q) and ¥(q) are defined in (1.4.9) and
(1.4.10), respectively. Then

— (—a;q 1 nq”2 1¢%(g)
;—(_ Z FaERE STy (3.6.9)

Proof. We replace ¢ by —¢g and a by ¢ in Entry 12.3.4 of [31, p. 267] to deduce
that

i(—q;cﬁ)nq” B —; ) oo Z "(”“)/QJF(—q;qQ)ooso(q).
—= (=a%qY)n S 1t 2(—¢% ¢*) o
(3.6.10)

By the product representations given in (1.4.9) and (1.4.10) and Euler’s iden-
tity,

(—3:0*)0la) _ (—4:¢*)=¥*(a)
(—0%:¢%) (—4%6%) 00 (=4 4*) % (6% ¢%) o
_ (@¢*)?(a)
(4%56%) 0
_ &), (3.6.11)
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Using (3.6.11) in (3.6.10) and comparing the result with (3.6.9), we see that
in order to complete our proof we must show that

n? q; n(n+1)/

1o (=1)"(¢;¢*)nyq —4;0%)
- - . 3.6.12
2 nZ:;) (_qQ; q2)% Z 1 + q2n ( )

n=-—oo

Now by Entry 12.2.1 of [31, p. 264] with ¢ =1,

(@0 z_: o %Z & )q . (3.6.13)

(4% ¢%) :

Comparing (3.6.13) with (3.6.12), we see that it now suffices to show that

(@) = P (—4:¢Y) f: (=g D2 (3.6.14)
(*6%)oc = 1+ ; < L+g .

Replacing ¢ by —¢ in (3.6.14), we now see that we must show that

00 2
9 (_1)nq2n +n B qn(nJrl /2
(_Qa q )oo n:Z_OO 14 q2n Z 1+ q2n
n(n+1)/2
Re Z ql T (3619)

where it is assumed that ¢ is real.
We now consider (3.2.2) with o = —q/7, = —i, 2=~ =7, and 0§ = —igq.
Letting 7 — 0, we find that

> n(n+1)/2 )2 ©  n,n(n+l)/2
(1+1) ¢, g,qgoo i"q
S L4ign (=% %o = 14"
Thus,
> n(n+1)/2 e 2 > n,n(n+l)/2
q (-4¢%) , i"q
Re = Re | (1 — _
n:Zoo 1+ign (4 ¢%) o <( 9 n;m 1+qn )
—q; 2 - e —1)" n(2n+1) s —1)" (2n+1)(n+1)
:( 49q) Z (=D"q + Z (=D"q
(g; q2)oo S L = lagt!

n n(2n+l)

= Z 1+q2n ’

since the second sum in the penultimate line vanishes, because replacing the
index n by —n — 1 reveals that it is equal to its negative. Hence, we see that
we have proved (3.6.15), which therefore completes the proof. ]
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Well-Poised Series

4.1 Introduction

Among Ramanujan’s most far-reaching and striking discoveries are the Rogers—
Ramanujan identities, given for |¢| < 1 by [241], [31, Chapter 10]

i (q_n) = ! (4.1.1)

and

GDn (0%6°)0(d%¢°) (4.1.2)
In the lost notebook, we find many identities of the Rogers—Ramanujan type;
see, for example, Chapter 11 of our first book [31]. The vast majority of them
can be proved as special limiting cases of Watson’s g-analogue of Whipple’s
theorem [274], [151, p. 242, equation (II1.18)]. If «, B, 7, 0, and € are any
complex numbers such that Gyde # 0, and if N is any nonnegative integer,
then

a, q\/a7 _q\/aa O?q, (;Yq, C?é O[E& q*N a2qN+2
e - _— —, =, — N+1349, ———
\/aa \/a, ﬁ ’ ~y ’ 5 ) B , aq ﬁ'}/(;ﬁ
9 9 -N
(agq)n (g)N ,37’5’6,q
:W 193 | ag g deqgNi04q |- (413)
N N

5 € By«

Although we cannot find a statement of this theorem in Ramanujan’s works,
he recorded many deductions from it. In particular, see [54, p. 16, Entry 7]
and the pages immediately following.

The series g¢7 in (4.1.3) is called very well-poised. The term “well poised”
refers to the fact that the product of each column of entries is the same, in

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_5, (© Springer Science+Business Media, LLC 2009
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this case ag. In the first column, « is to be paired with ¢, arising from (g; ¢)y,
which is in the denominator of g¢7 but which does not appear in the notation
s¢7. The adverb “very” refers to the fact that the second and third columns

are
Q\/a, _q\/a
\/a7 _\/a'
Two lesser known, but highly useful, identities of this nature were proved
by W.N. Bailey. They are [41, equation (6.3)]

N (013 @)n(p2; D (aa/ f10%)n (ag \"  (aq/p1;@)oo(aq/p2; @)oo
Z_% (4 @)n(ag; ¢®)nlagq/ f; @)n (mm) (ag; @)oo (aq/ (p1p2); @)oo (1

+i (aq®;4*)n—1(f;4*)n(p1; @)2n(p2; @)2n (1 — ag™™) ( a® )nq2n2+2n>

(0% 6®)n(ag?/ £ 6®)n(aq/p1; )2n(aq/p2; )2n  \ p3p3f

n=1

(4.1.4)

and [41, equation (6.1)]

o~ (p1:6%)n(p2; P)n(—ag/b;@)an (@’ \"
,;) (0% ¢*)n(a?q® /6% ¢*)n(—aq; @)2n <p1p2>
_ ((52 ;12./;;1)@(2;0(2@/ (qm/pf;z);.q;)z (415)

|+ Z aq7 )rn—1(6; Q) (p1: 40 (p2; ¢*)n (1 — ag®) ( a’q? )"qn2
n(aq/b;0)n(aq?/p1;4*)n(aq?/ p2; ¢*)n \ p1p2b
We conclude this introduction by stating two limiting formulas that we
use many times in the sequel, usually without comment:

—N
N—oo (aq_N)n an

)

(g V) (n—1)/2
Am Sy, = (DT

4.2 Applications of (4.1.3)

Ramanujan recorded many formulas that are direct corollaries of (4.1.3). We
begin this section with the formulas that he published in [241]. Entry 4.2.3
is the most general special case of (4.1.3) that appears in the lost notebook.
Indeed, many of the subsequent entries are instances of Entry 4.2.3. We have,
however, chosen for coherence and consistency to deduce each of the 14 entries
in this section directly from (4.1.3).
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Entry 4.2.1 (p. 41). For any complex number a,

- g™ _ o (=D)"(a)n(1 — ag®™) @2 (5n—1)/2
Ve L T T @l !
_ - ( )n(aq)n(l 2 4n+2)a2n n(5n+1)/2
RZ:O (@)n q . (4.2.0)

These are the identities from which Ramanujan deduced (4.1.1) and (4.1.2)
in his joint paper with L.J. Rogers [241].

Proof. The first line of this entry follows directly from (4.1.3) by letting o« = a
and letting 3, 7, J, €, and N tend to co. This is precisely the argument used
by G.N. Watson [274].

We now divide both identities in (4.2.1) by (ag)ec, and so we need to prove
that Ry(a,q) = Ra(a,q), where

oo

1 —a _
Z q )a2nqn(5n 1)/2
n=0
and
i 1 —a q4n+2)a2n n(5n+1)/2
q .
— n(ag™ o

We follow Ramanujan’s lead from [241]. Thus,

0o
—1)7q2n n(bn—1)/2 1— " (1 — ag™
Rl(a>Q):Z( )"a”"q {( nQ)+(J( aq")}
= (@n(ag™)oo
i (71)na2nqn(5n71)/2 > (71)na2nqn(5n+1)/2
= +
n=1 (Q)nfl(aqn)oo n—=0 (q)n(aqn+1)oo
B i (_1)n+1a2n+2qn(5n+1)/2+4n+2 s (_1)na2nqn(5n+1)/2
o (@)n(ag™* ) "0 (@)n(ag™ )
_ i ( 1)na2nqn(5n+1)/2(1 _ a2q4n+2)
n—0 (@)n(ag™ )
= RQ(a’ Q)a
which is what we wanted to show. O
Entry 4.2.2 (p. 41). For any complex number a,
0 n n’+n oo n 2n+1
a-q (_1) (aq)n(l —aq ) 2n n(5n+3)/2
aq)oo —_—Y = a q .
e 2 g T2 (@)

n=0 n=0



84 4 Well-Poised Series

Proof. Replace a by ag in the first line of (4.2.1) and then multiply both
sides by (1 — aq). O

Entry 4.2.3 (p. 42). For arbitrary complex numbers a, b, and c,
(a9)oo ~ (—ag/b)nb"q" "1/
(—bq) oo (@)n(—ca)n

_ i (_1)n(aq)n(_aq/b)n(_aq/c)n(1 o aq2n+1)bncnqn(3n+1)/2
(@)n(=bq)n(—cq)n .

Proof. In (4.1.3), set @ = aq, v = —aq/c, and 6 = —aq/b. Then let 3, €, and
N tend to co. After multiplying both sides by (1 — agq), the result simplifies
to the desired identity. a

Entry 4.2.4 (p. 28). If a and b are arbitrary, then
_Z aq/b (1+aq2n+1) nbnq2n2+n
( ) (=bq)n .

Proof. In (4.1.3), let &« = —aq and § = aq/b, and then let 3, v, ¢, and N

— 00. Multiply both sides of the resulting equality by (1 4 agq) and simplify
to complete the proof. a

aq/b bn n(n+1)/2

It may be noted that the result above also follows from Entry 4.2.3 by
replacing a by —a and setting ¢ = 0.

Entry 4.2.5 (p. 28). For any complex numbers a and \,

0 )\nan 0 )\/CL )\q " 1(1 _)\an))\n n 2n
Mo D G agn =2 @nlad)n '

Proof. In (4.1.3), replace « by A, then set 8 = \/a, and finally let v, §, €, and
N tend to co. Upon algebraic simplification, the desired result follows. O

The following entry was recorded (with one misprint) by I. Pak [226, Equa-
tion (4.4.2)] in his survey paper. See also Entry 1.7.10.

Entry 4.2.6 (p. 41). Recall that 1(q) is defined by (1.4.10). Then

;” >nq
e IR

n=0
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Proof. In (4.1.3), replace q by ¢, then set § = ¢, next let 3, ¢, and N tend
to oo, and lastly let o and v tend to 1. After Si]fnpliﬁcation7 we arrive at

q <) °°Z Dnd" (4.2.2)
n=0 )

OO

Multiplying both sides by (g; q2)oo/(q ;q2)Oo and invoking the product repre-
sentation from (1.4.10), we complete the proof. O

We might note that in fact, one may deduce this result from (1.2.9),
wherein one replaces ¢ by ¢?, then sets a = ¢, b = ¢/t, and ¢ = ¢, and
finally lets ¢t — O.

Entry 4.2.7 (p. 41). If ©(q) and ¢(q) are defined by (1.4.9) and (1.4.10),

respectively, then

pla*) _ i (=1)"(¢: 4*)ng"™
b = @
This identity is given by L.J. Slater [262] as equation (25) with ¢ replaced
by —q.
Proof. In (4.1.3), replace ¢ by ¢2, let a — 1, then set 8 = —1 and § = ¢, and
let 7, €, and N tend to oo. The result after simpliﬁcation is

1+2iq3n2: q q OOZ nq
n=1

qq)

and this reduces to the desired result upon invoking (1.4.9) and (1.4.10). O

The next entry is a corrected version of one of Slater’s identities [262,
equation (6)].

Entry 4.2.8 (p. 34). We have

@(_qg) _ i (—1§Q)niJ"2
o(—q) = (@ Dn(a:6%)n
Proof. In (4.1.3), set 3 = \/q and v = —,/q, let 0, ¢, and N — oo, and let

« — 1. Hence, using the definition of f(a,b) and the Jacobi triple product
identity in (1.4.8), we find that

oo

(_1§Q)nqn2 _ = n(3n—1)/2

— (G D)n(@:¢%)n n_o
_ f(q,q )
(43 9) o0

(=4 ¢°)oo(—q

% 3)00(q3§ qg)oo

LS
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by (1.4.9). O

Entry 4.2.9 (p. 34). We have

Z Qan )

q;q )n+1

Proof. For each integer r > 0, we define

= (CLeg™ K (g ngt
Hg) =Y : 4.2.3
I (GO (@ P)nrr = (@ D@6 nsri1 (4.23)
Hence,
(nt)?
q n r n
flg) =3 gD (201 =) = (1+¢™))

( )n q;4 )n+r+1

$@)n
(
( )n 1 q("+r)
(
1q)
In(

1— qn _ 2q2n+2r+1
( )n q;q )n+r+1 ( ) )

(4?2 (—1;q) gD’

Dng 72

G P ntrv2 (GO (G P ) ntra

I
M HM8 HM

= *fr-&-l(Q)'

But clearly lim, . f-(q) = 0. Therefore, the recurrence formula above implies
that fo(q) = 0. Hence, by (4.2.3) with » = 0 and Entry 4.2.8,

3 : (—x)nd™ > ((—1;q)nq;‘ o) = w(—iq‘q’).

— (G OGP = (G DG P)n

The following entry is due to Slater [262, equation (48)].
Entry 4.2.10 (p. 34). We have

2 n(n—i—l)

QQQn

7oL

Proof. In (4.1.3), replace ¢ by ¢?, then set 3 = ¢ and § = —1, let v, ¢, and
N — o0, and lastly let o — 1. After simplification, we find that

ad @M (—g?

_ 3n _ (3)
Z - (q ¢?) <1+22q >_ p(=¢?)

by (1.4.9). 0
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Entry 4.2.11 was rediscovered by D. Stanton [269].

Entry 4.2.11 (p. 41). If f(a,b) is defined by (1.4.8) and v (q) is defined by
(1.4.10), then

L) (¢*:¢")n

Proof. In (4.1.3), replace q by ¢?, then set a = ¢%, f = —¢?, and § = ¢, and
lastly let v, €, and N approach co. After multiplying both sides by 1+ ¢ =
(1 —¢%)/(1 — q) and simplifying, we find that

f(qa q5) i (—1)”(q7 q2)nqn(n+2) .

i(l + q2n+1)q3n2+2n _ (4% ¢*) oo i (=1)"(q; ¢) g™+
o (4:6%)00 (=5 (65 0%)n(=4%¢%)n

and this reduces to the desired result by invoking (1.4.10) and noting that

q3(7n71)2+2(7n71) _ q3n2+4n+1'

Entry 4.2.12 can be found in Slater’s compendium [262, equation (22)] as
well as Bailey’s book [44, p. 72, equation (10)].

Entry 4.2.12 (p. 34). We have

f( i e

— Qa )n+1

Proof. In (4.1.3), set a = q, f = /q, and v = —,/q, and then let §, ¢, and
N tend to co. After multiplying both sides by 1/(1 — ¢), simplifying, and
eventually using (1.4.10), (1.4.8), and (1.4.9) in turn, we deduce that

S _ 1 - 3n(n+1)/2
Z 1 (@9 ;q

n=0
(59
 (49)0(@%1¢%)
I VT
(oo (=0 @) oo(d?;
_ (69 (6%4%) (s
(4 @)oo (43;45)
_ (39w
(4 @)oo
_ f=a. )
o(=q)

n+n

q;q n+

qﬁ)oo
q2)oo

(0:6%)00 (0% 6%) o0 (4% ¢%) oo
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One can find the next entry in Slater’s paper [262, equation (28)].
Entry 4.2.13 (p. 35). We have

n(7L+1)

2n+1

iqq

Proof. In (4.1.3), we replace ¢ by ¢%, then we set a = ¢?, 8 = ¢, and § = —¢?,
and let 7, €, and N tend to oo. Multiplying both sides by (1 — ¢?)/(1 — q) =
(14 q) and simplifying, we find that

where we used the same calculation that we used in the proof of Entry 4.2.11,
as well as (1.4.9). O

n(nJrl)

( q q [e%e} 3n2+42n 2n+1 f(q7 qS)
= q 1+¢ —,
Q)2n+1 (% ¢*) ,ZO ( )= o(—4¢?)

Entry 4.2.14 (p. 41). We have
S o n(7l+2)

Z n 3n +2n( 2n+1 Z

,Q)

Proof. In (4.1.3), replace ¢ by ¢, then set a = v = ¢ and § = ¢, and finally
let 3, €, and N — oo. After multiplying both sides by (1+¢) = (1—¢?)/(1—q)
and simplifying, we find that

) 2 n(n+2)
2 q q )
Z(_l)nq3n +2n(1 + q2n+1 Z : ,
n=0 n=0 )"
and the desired result follows from invoking (1.4.10). O

If we replace ¢ by —¢q in the next entry, we obtain the analytic version of
the first Gollnitz—Gordon identity [157], [159]. Observe that Entry 4.2.15 is
identical to Entry 1.7.11, for which we gave a different proof.

Entry 4.2.15 (p. 41). We have
n=0

Proof. In (4.1.3), replace ¢ by ¢?, then let a — 1, set § = ¢, and let 3, 7, €
and N tend to oo. After simplification, we find that

Zq4n—n1+q2n_qqoozo nq
n

n=0

’I’L2

2 nq

n

'VL
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Next we use the Jacobi triple product identity (1.4.8) to observe that

(q q 00 4n —n 2ny __ (q’qz)oo 3 5
(4% ¢*) oo b= (qz;q2)oof(q 7
= (((]q;.q;);; (=% 6) oo (0% %) e (6% ¢%)
_ (36 (=0:0%)0 (0% %)
(4%6%) o0 (=0 6%) 0o (=071 ¢%) o
_ (@%¢%) (@*:4") o
(0% 6%) o0 (0% 4%) 00 (4% G%) 00 (05 4% )00 (—47; ¢®) o
_ (%) 1
(0% 4%) o0 (=4 4%) o0 (=473 ¢%) 00 (6% ¢%) o
_ W(d)
fla,q7)’
by (1.4.10) and (1.4.8). O

Entry 4.2.16 (p. 202). Let a and b be any complex numbers. Then

o nbnqn2
(wba)oe D gy o),
= (1+a)(1+b) i (—1)"(abg)n—1(1 — abg®™)ab g3+ 1/2

n=0 (@)n (1 + ag™)(1 + bg™)

Proof. In (4.1.3), set « = ab, § = —a, and v = —b. Then let §, €, and N tend
to co. The desired result then follows upon simplification. ad

4.3 Applications of Bailey’s Formulas

Entry 4.3.1 (p. 26). Let a and b be any complex numbers. Then

o0

Z aq/b C] bn n(n+1)/2
vt n(ag* ¢*)n
_ (*bq; q)oo (=1)"(ag; ¢*)n(—aq/b; g)an(1 — ag'™+1)a"b> g +7
(ag; Q) = (4% 4%)n(=0q; 9)2n

Proof. In (4.1.4), replace a by agq, set po = —aq/b, and let f and p; tend to
0. O
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Entry 4.3.2 (p. 41). If a is any complex number, then

X  _n . nn e n n , 5n24+n
> R 2 (@:4*)n(1 + ag™™ )a® g
= (—ai® ) = (—ag®;¢%)n
Proof. Replace a by —a in Entry 4.3.1 and then set b = a. a

Entry 4.3.3 (p. 28). For arbitrary complex numbers a and b,

= (=bg; ¢*)nanqn /2

D

= (—ag* ¢*)n(—bg; @)n

_ i (=1)"(agq/b; ¢*)n(g; ¢*)n(1 + aq4"+1)a2"b"q4”2+"'
s (—aq®; ¢*)n(=bg; ¢*)n

Proof. In (4.1.4), replace a by —aq, then set p2 = ¢ and [ = aq/b, and lastly
let p; — oo. ad

Entry 4.3.4 (p. 3). For|aq| < 1,

i (4:9%)n(ag; ¢*)na™q" _ i( 1yrangnnD),
= (-agq)mm =

Proof. In (4.1.5), set p1 = a, p2 = ¢°, and b = —a. After simplification, we
arrive at

—aq;q

i ) (1+a) <1+Z ”"”)

and this becomes the desired result if we replace a by aq and then divide both
sides by (1 + aq). O

Entry 4.3.5 (p. 28). If a and b are arbitrary complex numbers, then

i 2/b )b g (D)
n=0 CLQ7q)2n+1
(b4*; ¢*) oo Z (ag; @)n(a*¢*/b; ¢*) (1 — ag®1)a"bngnon+3)/2

(05 0)n (6% @)

Proof. In (4.1.5), let b and py tend to oo. Replace a by ag and then set
p1 = a?q?/b. Finally, multiply both sides by 1/(1+ aq) to complete the proof.
O

(a%q?;q?)

Entry 4.3.6 (p. 28). If a is arbitrary, then

oo (_1) 2n n(n+1 1 _ aq2n+1)a3nqn(5n+3)/2

2 - Z (—ag)n

0 (—aq)2n+1
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Proof. Set b = a? in the previous entry and simplify. a

The next entry as listed by Ramanujan does not contain enough terms
to completely determine each side. However, the following interpretation is
consistent with what Ramanujan has written.

Entry 4.3.7 (p. 26). Let a and b be arbitrary complex numbers. Then

i Q/b )b "

( aqg; q)2n

_ (0% ¢)o Z (ag; @)n(a%¢? /b1 ¢*)n (1 — a®g*"+2)a" b g O+ 172
(a%¢% 0) (4:9)n (bg% ¢*)n

(4.3.1)

Proof. In (4.3.1), replace b by a?q?/b and multiply both sides by (—aq; q)so
Then (4.3.1) is equivalent to the assertion

La(a) = Rz(a),

where )
o~ (=)™ (b;¢*)n(—ag® 5 q)sca® b g™ 3"
Ls(a) =
2] nz::() (% ¢*)n
and

q ) ( 2q4n+2) Snb—nq5n(n+1)/2
(4 @)n(a®q*/b; ¢%)n

o) = (L 55 (100

(ag;

We now rewrite Entry 4.3.5 by replacing b by a?¢?/b therein and multi-
plying both sides by (—aq;¢)s. The revision of Entry 4.3.5 now takes the
form

Li(a) = Ri(a),

where - (nr3)
(—=1)"(b; ¢*)n(—aq®"2; @)oo a® b~ g "3
Li(a) :=
1(a) ,;) (¢ ¢*)n
and

aq2n+1 )aSnbfnqn(SnJr?)/Z

_ (@ 4/bQOo (aq; q)n (b; ¢*)n (1 —
Rafe): (aq; q) o Z (@3 @)nla®q*/b;6%)n

Our object now is to prove that Ls(a) = Ra(a) in light of the fact that
Ll(a) = R1 (CL)
First,
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© ()b ) (—a
Lo(a) — agLa(ag) = 3 T B0 )n(zad
n=0

2n+2; q)ooa2nb7nqn(n+3)

- (4% 6%)n
x (1+ag®™ " —ag® ™) = Li(a). (4.3.2)
Secondly,
Ry(a) — Rl(a)
_ i a2@2" T /b; ) 0@ b P /2
(¢; Dn (g™ )0
% { a2qi ") — g (1 — ag 1)}

3nb—nq5n(n+1)/2

o (0;¢%)n (0" /b; %) ot
B Z (¢ @)nlaq"; @)oo
{ 1—(] +aq3n+1(1_aqn+l)}
3np—ngdn(n+1)/2

:i (b5 ¢*)n (0> /b;¢*) o

(: Q)n—1(aq" "5 q)so

n=1

f: (b:4*)n(@®q*" /b ¢t

3n+1b—nq5n(n+1)/2+3n+1

+
o (¢ @)nlaq" "% q) oo
i ( ’q +1 a? 2n+6/b q ) 3n+3b—n—1q5n(n+1)/2+5n+5
(¢ 9)n(ag" "% q) o

n
a? 2n+4/b q ) 3n+1b7nq5n(n+1)/2+3n+1

(4 0)n(aq" 25 q)oo
a2 2n+6/b q ) (aq)?)nbfanm(n+l)/2
(¢ @)n(ag™2; q)oo
X {a2b 1q2n+4( _ ban) (1 _ a2q2n+4/b)}
= aqz (b:4*)n ((a0)*q*"+* /b1 ¢*) oo (1 — (aq)?q*"+2) (ag)* b~ " g "+ D/
(¢; D)n((aq)q" " @)oo
= ang(aq). (4.3.3)

+

i
,aqz

Now, from (4.3.2),
Ls(a) = Ly(a) + aq La(aq),

and by iteration we may deduce that

o0

Ly(a) = > _(ag)’ Li(ag’).

=0

We then proved in (4.3.3) that
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Ry(a) = Ri(a) + aq Ry(aq),

and again by iteration we may conclude that

oo
Z aq)’ Ry (ag’)
7=0

But we know that R;(a) = Li(a) from Entry 4.3.5. Therefore,

oo oo

Ly(a) =Y (ag)'Li(ag’) = (aq)’ Ri(aq’) = Ra(a),
j=0 j=0
and this is the desired result. O

Entry 4.3.8 (p. 28). If a is any complex number, then
> n azn 7L(n+1) 1 —a q4n+2)a3nqn(5n+1)/2

Z = Z = . (4.34)

Proof. Let us call the left- and right-hand sides of (4.3.4) Lg(a) and Rs(a),
respectively. Thus, we need to prove that

Ls(a) = Rg(a). (435)
Also, let Lg(a) and Rg(a) denote the left- and right-hand sides of Entry 4.3.6.

In particular,
i n a2n n(n+1)

n—0 (lq 2n+1
Then, we see that
a2q2 o0 n 2n+2qn +3n+2
=1-1L . 4.3.6
1+ ag Le( T;) —aq)ontz s(a) ( )
On the other hand, since
i 1 _ aq2n+1)a3nqn(5n+3)/2
n=0 (_G'Q)n
we find that
e
R R,
s(a) + 1 Jr ” 6(aq)

4n+2) nqn(5n+1)/2

i_o: n(1—a?q

(—agq)n
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_q)n(]- _ aq2n+2)a3n+2qn(5n+9)/2+2

n=0 (_aQ)n+1

i (_q)na?mqn(5n+1)/2 e (_q)na3n+2qn(5n+9)/2+2
= e ! (—aq)n
i (_q)na3n+2qn(5n+9)/2+2 i (_q)n_1a3nqn(5n+3)/2
+ _
= (—aq)n+1 — (—aq)n

Now combine the first and fourth sums and the second and third sums on the
right-hand side above to deduce that

2

Rs(a) + + RG(aQ)
et n n(5n+1)/2
n la q
Zjl o (1 +a") ")
q3n+2 n(5n+9)/2+2
e ((1+ ag™) — 1)
70 QQ)n+l
_ i 1a n(5n+1)/2 i n 1a3nqn(5n+1)/2
n=1 Q) n=1 q)n
=1.

Hence, using (4.3.6), Entry 4.3.6, and the last equality above, we conclude
that

Thus, (4.3.5) has been demonstrated, as desired. O

Entry 4.3.9 (p. 27). If a is an arbitrary complex number, then

o0

P A R o o T 9 M
(a‘LQ)oonz:;) (q;q)n(aq;qZ)n _T;) (q 4 )n

8n+2) 3nq7n2

The instance a = 1 of Entry 4.3.9 is identity (61) and the instance a = ¢? is
identity (59) in Slater’s paper [262]. These identities also appear in Rogers’s
paper [248], but the case in which a = 1 first appeared in Rogers’s earlier
paper [247]. Our proof is based on the work of A. Sills [261].
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Proof. We define, for i = 1,2, 3,

n, n>+(3—i)n

Si(a;q) := E .
(a:9) = (4:9)n(aq; 4 nt((5-1)/3)

First, by inspection,
S3(ag’; q)

Si(a;q) = = -

(4.3.7)

Next,

(L—g")a"g™*"

* (¢ On(ag; ¢*)ns1

an+1qn2+3n+2 aq2

(¢ O)n(aq; ®)n2 1 —ag doga),  (435)

Sa(a;q) — Si(a;q) =

[M]¢

n

NE

n

and
& (1 _ aq2n+1 _ qn)anqn2
S3(a;q) — S2(a;q) =
slesa) = Salesa) nzzo (q;q)n(aq;q2)n+1

s (an s am n 2419om

B 2:: (¢ @) n—1(aq; ¢*)ns1 Z n(aq )ni1
oo an+2q(n+2)

- Z% (43 9)n(ag; ¢*)nyo
a2q4

== aqsl(aq2;q). (4.3.9)

Tteration of the three functional equations (4.3.7)—(4.3.9) together with the
initial values S;(0;¢) = 1 reveals that these three equations uniquely define
Sz(oa Q)v i= ]-7 27 3.

Next, we note that if [§]

e 1 —a q(2n+1)z)aknq(2k+1)n(n+1)/2 in
Qk.i(a; q) , 4.3.10
: Z @ Dn(ag™ s (4.3.10)
then . ‘
Qr,i(a;q) — Qri—1(a;9) = @’ '¢" ' Qrr—iv1(ag; ). (4.3.11)

Now define, for i = 1,2, 3,

Q3 1( )

Tilaiq) = (ag; q)

from which it immediately follows that
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T;(a;0) =1, 1< <3.

Using (4.3.11) with k£ = 3 and ¢ = 1 and the fact that Q3 o(a;¢) = 0, which is
immediately deducible from the definition (4.3.10), we find that

Ts(aq?; q)

Ti(asq) = 1—ag

(4.3.12)

Using (4.3.11) with ¢ replaced by ¢* and with k = 3 and i = 2, we find that

(lq2

Ts(aq?; q). 4.3.1
T 2(aq™; q) (4.3.13)

Ty(a;q) — Ti(asq) =

Lastly, using (4.3.11) with k =i = 3 and ¢ replaced by ¢*, we deduce that

2.4

T3(as q) — To(as q) = Ti(aq®; q). (4.3.14)

1—aq

Thus, T;(a;q), i = 1,2,3, satisfies the same initial conditions and func-
tional equations (4.3.12)—(4.3.14) as those satisfied by S;(a;q) in (4.3.7)-
(4.3.9). Hence, for i =1,2,3,

Ti(a;q) = Si(a; q).

What is important for us is this assertion for ¢ = 2, because the assertion of
Entry 4.3.9 is equivalent to

(aq; @)oo T2(a/q; q) = (aq; 4)S2(a/q; q)-

Hence, the proof is complete. ]
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Bailey’s Lemma and Theta Expansions

5.1 Introduction

Most of the entries to be established in this chapter were originally proved
n [22]. That paper appeared before the discoveries presented in [24] were
made. It is now possible to present these results in a way that makes clear
their relationship to the hierarchy of ¢-hypergeometric identities growing out
of Bailey’s lemma [41, equation (3.1)].

In Section 5.2, we prove the two central lemmas of [22] by means of Bailey’s
lemma. These are identities (5.2.3) and (5.2.4). Section 5.3 is devoted to the
corollaries of (5.2.3), and Section 5.4 to those of (5.2.4).

The term “theta expansions” refers to the fact that (5.2.3) and (5.2.4) each
involve partial products related to Jacobi’s triple product identity (1.4.8).

5.2 The Main Lemma

A pair of sequences {a,,} and {3, } related by the identity

n

Bu=Y (a— (5.2.1)

—0 Q)n—r (QQ)n+r

is called a Bailey pair. For a Bailey pair {a,,} and {8,}, Bailey’s lemma [41,
equation (3.1)] is given by

> (ot ()

0 P1P2

_ (a’q/pl GQ/pQ 0o n aq na
~ (ag)eo(ag/(p1p2)) nz:o q/p1 aq/pQ) (p1p2> n- (5.2.2)

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5-6, (© Springer Science+Business Media, LLC 2009
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Bailey’s proof consists in substituting the expression for (,, from (5.2.1) into
the left-hand side of (5.2.2), interchanging the order of summation, and then
summing the interior series by invoking (1.2.9) with ¢ = ¢/(ab).

We now construct two Bailey pairs. First, with a = 1 and ¢ replaced by
q%, we set ag = 1 and

aN:(xN+x_N)qN2, N> 1.

Then, using (1.7.3) in the penultimate step below, we find that

* (0% ) N—r (0% ¢*) N+

N r o2

N 2
1 (xr_f_xfr)qr
BN = 5w JFZ(
) N —

_ T4
Z (@ )N (2

3 q )N+r

(—z¢: )N (=27 ' ¢°)N
(q2;(12)2N

Inserting this pair into (5.2.2) and recalling that ¢ has been replaced by ¢>
and that a = 1, we obtain Lemma 1 from [22], which is given by

— (015 09)n (p2; )n(—2¢; ) (2 %) [ ¢* \"
,;0 (q2; q2)2n (Ppo) (523)
_ (?/p136°)c(@®/ P23 4%)
(4% 4%) o (2/(p1p2)' 7*) oo
N —-N_N +2N>

P13 4 P27 ¢P)n (@™ + 2 N)pTV py Vg
(”Z (@01 (@ 2 P

_ (@/P138)oo(@/ 021 ¢) o i (p1;:4°)n (p2; %) v <xq2 )Nqu.

(@6 (?/(p192); 4P)o = (@2 /p1:a®)N (2 /P2 4N \ prp2

Next we construct a Bailey pair now with a = ¢ and
aN:(xN+1 +{L‘_N)qN(N+1)/27 NZO

Hence, using (1.7.3) in the penultimate step below, we deduce that
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r)qr(r+1)/2

iv: r+1—|—m

s (@) N+r+1

N

N
_ 1 2N +1| r(r+1)/2
- > e
=—N-1
2N+1|:

-_L v

(@®)on =
o NgN(N+1)/2 2N41 [2N +1
(¢%)2n e

g NgN(N+1)/2

= W(—xq_ 2N 41

_ Eo)vn(=9/2)N

B (q?)an

2NT+ 1} o N4 (V=) (V=141 /2

r r(r—1)/2—rN
ey

Inserting this pair into (5.2.2), recalling that a = ¢, and dividing both sides
by (1 — g), we obtain Lemma 2 from [22] given by

i z)nt+1(—=q/T)n(p1 )n(P2)n< 'S )n (5.2.4)

Q)2n+1 P1P2

n=

0
((qQ/p (g /P2 o Z

Doo(a?/(p1p2)) 0 2/Pl 2/92)

@ \"
( n+1+xn)( > qn(n+1)/2.

P1pP2

5.3 Corollaries of (5.2.3)

Entry 5.3.1 (p. 33). Recall that f(a,b) is defined in (1.4.8). Then, for a # 0,

0o —ag;q q/aq)n on2 7M
nz:o (g% q) T = @ Do (5.3.1)

First Proof of Entry 5.3.1. In (5.2.3), set © = a and let p; and ps tend to
00. O

In her thesis [225], Padmavathamma gave a different proof of Entry 5.3.1,
independent of Bailey’s theorems. We need two preliminary results: one is a
decomposition found in P.A. MacMahon’s book [216, p. 75], and the other a
corollary of the ¢-Gauss summation theorem, Entry 1.3.1.
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Lemma 5.3.1. If i and j are arbitrary nonnegative integers, then

2.2 i 9 9 o
Tq )ity Z 4*;q°)i+ja™q
(_aq;qz)i(_Q/a;qQ)j = ( ) )7'+J + ( ( ) )7,+J

(@®:4)i(q%:4?); :4?)i-m (@ 6%) j+m
m2

J
q q Z+J q
+
Zl z+mq Q)

—m

Lemma 5.3.2. If |a| < 1,

nn—n 1

z:: (a)oo.

First Proof of Entry 5.3.1. Letting b and ¢ tend to 0 in (1.3.8), we immedi-
ately deduce the desired result. O

If we replace a by aq in the last lemma, we obtain a classical generating
function for the partition function p(n) due to Euler.

Second Proof of Entry 5.3.1. Multiplying both sides of (5.3.1) by (¢%; ¢%)eo
we write the identity to be proved in the equivalent form

oo

Flasq) =Y (=ag; *)n(—a/a;:¢*)n (@ P)od® = flag®. 4% Ja). (5.3.2)
n=0

Invoking Lemma 5.3.1 with ¢« = 7 = n, we find that

(—aq; @*)n(—q/a; ¢*)n erZ (m,n)(@™+a™),  (5.3.3)

O —
where ,
(4% 6°)2ng™
c(m,n) = 5.3.4
(m,m) (4% @) n+m (@ 4*)n—m (5.34)
Note that
[o'e) n? [e%¢) 1
q n
—— =) _pn)¢" = :
,;0 (¢:9)7 RZ:O (4 9)o
where p(n) denotes the ordinary partition function, and so
) &0 q2n2
U W S 5.3.5
o 2 (a% %) (5.3.5)

Putting (5.3.3) in (5.3.2), inverting the order of summation, employing (5.3.5),
recalling (5.3.4), replacing n by m + k, and employing Lemma 5.3.2 with ¢
replaced by ¢ and a = ¢*™*2, we find that
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m=1 n=m
oo oo
- (0" ¢M) 00 (@ 0%)2n 9n2 4 m2
=1+ (@™ +a™™) ntm
mZ:1 ,;n (4% @*) mtn(a? @) n-m

> 2n?

:1+(q2;q2)m2(am+a—m)qm Z (q 'q) q

27 2 n+'m(q2;q2)n—’m

m=1 n=
5 5 o0 3 , 2k2+4mk
=14 (% ¢ »_ (@™ +a" ™)™
1 :0 )2m+k (0% 4%k

4y (q2 q2) i (am + a—m)q?ﬂn i q(4m+2)k:q2k:(k—1)
’ (0% 0%)2m = (@2 2)k(0% ¢k

o0 _ 2
=1+ (%% Y S
(4% 6%)2m (@*™ 125 ¢%) oo

= f(ag®,¢*/a).
Thus, (5.3.2) has been established, and so the proof is complete. O
The next entry is equation (29) on L.J. Slater’s list [262].

Entry 5.3.2 (p. 33). If f(a,b) and ¢(q) are defined by (1.4.8) and (1.4.10),
respectively, then

i (=¢:0*)n n> _ f(d*.q")

2 (g gz U(—q)

Proof. First, observe that

Z FenHD?/22mt1 _ (5.3.6)

n=—oo

Second, in Entry 5.3.1, set a = 7 and then replace ¢ by \/g. In the resulting
sum on the right-hand side, we may replace n by 2n, because the terms with
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odd index sum to 0 by (5.3.6). Consequently, eventually using (1.4.9) and
(1.4.8), we find that

(= (g2 n2 1 > n2 om
;(@?qiinq T (@) n;mq6 :
- i (-1
(@9
(4% ¢%) oo

(—=4%4%) o0 (43 ) o
(4% %) o0 (=4% 6°) o (0" 4%) 00 (—4% ¢°)
(—6%6%) oo (—0% 4%) oo (45 4*) 50 (%5 4% ) o
CS)
(450%)00 (@35 4*) 0 (4% ¢*) o
fa?,q")  fla®q")

fl=a,—¢%)  (=q) "’
by (1.4.10). 0

Entry 5.3.3 (p. 33). If f(a,b) and ¢(q) are defined by (1.4.8) and (1.4.10),
respectively, then

= (0% ¢%)2n ¥(q)

Proof. Set a = —1 in Entry 5.3.1. Using (1.4.9), Euler’s identity, (1.4.10),
and (1.4.8), we find that

= (QQQQ)% 2n? 1 - n 3n?
HZ:O @D (P nzz_oo(_l) !

(% ¢*)
(*q?’;qg)tx( 2;(]2)00
(636 (656300 (—059)
() (B

i (G a5 on> _ Fla:0%)

_ 50000 (0% 6% (6% 6
¥(a)
_ fle.d*)
¥(a)

O

The next entry is kindred to two identities of Slater [262, equations (124)
and (125)] but does not appear in her list.
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Entry 5.3.4 (p. 33, corrected). If f(a,b) and f(—q) are defined by (1.4.8)
and (3.1.3), respectively, then

oo (@*6%)n e P

n=0

Ramanujan’s function x(q) is defined by
X(@) = (=¢;¢*) -

Thus, the last factor on the right-hand side of (5.3.7) can be written as x(—q°).
There does not seem to be any advantage to expressing (5.3.7), or any other
identity in the early chapters of this volume, in terms of x(g), however.

Proof. First note that

(2™ /3¢; 2) (e 2" /3¢; 2), = (5.3.8)

and that, by (1.4.8),
F(=®™B3g%, —e2™3¢%) = (™36 4%) s (e 7% 0% ¢°) 0 (0% ¢%)
~(0%9")o0(¢% ¢%) (5.3.9)
B (*¢%)0 -

In Entry 5.3.1, set @ = —e?>™/3. Hence, using (5.3.8), (5.3.9), and (1.4.8), we
find that

= (4°:4%)n 2n2 1 _ omi/3.3 __—2mi/3 3
2 (0*)n(@%6%)2n (qQ;qQ)oof( co e )
_ (q95q18)00(q6;q6)00
(qg?QG)OO(qgéq2)oo
(454%)00 (025 4%) 50 (0%5 6%) 0 (4% 4%) o0 (075 %) o
(4356°)00 (45 42) 50 (425 ¢%) 0o
_ 4= o s

n=0

O

The following entry can be obtained from a result in Andrews’s paper [15,
p. 526, equation (1.9)] by replacing g by ¢, setting b = —aq, and setting ¢ = q.

Entry 5.3.5 (p. 33). If f(a,b) and ¢(q) are defined by (1.4.8) and (1.4.10),
respectively, and if a # 0, then
i (-04:¢")n (07" 4:¢")n w2 _ J(0g,¢*/0)
(45 4*)n (% q*)n ¥(=q)

n=0
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Proof. In (5.2.3), set © = a and p; = —¢, and let ps — oco. Consequently,
after simplification,

i (—a:¢*)n (=0 G )0 2 (016 Z Nt~ fad¢/a)
= (@6)nld*5q)n (% %) v(=q)
by (1.4.10) and (1.4.8). O

Different proofs of Entries 5.3.1-5.3.5 were devised by Padmavathamma
[225]. The next entry can be found in Slater’s paper [262, equation (4)].

Entry 5.3.6 (p. 33). If f(—q) is defined by (3.1.3), then

i (ED" (=G 6*)n n> _ f(Ea40%)

q =
— (d%q)n f(=a*)
Proof. First we consider the case in which we take the minus sign. Here

replace ¢ by —¢ and then set ¢ = —1 in Entry 5.3.5. Thus, using (1.4.10), the
Jacobi triple product identity (1.4.8), and (1.4.9), we find that

— (D" (=¢; ) 2 f(=* =) (¢
,;) T T Tad)
-~ (qz;qz)oo

(=% 4%) oo (=4 0*) oo (=% ¢*) 50 (0% ¢* ) 0

(4% 6%) oo (9 f(=q)

(4 Do (5000 (45000 f(=q")
by (3.1.3). Since f(—q) = f(—q, —q?), the proof of the first case is finished.
The case for the plus sign follows from a special case of Entry 4.2.3. Namely,
divide both sides of Entry 4.2.3 by (1—agq), then replace ¢ by ¢?, and lastly set
a=1/¢?,b=1/q, and ¢ = 1. Multiplying both sides by (—¢; ¢*)s0/(¢%; ¢*) oo,
simplifying considerably, and using (1.4.9) and (1.4.8), we find that

nz:% @ T T (@) <1+2T;( 1) )

(= 6%) 0o (=% 0%) 0o (0°; ) o
(44"

which is what we wanted to prove. ]



5.3 Corollaries of (5.2.3) 105

Entry 5.3.7 (p. 33). If ¥(q) is defined by (1.4.10) and f(—q) is defined by
(3.1.3), then

= (_Q§q2)n n24+2n w(q?’)

Z:O (% gD fl=q*)

We include this entry in this chapter because of its similarity to Entry
5.3.6, even though its proof is based on an identity in Chapter 4. Observe that
in Entry 4.2.11, recorded eight pages earlier in his lost notebook, Ramanujan
wrote Entry 5.3.7 in a slightly different form.

Proof. InEntry 4.2.3, replace ¢ by ¢ and set @ = 1, b = ¢, and ¢ = 1. Multiply
both sides by 1/(14¢). Then multiply both sides by (—¢; ¢?)oo/(¢%; ¢%) o~ After
simplification and using (1.4.8), we find that

by (1.4.10). 0

Entry 5.3.8 (p. 33). We have

i (_q3§q6)nqn2 _ ¢(_q2) (_qﬁ.q12)
— (4% 6%)2n (=) > 7
Proof. In Entry 5.3.5, set a = ¢>™/3. Observe that

(—e2mi/3 —27i/3

G )n(—e > 4%)n (=2*3¢°)n _ (=%
(¢4*)n(ad* ¢*)n (=40*)n(:6*)n(@%0¢")n  (4%6%)2n
and, by (1.4.8),

f( 27r1/3q2 e—27ri/3q2) ( 27rz/3q2 q ) ( —27rz/3 2, .q ) (q4;q4)oo

_ (=%t 4
(=0 4"
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Using the calculations above in Entry 5.3.5, we find that

e (7q3; q6)n 2 f(62ﬂ'i/3q2’ 672m'/3q2)
q =
,;0 (¢*:6%)2n ¥(=q)

_ (=% (q,q4)oo

V(=) (—¢* ")
¢(—q2) 12
= w(*q)( 4%4"%) oo
by (1.4.10). O

Entry 5.3.9 (p. 33, corrected). We have

(4% ¢"%) oo

= (@) ()
z% (@:a®)2(¢* a0 ¥(—q)

Proof. In Entry 5.3.5, set a = e™/3. Using calculations very similar to those
of the previous proof, we find that

i (¢%4%)ng™ f(e™3q? e ™/3¢?)
(

— (0:0*)2(¢% q*)n P(—q)
N (_em'/3q2; q4)oo(—€_ﬂ/3q2§ q4)oo(q4; q4)oo
Y(—q)
_ (6%4P) (q4'q)
V(=) (4?5 q*)
~U(g?)
= q)(q 10"
by (1.4.10). O

A. Sills has pointed out that Entry 5.3.9 is, in fact, a specialization of
the g-analogue of Bailey’s theorem [15, p. 526, equation (1.9)]; namely, one
replaces ¢ by ¢ and then sets b = ge*™/3 and ¢ = ¢ to obtain Entry 5.3.9.
In addition, Sills notes that Entry 5.3.9 can be obtained by taking equation
(109) minus ¢ times equation (110) (corrected) in Slater’s compendium of
Rogers-Ramanujan-type identities [262].

Entry 5.3.10 (p. 33). Formally, for a # 0,

- aq *)n(—q/a;q*)n _ f(—aq,—q/a)
z:: (g% ¢")n 20(¢®) (5:5.10)

The series on the left-hand side of (5.3.10) is divergent for all q. However,
if we set py = ¢ and ps = —¢ in (5.2.3), we see that term by term, the left
side of the resulting identity coincides with the left side of (5.3.10).
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Proof. We interpret the left-hand side of (5.3.10) as

i (=1)"(—aq; ¢*)n(—q/a;¢*)n

= (4% ¢*)n
ot S (pl;q"’)n(pg;qz)n(aq;qz)n(alq;qz)n< g )"
o= (0:*)n(=a:4*)nla* a*)n p1p2
_ i (@1 0)oo (4% P2:6%) oo
i (6%6%) o (62/(P1P2); %) oo
P14 ) (va ) (aN+aN)< 1 >N N242N
1
<+N21 @/ps (@ /o In \ppa) !
_ (4*;9") 0 - N _N, N2
2%t N;w(_l) “
_ f(zad,~4/a)
20(¢?)
by (1.4.8) and (1.4.10). O

Another formal argument yielding Entry 5.3.10 was devised by Padma-
vathamma [225].

We have seen in this chapter many beautiful representations for quo-
tients of theta functions by g-series. In particular, several representations for
f(q%, q%) /2 (q) for various a and b have been proved. D. Bowman, J. McLaugh-
lin, and A. Sills [94] have recently found a g-series representation for
f(q,q%) /¥ (q) that Ramanujan apparently did not discover.

5.4 Corollaries of (5.2.4) and Related Results

Entry 5.4.1 (p. 34). Fora #0,-1,

1 )
_1\n/,n+1/2 —n—1/2y\ n(n+1)
a2y a-1/2 Z( 1)"(a +Ta )q

i ( q/a)n qn(n+1)/2.

n+1 a1

First Proof of Entry 5.4.1. In (5.2.4), let x = a and p; = ¢, and then let
p2 — oo. After simplification, we find that

(oo}

a (—1)”(—aq)n(—q/a)n n(n+1)/2: - _1\n anJrl a " n(n+1)
1+ ),;O (@ )nt1 1 HZ:O( H™( M Ja )

(5.4.1)
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If we now divide both sides of this last equality by (1 + a) and then multiply
the numerator and denominator on the right-hand side by a~'/2, we obtain
the desired result. O

Padmavathamma [225] has also proved Entry 5.4.1 as well as the following
entry. Since her proof of Entry 5.4.1 is quite different, we provide it here.
We need two preliminary results: Lemma 5.3.1 and a corollary of Heine’s
transformation (1.1.3).

Lemma 5.4.1. For 0 < |b| < 1,

m

S (b)nznqn(nil)/z _ (b)oo(—2) o - (c/b)mb
2 (Dn(@dn (0O z:: (—2)m(q

First Proof of Entry 5.4.1. In Heine’s transformation (1.1.3), replace a by
a/d, set t = dz, let a =1, and let d tend to 0. O

0 Jm

n=0 m

Second Proof of Entry 5.4.1. Setting i = n and j = n + 1, replacing ¢2 by g,
and then replacing a by a,/q in Lemma 5.3.1, we find that

n

a™q™
(—aq)n(—1/a)pt1 = Z (q)2nt10™q

(Q)nfm(Q)m+n+1

m—+1)/2  ntl

s (@)2nt1a

m=1 (q)ern(q)nferl
(5.4.2)

—mqm(m—l)/2

m=0

For brevity, set

(@)2nr1g™ /2

(Dn—m(Dm+nt1

Observe that ¢(m,n) = ¢(—m — 1,n). Thus, we can write (5.4.2) in the ab-
breviated form

c(m,n) =

n

(—aq)n(=1/a)ns1 =Y c(m,n) (a™ +a" ™). (5.4.3)

m=0

Multiplying both sides of (5.4.1) by 1 + 1/a, we find that it suffices to
prove that

S —n— (D" (=ag)u(=1/a)ns 1)/2
D" (¢ +a " 1 qn(nJrl) _ ( qn(n+ )/ )
7;)( " ) nz:% (@) ns1

(5.4.4)
Using (5.4.3) in (5.4.4) and inverting the order of summation, we now find
that it is sufficient to show that

)n (an + a—n—l) qn(n-',-l)

]
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Hence, it suffices to prove that for each nonnegative integer m,

)qn(n+1)/2

= n+1 vl A (5.4.5)

n=m

Now, setting ¢ = ¢™*! below, we find that

il n(n+1)/2 i
5 yny

m m + k)q(m-i-k)(m-‘rk-l-l)/?
m+k+1)

o m k=0 m+k+1
— ( m m (m+1) i 1)k 2m+2k+1quqk(’“+1)/2
(D k(D 2mtr1 (@) kg
( m mm+1 i l)k m+1) q(erl)qu(k 1)/2

- mﬂ 2mt2

(g k=0 k(g )k

(—1)mqm(m+1) o (—1)k(t) tk k(k—1)/2

Omer = @)

Apply Lemma 5.4.1 with b = ¢, z = —t, and ¢ = t? in the last line above and
then invoke (1.2.3) to deduce that

) n(n+1)/2 ( l)mqm(m+1) (t)Q

o0 _ 2 oot
Z n+1 T O (@) Z(

n=m n+1 o = (Om
_ (_1)mqm(m+1)<t)oo( )1 _ (_l)mqm(m-i-l)
t) oo ’
because, since t = ¢!,
(t)oo
(tz) - (t)m—i-l

O

The next entry was first discovered by F.J. Dyson and proved by Bailey
[40, p. 434, equation (E2)].

Entry 5.4.2 (p. 34). We have

> —1)" 3; 3 n
Z( )"(¢%q°) qn(n+1)/2:f(q12’q6).

= (G d)2mn

Proof. In Entry 5.4.1, set a = —e?™/3 = ¢=7™/3 and observe that

e g[8 =0
a1/2+a,1/2 _(_ ) T_ ) un= (mO )a
-1, if n = 2 (mod 3).
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Hence, from Entry 5.4.1,
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= (_1)n(q3;q3>n n(n+1)/2 = n(n+1) = n(n+1)
7~ 4 = q - q
; (43 @)2n+1 7;) nZ:O
n=0 (mod 3) n=2 (mod 3)
>° 2 >° 2
— Z q9n +3n Z q9n +15n+6
= n=0
_ Z on?+43n i: 952435
= q
n=0 j=-—1
= f(a", 4%,
where in the antepenultimate line we set n = —j — 1. ]
Entry 5.4.3 (p. 4). Formally,
1\ « (=D"(—ag; @)n(=q/a;0)n 1 = —1 1)/2
L+ _) 1 D2,
( a nzzo (4:6%)nt1 T2 g )
(5.4.6)

As in the case of Entry 5.3.10, the left-hand side of (5.4.6) does not con-
verge for any value of ¢. We show that the left-hand side of (5.2.4) reduces
term by term to the left-hand side of (5.4.6).

Proof. Setting x = 1/a in (5.2.4), we see that
—aqg;q )n(_Q/a7Q)n
( ) Z_: (¢:4*)n+1
i S (Y@ (Cag)n(p)nlp)n ("
- pglffq,; (@)2n+1 <p1p2>
L (@)oo(@2/(P192)) o0
(Pl)n(PQ)n afnfl a® i " n(n+1)/2

(q2/P1)n(q2/P2)n( +a”) <pl,02> 7

Mr 11

[}

Entry 5.4.4 (p. 15). Fora #0,

<1+ )Z M

oo

Q/aq) qn:Z

—q; q 2n+1 =0

(_1)n(an + a—n—l)qn(n+1)/2.

(—=1)™(a@™ +a """ Hg . (5.4.7)



5.4 Corollaries of (5.2.4) and Related Results 111

While this entry is certainly appropriate to this section, we have not found
a proof that is a direct corollary of the identities in Section 5.2.

Proof. In (1.7.3), set n = 2N, a = 1, and replace ¢ by ¢°. Then set b =

ag~2N*! and replace the index of summation by N — j. This yields, after
enormous simplification,
_ — [ 2N ;o
(ag; P)n(a G ¢")v = [N_ } (=1)/a™¢’
j=—00 J q2
= 2N o2
= } -1)d’ ¢, 5.4.8
3 WY et easy

where in the last step we replaced j by —j and used the symmetry of the
g-binomial coefficients. Hence, using (5.4.8) and the g-analogue of Pascal’s
formula for binomial coefficients, we find that

S —(1+a)§(aqv( )nla/@ P

4 q)2n+1
1 o q" 0 m ,
=(1+-= — | (—1)dl¢
( a) T;) (=€ @2nt1 j:z—:oo [n —J} 4 (1)
S NC e IO I BN
n*O q)2n+1 oo =]

2n
_ _ J,(i+1)?
_Z {n—j—l] , (el
Jj=—00 q
£ st ((m) el )
. 2n+1 n—j q? nfjil q2

T ) (5.4.9)

We first examine the inner sum on the far right side of (5.4.9) for j > 0.
To that end,

n=0 (_Q;Q)Qn—i-l n-—J q2 n—»3— 1 q2

Z (q2; q2)2n ((1 _ q2n+2j+2) 2]+1(1 _ q2n—2j))
2n+1 (QZ;qz)n—j(QZ;q )n+j+1

. i (@ ¢+ (1 =g,
(=4 D2n11(0% ¢*)n—j (4% ¢*)nrjn1

oo

_ (1 7q2j+1)z (Q§Q)2n 7

= (0% %) n—j (4% ¢*)n+jt
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oo

=(1- q2j+1) Z ( (4 D2n+2j gt

7?5 q%)n(q?; q2)n+2j+1

$q)2j 410 (qQ]+1 (@ %¢%)n
et 2= (i I
(q

to| >

223+1n . (7% ¢2),,

2j+3, ) 2j+2, 42)

]+1qj (
) (q“”‘%q )oo(q,q )oo

Q
.Q\_/.QV.Q\_/

= ¢, (5.4.10)

where in the antepenultimate line we applied (1.2.9) with q replaced by ¢, and
then set a = ¢¥*!, b= ¢¥12, ¢ = ¢**4, and t = ¢. Thus, the contribution of
(5.4.10) to the sum S of (5.4.9), i.e., the terms for j > 0, is equal to

i &, (5.4.11)

Jj=0

which indeed does give us part of the right-hand side of (5.4.7).

Now if we replace a by a~! in the left-hand side of (5.4.7) and then multiply
by a=!, we see that the left-hand side of (5.4.7) is invariant. Consequently,
the coefficient of a=7~1 on the right-hand side of (5.4.7) is the same as the
coefficient of a’. Hence, using (5.4.11) and the observation that we just made
n (5.4.9), we conclude that

g <1+é) i(aq, ¢*)nla/a;4*) i @ 4 a1y,

n—0 ( q; q)2n+1 =

as desired. O

If we divide both sides of (5.4.7) by (1 + 1/a) and let a — —1, we deduce
the identity

(=4 ¢*)nd" . 2

_ 2 1)61] +J

Z — 2.2 11 Z( J ’
= (%) (1 + ) =

which should be compared with Jacobi’s identity

oo

Z 725 +1) JH.

Jj=0
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Partial Theta Functions

6.1 Introduction

In the lost notebook we find a number of identities involving sums of the form

3 angAntEn, (6.1.1)
n=0

Inasmuch as this sum consists of the terms with positive index taken from the
classical Jacobi theta function

oo 5 _
Yo = (2 ) o (0P )2 ) (6P P, (6.1.2)

n=—oo

we have chosen to name the series in (6.1.1) partial theta functions. We have
chosen the designation partial theta functions, in contrast with L.J. Rogers’s
“false theta functions” discussed in Chapters 9 and 11 of our first volume [31,
pp. 227-239, 256-259]. The false theta functions are instances of the full series
in (6.1.2) with z specialized to +¢* for some real number a but with a sign
pattern inconsistent with a specialization of (6.1.2). In general, then, partial
theta functions are not the same as false theta functions; however, most false
theta functions are a sum of two specializations of partial theta functions.
Formulas such as those in Entry 6.5.1 might be regarded purely as false theta
function identities; however, their proofs rely on earlier results in this chapter.
Consequently, it is natural to include them here.

The majority of results in this chapter first appeared in [21] and [28]. Sub-
sequently, R.P. Agarwal [4] made a major contribution in placing the main
lemma in [21] within the standard hierarchy of the theory of ¢-hypergeometric
series. Most recently, S.O. Warnaar [273] has discovered a truly beautiful iden-
tity connecting the sum of two independent partial theta functions. Warnaar’s
work elucidates some of the more recondite partial theta function identities.

As in other chapters, such as Chapter 9 of [31] on the Rogers—Fine identity,
we need central theorems, such as Theorem 6.2.1 in Section 6.2 and Warnaar’s

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_7, (© Springer Science+Business Media, LLC 2009
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theorem in Section 6.6, which are not stated by Ramanujan but which yield
most of the results in this chapter. After proving Theorem 6.2.1 in Section 6.2,
we devote Section 6.3 to deducing results on partial theta functions. Section
6.4 is devoted to the examination of several entries on a particular partial
theta function. Various extensions of Euler’s identity are the focus of Section
6.5. In Section 6.6, we prove an expansion theorem for the product of partial
theta functions [38], and from this result we deduce Warnaar’s theorem. We
then consider implications of Warnaar’s theorem. Finally, after all of these
developments, there remains one recalcitrant formula of Ramanujan, which is
proved in Section 6.6.

6.2 A General Identity

After [21] appeared with its laborious proof of a central lemma, Agarwal
[4] showed how the result is implied by one of D.B. Sears’s three-term 3¢
relations [256]. We follow Agarwal’s elegant account.

Theorem 6.2.1. For any parameters A, B, a # 0, and b,

— (B)n(=4bq)n ,  (Bloo(=AbQ)oe = (1/A)m [ Abg\™
> (%)

M

n=0 (7aq)"(7bq)”q N ( oo( bq *© m=0 B/(l m+1 a
oo (=1/a)m+1(—ABg/a)m Com
() mzz:o (= B/a)m+1(AbQ/a)m+1 (=)™,

Proof. The relevant identity of Sears [256, p. 173, equations II(a)—(c)] is given
by

0= (i) S o ()

C (D)eele/a)oo(f/a)ss(ef/(00)) s o= (e/D)ulf/D)nl@)n
N (b/a)oo Z w(@q/b)u(ef /(b))

(@)oo (e/b)oo (f/b)os (ef /(ac) OOZ (e/a)n(f/a)n(®)n
(a/b)oo n(bg/a)n(ef/(ac))n

Replacing a by ¢, we deduce that, after simplification,

(1= b/q)(1 = ef/(beq)) 5~ (B)n()n R S CL M LT
(1—e/g)(1—f/q) Z(6)n(f) ( > _Z(g/b)n(ef/(bC))nq

(1=0/9)(€/b)oc(f/b)oc(q)oc(ef/(cq))oo (e/n(f/Dn n
T T /(60 (/@)oo (F /D)oo (/D) Z (eF /(e

+
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(oo}

(e/D)n(f /D0
2 (@/b)n(ef /(b))

+ A= b/9)(e/b)oc(£/b)oc OFES e/c
(ef/(b¢))oo(€/q)o0(q/b)oo Z (lI) ’

where we have transformed the second sum on the right-hand side using
Heine'’s transformation (1.1.3). Now replace b by —¢/a, and then replace f
by Abg?/a, e by —Bq/a, and ¢ by —ABg/a. Theorem 6.2.1 now follows. [

6.3 Consequences of Theorem 6.2.1

Entry 6.3.1 (p. 40). We have, for a # 0 and any number b,
> qn 1 - m+1 —m—1ym_ m(m+1)/2
= a b™q
;::0 (=a@)n(=bq)n  (—aq)so(—bq)o 2:0
OO 1 m —mbm m(m+1)/2
( > Z (=bq)m '

m=0

Proof. In Theorem 6.2.1, set A = B = 0. This yields

> qn 1 - m+1_—m—1pm m(m+1)/2
3 _ (—1)™Hla =l ymg
"0 (—aq)n(=bq)x (—aq) oo (—bq) o m—0
+(1+0) ) (=1/a)msr(=b)™
m=0
_ m+1 —m—lbm m(m+1)/2
(—ag)s mz::o ¢ I
1 st (_1)ma7mbmqm(m+1)/2
+ |1+ > R
( 2 S

where we applied (1.2.9) with a, b, and ¢ replaced by —q/a, g, and —b, respec-
tively, and then let ¢ — 0. O

B. Kim [189] provided a beautiful bijective proof of Entry 6.3.1 and so
successfully solved a problem posed by I. Pak [226].

Entry 6.3.2 (p. 37). Fora #0,

= qn 3n, n(3n+1)/2 2 2n+1
— = (1+a a’q (1—-a%q )
> o~

1 oo

- (—aq)oo(—q/a)o

(_1)na2n+1qn(n+1)/2.

n=0
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Proof. In Entry 6.3.1, replace a by 1/a and then replace b by a to find that

s n 1 oo

q _ n, 2n+1 _n(n+1)/2
== (=1)"a™""q
,;) (—ag)n(—q/a)n (—ag)oo(—q/a) nz%
Z m a2m m(m+1)/2
m=0 )
1 00
Z n 2n+1qn(n+1)/2
 (—ag)e(—q
Za3n n(3n+1)/2 1 _ a2q2n+l)’
by Entry 9.4.1 of [31]. O

Entry 6.3.3 (p. 40). For ab # 0,

1 S (_l)nanb—nqn(n+1)/ ( 1> [ n _nbn n(n+1)/2
1+ - 4=
< b) Z (_GQ)n a Z )

n=0 0
_ (1__.1> (a/) o0 (04/) o0 (@) oo
a (_G‘Q)OO(_bq)

b

Proof. Subtract Entry 6.3.1 from Entry 6.3.1 with a and b interchanged.
Consequently,

1\ & (71)nanb7nqn(n+1)/2 ( 1) e (71)na7nbnqn(n+1)/2
0=(1+ —> 14+ =
< b ,;) (—ag)n a 7; (—0q)n
1 o0
- (fl)" "l g ipn qn(n+1)/2
(—aq)oc(—bq) o ; ( )

_ <1 + l) i (—l)nanb_nqn(n+1)/2 B (1 N 1) i (—1)"a_”b"q”("+1)/2
LY (—aq)n a) = (—=bq)n
1 o0
- -1 nanb—n—lqn(n+1)/2.
(—aq)os (—bq) 2. 1

n=—oo

Now from (1.4.8),

oo

n;m(_l>nanb7nflqn(n+1)/2 — %f(—aq/b, —b/(l)
_ %(aq/b)m(b/a)m(q)oo
:%O_9>mWM(MMM@M
:<%_§)mwwmwwwm@»o
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Thus, using this last representation in the foregoing identity, we deduce that

e n nb n, n(n+1)/2 n 7nbn n(n+1)/2
=15 >Z S G P e

< ) aq/b bq/ an)( D)oo

This is equivalent to the desired result. O

Early in the twenty-first century, several further proofs of Entry 6.3.3 were
independently given, sometimes without knowledge that the theorem can be
found in the lost notebook. D.D. Somashekara and S.N. Fathima [264] used
Ramanujan’s 191 summation theorem and Heine’s transformation to establish
an equivalent version of Entry 6.3.3. S. Bhargava, Somashekara, and Fathima
[83] provided another proof, which is a slight variation of that in [264]. Pro-
ceeding from scratch and using the g-binomial theorem, T. Kim, Somashekara,
and Fathima [193] gave a much different proof of Entry 6.3.3. P.S. Guruprasad
and N. Pradeep [170] also devised a proof using the g¢-binomial theorem.
C. Adiga and N. Anitha [2] devised a proof of Entry 6.3.3 along the lines of
M.E.H. Ismail’s proof [184] of Ramanujan’s 1¢/; summation formula. Berndst,
S.H. Chan, B.P. Yeap, and A.J. Yee [71] found three proofs of Entry 6.3.3.
Their first, using the second iterate of Heine’s transformation and the
summation theorem, is similar to that of Somashekara and Fathima [264].
Their second employs the Rogers—Fine identity. Their third is combinatorial
and so completely different from other proofs. As a corollary of their work,
they derive a two-variable generalization of the quintuple product identity.

S.-Y. Kang [188] constructed a proof of Entry 6.3.3 along the lines of
K. Venkatachaliengar’s proof of the Ramanujan 111 summation formula [3],
[54, 32-34]. She also obtained a four-variable generalization of Entry 6.3.3 and
a four-variable generalization of the quintuple product identity.

Theorem 6.3.1. Suppose that ab # 0 and that ¢ and d are any parameters,
except that c,d # —aq™", —bq™", for any positive integer n. Let

(10 D) o () (e ed/(ab)) o (1 + edg?® /B)anb= g )2
(a,b; ¢; d) = (1 + )Z:% (—aq)n(—c/b, —d/b)nm '

Then

plabicid) = prlastidic) = (- 1 ) et/ aaoae O

b —d/a,—d/b,—c/a,—c/b,—aq, —bq)oo

Note that if ¢ = d = 0, Theorem 6.3.1 reduces to Entry 6.3.3.
Z. Zhang [290] also found a three-variable generalization of Entry 6.3.3. An
earlier attempt [289] to generalize Entry 6.3.3 evidently contained a mistake.
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)

Theorem 6.3.2. If a and b are not equal to 0, and aq, adg, bq, bdg # —q™"
n >0, then

1 ) (—1)"(abd nanbfnqn(n+1)/2
<1+b> (1+bd)
n=0
) ( _1)n(abd)na—nbnqn(n+1)/2

)
(—aq, —adq),
_ 1 (
(1 Ta (—bg, —bda)»

(1 1) : (aq/b, bg/a, abd, q)s

b a —aq, —bq, —adq, —bdq) o

1+ad)z

oo
n=0

Z.-G. Liu [205] has also generalized Entry 6.3.3 in the following theorem.
Theorem 6.3.3.

(g/be, acdf; q)n (q/bd,acdf; q)n
d bd — = (bec)"
Z (ad,df; q)n+1 ( )= ,;) (ac,cf; @) ns1 (be)
_ (q,qd/c,c/d,abed, acdf, bedf'; q) s

B (ac,ad, cf,df,be,bd; q) o

If we set b= f =0 in (6.3.1), we deduce Entry 6.3.3. Taking b = 0, we obtain
Zhang’s extension in Theorem 6.3.2.

Lastly, we remark that W. Chu and W. Zhang [130] have not only extended
the results of Kang, but they have even extended Andrews’s original result
[21, Theorem 6] as well.

Although we have mentioned only a few applications of Entry 6.3.3 and the
two generalizations recorded above, all of the papers that we have cited contain
applications of the main theorems. In particular, some offer applications to
sums of squares.

(6.3.1)

Entry 6.3.4 (p. 37). If a # 0, then

o
Z Za3n+1 3n2 +2n(1 _ aq2n+1)

n—O —aq;G%)n+1(—¢/a; ¢*)n+1 =0

2n+1

oo

E n 2n+1 n(nJrl)

- (—ag;¢%)o q/a ¢%)oo “—
Proof. In Theorem 6.2.1, replace ¢ by ¢2, then set A = B = 0, and finally
replace a and b by ¢/a and agq, respectively. Upon multiplying both sides of
the result by ¢(1 + aq) (1 + q/a)~!, we find that

oo 2n+1

> e

= (—aq; *)nt1(=0/a; 6% )t
1 o0

_ -1 na2n+1qn(n+1)
(—ag;¢%)oo(—a/ a5 ¢*) o nz;;( )
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(oo}

+a Y (—ag;¢*)m(—ag)™. (6.3.2)

m=0

To conclude this proof, we apply (1.2.9) with ¢ replaced by ¢2, and then with
a, b, and t replaced by —agq, ¢%, and —agq, respectively. Then we let ¢ tend to
0. Accordingly,

a Z g ) m(—ag)" = 3
m=0

o0
2
_ Z a3n+1q3n +2n(1 _ a/an-i-l)7

1)ma2m+1qm(m+l)

—aq; ¢%)m+1

by Entry 9.5.1 of [31]. Using the identity above in (6.3.2), we complete the
proof. a

Entry 6.3.5 (p. 5). For any complex number a,

— (aq; ¢*)nq" — 1
TR
n=0 (7Q7Q)n n=0

2 2 = (_1)nanqn("+l)
— 489 )c\04: G )oo o
(& )eolots ) ,;) (ag; ¢*)n+1
Proof. We begin by applying (1.2.5) to the left-hand side of this entry with
t = q, a replaced by aq, b = ¢, and ¢ = 0. Hence, after simplification,

— (ag; ¢*)ng" 2. 2 2, 2 - "
5 = (07500 (047 ¢7) 0 6.3.3
nz::o (=@ 0)n (@5 @) ) Z (*;¢*)m(aq; ¢*)m (6.33)
e 2m+1
+(4;4%) o0 (a6’ %) oo
( ZO m+1 aq q )

Now by (1.7.6) with ¢ replaced by ¢?, we see that the first expression on the
right-hand side of (6.3.3) has the representation

(q q aq q ooz a ) :Z( l)nanqn(nJrl)
m:O 79 n=0

Consequently, to conclude the proof of this entry, we must show that

(05 )0 Poe 3 g (63.4)
4 0%) oo (04”5 4% )0 6.3.4
= (¢56*)m+1(ag®; ¢*)m
e n a™ n(n+1)

—Z 1)"a"q" " — (¢ ¢%) oo (aq; q Z

n=0

(ag; ¢*)n+1
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But this last assertion follows immediately from Entry 6.3.1, as we now demon-
strate. Replace ¢ by ¢2, replace a by —¢, and then set b = —agq. Multiply both
sides of the resulting identity by q(¢?; ¢*)eo(a¢®; ¢*)o and simplify to deduce
(6.3.4). ad

Entry 6.3.6 (p. 8). Ifa#0 and f(a,b) is defined by (1.4.8), then

(1 n i) 3 (Q'QQ)nLJ

n=0 (—ag; ¢*)nta( Q/a'q2)n+1

2n+1

oo
— ( 1)nanqn(n+1)/ _ 3n Sn +n a2q4n+2).
nz:% f(ag, q/ a Z
Proof. In Theorem 6.2.1, replace ¢ by ¢? and then a by q/a; then set B = 0,
b = agq, and A = —a"'¢?; and lastly multiply the resulting identity by
q(1+1/a)(1+aq)~ (1 + q/a)~t. Consequently,

2n+1

aq; ¢*)n+1(—q/a;¢*)ni1

(4;4%) 0 - o - aq @) m(—ag)™
== ) Z(—a;q Jm+1(= + Z
© m=0 m=0

(—aq; ¢®)oc(—q/a; ¢? —aq?; q )

(1+(11)nz_; — (Qq;qg)ng

(9% C m > aq,2 Ym(—a )
= Flag,qja) 2 "EImn( +ZO PPm

where we applied the Jacobi triple product identity (1.4.8).
Thus, to complete the proof of the entry, we must show that

o0

f: (—ag; ¢*)m(—ag)™ _ 3 (~1)rangn (6.3.5)

(—ag% ¢*)m

m=0 n=0
and
> (~a;q*)mi(— Za?’” Bt (] - a2t (6.3.6)
m=0

To prove (6.3.5), invoke (1.7.1) with q replaced by ¢2, and o = —aq, 3 = —aq?,
and 7 = —agq to find that

)
( aq; q o2n 2n? +n 2n+1
D B Za L—ag*)
m=0
o Z n a” n(nJrl)/ )
n=0

To prove (6.3.6), apply (1.7.1) with q replaced by ¢ and a = —aq?, f = 0, and
7 = —a, and lastly multiply both sides of the resulting identity by (1+a). O
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Entry 6.3.7 (p. 2). Recall that f(a,b) and 1(q) are defined by (1.4.8) and
(1.4.10), respectively. Then, for any complex number a # 0,

(14 1) 5

= (aq;¢*)nt1(q/ 05 ¢ )i

_ w(Q) = _\n, n(n+1)/2 = _\n n(n+1)
"~ f(~aq, —q/a) ,;)( . nz:;)( e

Proof. In Theorem 6.2.1, replace ¢ by ¢? and then a by —¢q/a; then set B =
—q, b= —aq, and A = —a~'q~'; and finally multiply both sides of the result
by (1+1/a)q(1 —aq)~'(1 — g/a)~!. Consequently,

N\ (49w
(1 " ) 2 at P (4]0 P
(140D = (—ag;q?)m(—ag)™
 (a4;?) oo (a/054%) o0 2 (—; ¢%)ms1
7% (a¢; )i (4 6*)m (aq)™

(—aq?; ¢®)m(—agq; ¢*)ms1’

m=0

m=0

By (6.3.5), we see that the first expression on the right-hand side of this latter
result is equal to

(0% ¢%) oo > )2
(7;3%) 00 (%5 4%) o (aq; 42) 00 (q/ @5 %) 0o nz:%( )"q

— 1)[)((1) = —a)" n(n+1)/2
FCaq, —afa) 20"

by (1.4.10) and the triple product identity (1.4.8). Therefore, to complete the
proof of this entry, we must show that

oo

S:Zi (ag; ¢*)m(¢; ¢*)m(ag)™ = 3 (Cayrg, (6.3.7)

(—ag* *)m(=aq; @)mt1 =

m=0

Now apply (1.2.1) with k£ = 2, with a replaced by ag, and then with b = ¢,
¢ = —aq?, and t = aq. Thus,

1 i(aq;qQ)m(q;q)zm(aq)m

~ ldag & (q2;q2)m(—aq2;q)2m
_ (#9)x(a’¢% ) Z aq, m(ag; ¢*)mq™
(—ag; @)oo (ag; ¢%) oo 4= a2q @*)m

(¢ D)ela S rq wa_%q)mq’”
= (4 9)oo(ag®; ¢° OOZ:O (@3 @)m(ag; @)m
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We apply (1.2.1) once again, but now with a, b, and ¢ replaced by —,/aq,
vaq, and aq, respectively, and with ¢ = ¢. Multiplying both the numerator
and denominator by 1 + ,/aq, we find that

g — (@D)o(a6% ¢*)oo aq, ooz (v/ad; ¢)m (aq)™/>

(aq;9)o0(q;q 0 \/_Qm+1
_ Z(_a)nqn(nJrl)’
n=0

where we applied (1.7.1) with o = —,/aq, 8 = ¢/aq, and 7 = ,/aq. Hence,
(6.3.7) has been demonstrated, and so the proof of Entry 6.3.7 is complete.

O
Entry 6.3.8 (pp. 7, 13). We have
(@ 9)20g” i _ Ly (nt1)
n n n - (_1)nqn n .
> S T S L
Proof. Set a =1 in Entry 6.3.7 and note that
) I C) B C Y P G L R
f=a,—a)  »(-0) (@G ()]
by Euler’s identity. The desired result now follows. a

Entry 6.3.9 (p. 29). Fora #0,

o0 2n o0
nq n n(n+1)/2
=(1+a)) (-a)%
nz_% —aq? ¢*)n(—4%/a;4*)n ,;0
_ a’(q;q2)oo ia?)nq?szr?n(l o aq2n+1)
—an2- 2 —n2/q-n2 .
(—aq% @)oo (=02 / a5 4% )0 “=

Proof. In Theorem 6.2.1, replace ¢ by ¢*> and a by 1/a. Then set A =
—a~tq71, B =0, and b = a. Consequently,

& .2 2n
3 : 2.((12»(1 )fq

= (=0 ¢*)n(=a?/a;¢*)n

o0

_ a(q§q2)oo ) Z(_aq;qQ)m(_aq)m

(—aq%; ¢%)oo (=4 /05 4%) o0 2=

(1+a) i m+1( )m.
m=0

—aq;q )m+1

To complete the proof of Entry 6.3.9, we must show that
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S (—ag; ¢?)m(—ag)™ = 3 @@ (1 — ag?H) (6.3.8)
m=0 n=0
and
> ) S S ()2 (63.9)
= =Y (—a)g"nth/2, 6.3.9
> s =S

To prove (6.3.8), apply (1.7.1) with ¢ replaced by ¢? and then with o = —agq
and 7 = —aq. Letting 8 — 0, we deduce (6.3.8). Invoke (1.7.1) once again,
but now with o = —aq?, f = —aq¢>, and 7 = —a. Multiplying both sides by
(1+a)/(1+ aq), we find that
S (_a;q )m+1

(—agq; ¢*)m+1

2n 2n +n 2n+1
1—ag™™")

m=0
n n(n+1)/2

i

Thus, (6.3.9) has been shown, and hence the proof of Entry 6.3.9 is complete.
O

Entry 6.3.10 (p. 29). We have

X 2 2n >
Z( CI,;]“)ZCI :Z(_l)nqn(n+1)/2

= (=t =

Proof. In Entry 6.3.9, assume that ¢ is real and replace ¢ by —gq. Setting
a =1, we find that

X (—g g2 2n S
> % = Re {(1 +i) Y (i) ()Y (6.3.10)
n=0 ’ n

n=0
i(=4;4%) 0 S :3n, 3n242n - 2n+1
—_ °"(—q 1+1q .
(—a% 9" ZO = ( )
First,
oo (oo} [e.e]
Re {(1 + ’L) Z(_i)n(_q)n(n+1)/2} — an(2n+1) _ Z q(n+1)(2n+1)
n=0 n=0
— Z Yt/ (6.3.11)

Second,
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{Z 3n+1 3n2+2n(1+iq2n+1)}

_ Z K ¢ (2n+1)242(2n+1) _ Z(_l)nq3(2n)2+4(2n)+1
n=0
— _qz n 12n? +8n(1 _~_q8n+4). (6312)

Substituting (6.3.11) and (6.3.12) into (6.3.10), we complete the proof after
observing that

(6P _ (@*10)0(@"0D (@46 Y(0)
(0% 0% (0%6%)e(6:0%)0  (6%¢¥)x(6¢P) e (6%¢%)
by (1.4.10). O

Entry 6.3.11 (p. 4). Fora #0,

i (@: ¢)n" (1+a) i Jrgn(mt1)/2
n=0

= (—ag;q)n(—q/a; @)n

o0

_ a(%q ) ) Z( 1)na2nqn(n+1)

(—aq; Q)os (—0/a: Q) os 2=

Proof. For ease of notation, we shall prove the identity above with ¢ replaced
by ¢2, in which case it may be rewritten as

(o) oo
(@:*)n (=0 ¢*)na™" (nt1)
=(1+a —a)" ™"
2 Ca Pl ila ), >,;f :
(Z(q;qQ) i n 2nq2n(n+1).

(—ag% 4% ( 2/a q?)

Now in Theorem 6.2.1, replace ¢ by ¢2, a by 1/a, and b by a. Then set B = ¢
and A =a !¢~ '. Thus,

/4;¢*)oc S= (—0G; )1

q
o) = (ag;¢*)m(ag)™
e 2=

(—

a;q )m+1(—q2;q2)m(—a)m.

6.3.13
(—aq; ¢*)m+1(aq; ¢%)m+1 ( )
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Apply (1.7.1) with g replaced by ¢?, and then with o = aq, 3 = —aq?®, and
T = aq. After dividing both sides of the resulting identity by (1 + aq), we find
that

oo

SOl oy (g3

e o2
m=0 ( aq; q )m+1 n—0

Next, invoke (1.2.1) with h = 2, g replaced by ¢2, and a, b, ¢, and ¢ replaced
by a?¢?, —a, a®q?, and ¢*, respectively, to deduce that
i —a; ¢ Jmt1( —¢%q ) (=a)™

- (—agq? m+1(aq 7*)m+1

_ 1+a aqq m (g4 q)m(=a)™
17&22 (a2qaq)m

m=0

__(1+a)(a’q ;q2)oo(q4§q4)oo i (0°¢% qY)n(=a: ¢*)2ng™"
(1= a*¢*)(—a;¢%)oc(a?q% q*)oc = (a*14*)n(a®q?;6%)2n

> 4 2. 4\ _dn
_ 2, 2 4, 4 (—a;q*)n(—aq®;q")nq
= (00°; ¢*) oo (0" 0" ) Y (ot aD o (@at gl (6.3.15)
n=0 9 n bl n

To the far right side of (6.3.15), we apply (1.2.1) with g replaced by ¢*, h = 1,
and a replaced by —a. After this, we set b = —ag?, ¢ = a%¢*, and t = ¢* to
finally arrive at

2. 4 4 2\n
S = (ad?: o> 44y (70070 aq q 00 aq ¢ )n(—ag®)
(a0”; ¢%) oo (4% ¢ ) oo (a2q4;q4) Z o )
_ ZGQn An242n 1 _ aq4n+2)
= (—a)"q""Y, (6.3.16)
n=0

where in the penultimate line we applied (1.7.1) with ¢ replaced by ¢*, a by
—aq?, B by —aq*, and T by —aq?.

Substituting (6.3.14) and (6.3.16) into (6.3.13), we complete the proof of
Entry 6.3.11. O

Entry 6.3.12 (p. 1). Ifa, b, and ¢ # 0 are complex, then

s n+1

(o (b il

. (~1/¢)aabje)™"!

; (aQ/C (bq/C)

~ (—aq ( (ab/c®)n—1q"
o Z (agq/c)n(bg/c)n’

n=0 n
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Proof. In Theorem 6.2.1, replace B by —Bq and A by A/b. Then let b — 0
to deduce that

> (—=Bq)n(—AqQ)nq" AooooAa
Z( On(=Ag)ng" _ (=B qz q/a)

n=0 (_a’q)n a BQ/CL m—+1

1 m AB m ,m(m-+3)/2
+ Z /a 41 /a) . (6.3.17)
= (Ba/a)mi1(Ag/a)mi

Next, in (2.1.1), replace a, b, ¢, d, and e by ¢, 1/7, 1/7, B¢*/a, and
Aq?/a, respectively, and then let 7 — 0. After multiplying both sides by
(1 — Bg/a)~'(1 — Ag/a)~! and simplifying, we find that

i BAB/a A i (Ag/a)" (6.3.18)

Q/CL n+1 AQ/G n+1 BQ/a n+1

n=

Therefore, we may substitute the left-hand side of (6.3.18) into the first
expression on the right-hand side of (6.3.17). After multiplying both sides of
the resulting identity by ¢, we arrive at

S (—B)n(—Aq)ug"™t  (-B Aq o X (AB/a?)"1q
Z (—aq)n B Z (Bq/a)n Aq/a)

n=0

1/Cl AB/a)n—lqn(n+1)/2
" Z (Ba/da(Adfa),

and this is the desired result upon replacing A, B, and a by a, b, and c,
respectively. ad

Entry 6.3.13 (p. 30). Ifa # 0, then

o
(1+a
Z: cq/a)n+1( bq)n
cq nq (CQ)oo Sl (71)na7n71bnqn(n+1)/2
— + .
Z _bQ)n Z

(—aq)oo(—bq)oe = (—cq/a)n+1

nflbnqn(n+1)/2

Proof. In Theorem 6.2.1, set A =0 and B = ¢q. Thus,

i (cq)nq” _ Cq)oo i n —n— 1bn n(n+1)/2
D2 N A e v S 29 ey oy
s 3 Clahr
n=0 Cq/a’ n+1

To conclude the proof, we must show that
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(1+0) i EHann (0" _ (1+a) i (—1)”(cq)na*”*bnqnwﬂ)/z7

"0 (—cq/a)n+ "0 (—cq/a)n1(=bg)n
which follows from (2.1.3), after replacing a, b, d, and e by ¢, c¢q, —cq?/a, and
—bg, respectively, and then multiplying both sides by (14+1/a)/(1+¢q/a). O
Entry 6.3.14 (p. 3). If a # 0, then

2n+1

e DOy e
—aq?;¢*)n(—q%/a; ¢?) — (—aq; q)2nt1

(¢:4*) oo i (1) g™
(—aq; @)oo = (—¢/a;¢*)n
Proof. In Entry 6.3.13, replace q by ¢?, and then replace a, b, and ¢ by ag,

a, and 1/q, respectively. Multiplying both sides of the resulting identity by
q(14+a)/(1+ aq), we complete the proof. O

Entry 6.3.15 (p. 29). We have

o0

q;4q)2 q
Z (( n 3 Z gt 8 (1 _ g12n+3 4 18046 _ 300415
ne0 q q

1 (Q;Q)oo - 3n242 2n+1
S (D) (L g2,
2 (% ¢%) o0 ,;) )

Proof. In Entry 6.3.13, replace g by ¢*. Then set ¢ = 1/q, a = —w, and b =
—w?, where w = ¢2™/3_ Consequently, after simplification and rearrangement,
we find that

— (G0)2m0™ (G = (=D)"wmg
nz:% (4% 4%)n _w(qﬁ;q"')oo; (¢/w; ¢*)n 41
—w (1 -w) fj ((‘U”(q;cf)nw”q

= (0/w; P )n+1 (W% 6%

n%+4n

In order to conclude the proof of Entry 6.3.15, we may assume that ¢ is
real and we must show that

n(n+1) 1 & 5
—1 o n _3n“+2n 2n+1
RIS (1) 1+gq 6.3.19
( 30 q/wq - > 2;:0( ) ( ) ( )

and

= (WGP ) 1 (WP ¢P)n

o0
=32 Z '8 +3n (1 — g'2mF3 4 g!8nF6 _ g30n+15)  (6.3.0)
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First, by Entry 9.5.1 of [31] with a = —w™!, we see that

3

=0 Q/Wq n+1

n(n+1) _ —1 n 3n +2n 1 —1 2n+1
Z (1+w )

Hence, assuming that ¢ is real, we find that
o0 o0 o0
B _1)nwnqn(n+1) 1 5
Re w 1 ( _ n ?m +2n _ = 3n“+4n+1
( Z (¢/w;@%)n+1 Z nz;oq

n=0 n=0
)
Z n 3n +2n(1 +q2n+1)

l\.’)lb—\
[\

N)I»—l

which establishes (6.3.19).

Secondly, for (6.3.20), we apply (2.1.3) with ¢ replaced by ¢?, and then
with a, b, d, and e replaced by ¢, ¢, w?q?, and w?q>, respectively. Accordingly,
we find that

N ) i (=1)"(g; ¢*)nw" g "
1 —w?q (w?¢?; ¢®)n(w24?;¢%)n

n=0
(0o SEERET)

n=0

Next, we apply (1.7.1) to the right-hand side above with ¢ replaced by ¢?, and
then with o = w?q, 8 = w?¢?, and 7 = w?q. Thus,

-1(1 — X (—1)(g: a2 n n(n+1)
Ro[_ ¥ (1-w) 3 (=D)"(¢: ¢*)nw"q
1 —w?q (w?¢3; ¢®)n(w24?;¢%)n

n=0

_ (1_w an2n+n1+w22n+l)>

(oo}

o 3 2n2+n 3 . 2n2+n
n=0 (mod 3) n=1 (m 3)
(oo} (o]
+ § Z 2n®+3n+1 _ § Z 2n°+3n+1
2 1 2 7
=1 (mod 3) =2 (mod 3)

3 = 2
_ 2 Z q18n +3n (1 _ q12n+3 + q18n+6 _ q30n+15) )

Hence, we have demonstrated the truth of (6.3.20), and with it the validity
of Entry 6.3.15. a
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The final entry in this section is probably the most speculative in this
chapter, because at the bottom of page 4 in his lost notebook, Ramanujan
wrote down only the left-hand side of the following result; no right-hand side
was given by Ramanujan. We think that our interpretation of Ramanujan’s
intention is accurate, because it too is a special case of Theorem 6.2.1. How-
ever, in light of the fact that no partial theta series appears, Ramanujan may
have decided not to write down the complete result.

Entry 6.3.16 (p. 4). We have
2n+1 0

i (*QQ' q4) Z q)2nq"

n=0 ( 4a; Q)2n+1 "0 n+1
S Z

Proof. In Theorem 6.2.1, replace ¢ by ¢ and then set A = —ig~2, B = —iq,
a =1, and b = ¢. Finally, multiply both sides by ¢/(1+¢). After simplification,
we find that

2n —+2n ( 1 4n+3)

—q
—%q* ) nt1

i(*qQ;q“)nq%“ _a(=d%dY) ooz (i4°; ¢*)n(—iq)"
— (G a)m+ —= (160
an
+2g .
Z o

To conclude our proof, we must show that

i (iquqz);(—iQ)”' _ i (_Q4;Q4)7f

n—0 (1¢; ¢* ) nt1 0 (=¢%¢")n+

2n2+2n(1 _ 4n+3)

q

However, this last result follows from (1.7.1) by replacing q by ¢, then setting
a =iq%, 8 =1iq¢®, and T = —iq, and lastly dividing both sides by (1 —iq). O

6.4 The function v (a, q)

In this section, we collect together some results, mostly from page 38 of the
lost notebook, connected with the partial theta function

Z an n(n+1)/2

n=0

Note that ¥(1,q) = 9(¢). In some ways, these results fit reasonably and
naturally into several other locations in our development. However, they seem
most appealing when exhibited independently.
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Entry 6.4.1 (p. 38). If w = €™/, then

Y(a,q) +wib(a,wq) + w?y(a,w?q) = 0.

Proof. The proposed identity easily follows from the facts that there are no
powers of ¢ congruent to 2 modulo 3 and that for each index of summation n
modulo 3, the sum of the nth terms of the three series is equal to 0, because
the sum of the three cube roots of unity equals 0. ad

Entry 6.4.2 (p. 38). If w = €>™/3 then
¥(a,q) + w?P(a,wq) + wip(a,wq) = 3agy(a’, ¢°).

Proof. We have

(a,q) + W (a,wq) + wip(a,wq) =3 > aq" /2

n=0
n(n+1)/2=1 (mod 3)

oo
—3 Z a3n+1q(3n+l)(3n+2)/2

n=0

_3aqza3n In(n+1)/ 73aq¢(a3’q9)'

Thus, the proof is complete. O

Entry 6.4.3 (p. 38). For any complex number a,

2

n=0

n an n(3n+1)/2

1 Z aSn 3n( 3n+1)/2( a2q6n+3)
—aq; ¢ )nt1

+ 5 {¢(G7Q) - 36“11/1(@37 qg)} :

Proof. In Entry 9.5.1 of [31], replace ¢ by ¢*/? and a by ag~'/? to deduce

that

> ( 1)n 2n n(3n+1)/2

Z a=q _ Z&Sn 3n( 3n+1)/2( q3n+1) (641)

0 (—ag;¢*)n+1

n=

0o 0o
_ Z anqn(n+1)/2 o Z anqn(n+1)/2.
n=0 n=0
n=0 (mod 3) n=1 (mod 3)

On the other hand,

1003n3n3n12 2 _6n+3 1 3 9
iz_%a @#BrD/2(1 — g2 )+ 5 {wla,9) = 3agu(a’, 4")
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1 - n_ n(n 1 N n_ n(n
:5 Z R SR
n=0 n=0
(m d3) n=2 (mod 3)
n_ n(n 3 - n_n(n
+§Zaq(+1)/275 Z aq(+1)/2
n=0 n=1
n=1 (mod 3)
_ Z anqn(n+1)/2 . Z anqn(n+1)/2. (642)
n=0 n=0
n=0 (mod 3) n=1 (mod 3)

Comparing (6.4.2) and (6.4.1), we see that Entry 6.4.3 has been established.
O

Entry 6.4.4 (p. 38). For each complex number a,

i ) 2n+1q(n+1)(3”+1)/2 _ 1 i agnq3n(3n+1)/2(1 —a?¢"t3)
— —aq% ¢ )nt1 255

- % {v(a,q) — 3aqy(a®,¢°)} .

Proof. Replacing a by aq in (6.4.1) and multiplying both sides by aq, we see
that

e (71)na2n+1q(n+1)(3n+1)/2

>

_ Z a3n+1q(3n+1)(3n+2)/2(1 _ aq3n+2)

= (—aq%; ¢*)nt1 =
_ Z anqn(n+1)/2 o Z anqn(nJrl)/Q. (643)
n=0 n=0
n=1 (mod 3) n=2 (mod 3)

On the other hand, following the argument used in the proof of Entry 6.4.3,
we find that

1 - n n(on n 1
5 DT = 2~ 2 {y(a,q) - Bagila’,q”)}

n=0
1 00 1 oo
_ = n n(n+l)/2 =~ n n(n+1)/2
=3 5_0 a"q 5 E_O aq
n=0n(;10d3) n=2 (mod 3)

o0

= Z an n(n+1)/2 2 Z anqn(n+1)/2

n=0
n=1 (mod 3)

S o0
— Z anqn(n+1)/ _ Z anqn(nJrl)/ (644)
n=0 n=0
n=1 (mod 3) n=2 (mod 3)

Substituting (6.4.4) into (6.4.3), we complete the proof of Entry 6.4.4. a
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Entry 6.4.5 (p. 39). For any complex number a,

i 71(371+1 i n 2n+1q(n+1)(3n+2)/2
ne0 —aq; ¢*)n+1 — —aq?;¢*)n+1
_ Z a3n 3n(3n+1)/2( a2q6n+3)'
Proof. Add together Entries 6.4.3 and 6.4.4. O

Entry 6.4.6 (p. 4). Fora # 0,

1 > *1”*(1; n—q/a;q)n 100 ng.n —n—1\, n(n+1
(1+a>7;)( )™ (q‘fq‘;;nilq/ 9 :57;(*1) (@"+a " )gnn /2,

(6.4.5)

The series on the left-hand side above is not convergent. Thus, we need to
introduce a certain type of summability to give meaning to (6.4.5). We shall
prove an identity for

(1+1) 3 oyl

n—0 (qv q )n+1

and when we let ¢ — 17, the right-hand side will be seen to converge to the
right-hand side of (6.4.5).

Proof. After applying (1.7.3) below, we replace the index j by N +n + 1.
Thus, after some initial rearrangement, we find that

(1 - Lll) i (—ag; Q)n(._;]/a;q)n(_t)n

v (45 4% )n+1
_ i (=t)"a” " 1q" V2 (—ag " @)an
n=0 (¢54%)n+1
s n a~" 1 n(n+1)/2 s
_ Z gt {2” + 1} ol g#i=1)/2-nj
n— q;q n+1 j=—oc J
— Z N Z ¢""VE T 2n 41 gNHPAD(N+m)/2-n(N4n+1)
N=—00 n=0 ) N tnt 1

& > 2. .2 n
Z aNqN(NJrl)/QZ (g% 9%)n(=1)

Ne—oo =0 ((J; Q)an(CI; Q)n+N+1

= > aVg"WVI o), (6.4.6)
N=—o00
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where we note that, for N > 0,
Cn(t)=C_n_1(t). (6.4.7)

Hence, we shall now evaluate Cy () for N > 0.
To that end, we first replace n by n+ N and then we apply (1.2.9) with a,

b, ¢, and t replaced by —¢V 1, ¢Vt ¢2NF2 and —t, respectively, to deduce
that
i ,q Jng N ()"
"0 )0 (@ Qnran+1
_ @ @PINEDY o @ @a (" @) ()"
(q q)2n+1 (@ 0)n(®N 12 q)n

n=0
_ (@ P)n (DY (@)oo (e )
(q;Q)2N+1 ( 2N+2 q)oo(_t7q)oo

i (6 )n(@V 5 @)ng™ N HY
= (GOt )y
_ Caan(=ta" @) ()N i (t:@)n (@1 @)ug™
(=t @)oo = (G Dn(—ta" T q)n

Hence, we deduce immediately that

lim CN(t) =

t—1—

(-1)N. (6.4.8)

DO =

Also, using (6.4.7) and (6.4.8), we deduce that

lim C_n(t) = [Jim. Cy_1(t) = —=(=1)N. (6.4.9)

t—1—

Letting t — 17 in (6.4.6) and using (6.4.8) and (6.4.9), we obtain the right-
hand side of (6.4.5), as we promised immediately after the statement of Entry
6.4.6. 0

We note that Entry 6.4.6 is identical to Entry 5.4.3 in Chapter 5, where
an entirely different method was used.
6.5 Euler’s Identity and Its Extensions
The identity of Euler to which we refer is [18, p. 19, equation (2.25)]

— q
Z(

(@ (@

n

(6.5.1)
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In this section we prove a number of identities from the lost notebook that are
slight variations on (6.5.1) and fit naturally into this chapter. The remainder
of the results in this section are so closely related in form that it is appropriate
that they should also appear in this section.

In the first entry and in others as well, we record a pair of identities,
because their proofs are inextricably intertwined.

Entry 6.5.1 (p. 31). We have

[e%S)
E E 12n2 +n 22n+11)

n—O

2
+q Z q12n +7n(1 _ q10n+5) (652)
n=0

and

oo oo )
Z _ Z q12n +5n(1 _ q14n+7)
= n=0

n— 0 2n+1
> 2
+ q2 ZqIQn +11n(1 _ q2n+1>. (653)
n=0

First Proof of Entry 6.5.1. We put ¢ = ¢ in Entry 6.3.2, assume that ¢ is
real, and take the real parts of both sides to arrive at

hg): = - 33y = Re {(1 +i) Y irgrerR (1 4 q2”+1)}
n=0

7% 4%)n —
_ Z(_ n n(6n+1)(1 +q4n+1 + Z 2n+1)(3n+2)(1 +q4n+3)
n=0

Let f(q) denote the left-hand side of (6.5.2). Then

2_00 q2n

Lo (L (=)M)g”
2 z:% (—4% ¢%)n

1
= L ) + b
— Even part Of{Z(_l)nqn(6n+1)(1 + q4n+1)
n=0

+ Z 2n+1 3n+2)(1 +q4n+3)}

n=0
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oo oo
_ 24n°42n 24n24+34n+12
=D q -2 q
n=0 n=0
oo oo
+ Z q24n2+14n+2 _ Z q24n2+46n+22.
n=0 n=0

Replacing ¢? by ¢ in the extremal sides of this last equality yields (6.5.2).
Let g(q) denote the left-hand side of (6.5.3). Then

09(¢®) =
n=0

( i q )2n+1

2n+1

L= (1= (=1)")g"
72( (=1)")q

2. 42
24 (% ¢%)n

= Odd part of{Z(_1)”q"(6n+1)(1 + ginty
o0
— Z(_l)nq(2n+1)(3n+2)(1 + q4n+3)}

o0 o0
_ 24n24+26n+7 24n2+10n+1
= - E q + E q

n=0 n=0

oo oo
24n2438n+15 24n2422n4+5
- q +> q :
n=0 n=0

Dividing the last set of equalities by ¢ and replacing g% by ¢, we complete the
proof of (6.5.3). O

Second Proof of Entry 6.5.1. We prove (6.5.2), as (6.5.3) can be similarly
proved.
Replacing ¢ by ¢ in (6.5.2), we obtain the identity

oo oo
2
Z Z 24n? +2n q44n+22) + q2 Z q24n +14n(1 _ q20n+10).
n—0 )2 n=0
(6.5.4)
The left-hand side generates partitions A = A1, ..., A, into an even number of

odd parts with weight (—1) (M=1)/2_ (Clearly, \ is a partition of an even number.
By Sylvester’s map [26], such partitions have a one-to-one correspondence with
partitions into distinct parts. For a partition A of an even number 2N into
odd parts, let 4 = pq,...,us be the image of A under Sylvester’s bijection,
which is a partition of 2N into distinct parts. Note that Sylvester’s bijection
preserves the following statistic:
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A —1
2

where £(A) denotes the number of parts in the partition A. Since ¢()) is even,
we see that

f()\) + = U1,

(D72 = (1,

Thus it follows that

i Z Z DOa=D/2g2N Z Z YN,

2n =0 A€02n N=0pcD2on
(6.5.5)

where Oy and Doy are the sets of partitions of 2V into odd parts and dis-
tinct parts, respectively. We now apply the involution for Euler’s pentagonal
number theorem [18, pp. 10-12], in which we compare the smallest part and
the number of consecutive parts including the largest part. Note that in the
pentagonal number theorem, partitions m have weight (—1)5(”). However, the
involutive proof still works for our setting, since we move the smallest part
to the right of the consecutive parts or subtract 1 from each of the consecu-
tive parts in order to add the number of the consecutive parts as a new part.
Thus only the partitions of the even pentagonal numbers survive under the
involution in our setting, too. It is easy to see that

n(3n+1)/2=0(mod2), ifn=0,1(mod4),
n(3n—1)/2=0(mod2), if n=0,3(mod4).

When n = 0,1(mod4), the surviving partition of n(3n 4+ 1)/2 has parts
2n,2n — 1,...,n + 1. The largest part of the partition is even. When n =
0,3 (mod 4), the largest part of the partition of n(3n — 1)/2 is odd. Then,

Z > (=g (6.5.6)

N=0pu€Day
_ Z qn(3n+1)/2 _ Z qn(Sn—l)/2
n(3n+1)72::00 (mod 2) n(3n—1)722510 (mod 2)
s 2
Z 24n? +2n q44n+22) + q2 Z q24n +14n(1 o q20n+10).
n=0 n=0
Hence, by (6.5.5) and (6.5.6), we complete the proof of (6.5.4), and hence also
of (6.5.2). 0

The second proof of Entry 6.5.1 is taken from a paper by Berndt, Kim,
and Yee [73]. Likewise, a bijective proof of Entry 6.5.2 can also be found in
the same paper. Another proof of Entry 6.5.2 can be found in a paper by
W. Chu and C. Wang [129].
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Entry 6.5.2 (p. 31). Recall that ©(q), f(—q), and f(a,b) are defined by
(1.4.9), (1.4.11), and (1.4.8), respectively. Then

i q" ( Z q12n +n —gq i q12n +7n> (6.5.7)

"0 (@)2n 90( q) n=—oo n=-—o0

_ ) 5’ (6.5.8)

and

i - q" ( i gl _ 2 i q12n2+11n> (6.5.9)

n=0 )2n+1 n=-—oo n=—oo

- , (6.5.10)

These four identities are included in this one entry, because their proofs
are intertwined. L. Carlitz [98] represented each of the two series on the left-
hand sides as infinite products, from which it is easy to prove each of the four
assertions. However, we proceed from scratch.

Proof. This proof completely parallels the proof of Entry 6.5.1. However, the
key result at the beginning of the proof is more elementary in the proof at
hand.
Let
) q" 1
Jq) = = , 6.5.11

@ nz:% (@*6*)n (667 ( )
by (1.2.4). Let ¢(q) denote the left-hand side of (6.5.7). Then, by (6.5.11) and
by two applications of the Jacobi triple product identity (1.4.8),

o
A
<

N
N
Il
(]2
V]
<

3
Il
=]

N = N = N =

[]e
—~
—
_"_
—

|
—
~—
3
~—
)
3

3
Il
o

<<q;ql2>oo " <—q;1q2>oo>

- m (405 (=0% 4" ("1 4") o0

+(Q'q4) (4" (q4'q4) )

n=—oo n=—oo
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o0

1 sn2an _ 1(41%,4°)
(425 4%) oo 2 (=)

n=—oo

which is (6.5.8) once ¢ is replaced throughout by g.
Now, by (1.4.8), Euler’s identity, and the product representation for ¢(—q)
in (1.4.9),

f(@® %) (—¢%6%)o(=0";0%) oo (¢% ¢%) o
f(=q) (4 @)oo
(0% 6%) oo (=% 6%) 00 (4% ¢%) 0 (45 %)
o(—q)
(4:0%) 50 (475 0%) 50 (0" 0") 50 (6% ¢"%) 0 (¢%; ¢°)
o(—q)

> 2
Z q12n 771(1 - q8n+1),

n=—oo

1
o(—q)

where in the last step we applied the quintuple product identity (3.1.2) with
g replaced by ¢® and with z = —q. It is easily seen that this last identity is
equivalent to (6.5.7).

Now let d(q) denote the left-hand side of (6.5.9). Then, by (6.5.11) and by
two applications of the Jacobi triple product identity (1.4.8),

q2n+1

(4% ¢*)2n+1

(1-(=1)")¢"
(4% ¢%)n

M2

qd(q*) =

3
I
<

gL

—
<
—~
&)
=
I
.
—~
|
=
=
=

N~ N~ N

=)
(=)

—(4:0") (%0 (0% 0" )

1 > 2 - >
_ 2n"+n _1\n,2n"+n
s X X o)
B _q i q8n276n _ qf(q2vql4) )
(0% 0%)o0 5= f(=a)

Divide by ¢ throughout the display above and then replace ¢2 by ¢ to achieve
the identity in (6.5.10).



6.5 Euler’s Identity and Its Extensions 139

Now, by the Jacobi triple product identity (1.4.8), the product represen-
tation for ¢(—q) given in (1.4.9), and Euler’s identity,

f3,d)  (=66%) (0" 0% (¢% ¢%) o

f(=q) (4 @)oo
(86800 (=0" %) (6% 6%) 0 (43 4o
o(—q)
(0% 4%) 50 (0% 6%) 00 (0% ¢%) 00 (6% 4"%) 50 (65 ¢") o
©(—q)
_ (p(iq) Z q12n2+5n(1 — &)

n=-—o0o
1 > 2 = >
_ Z q12n +5n q2 Z q12n +11n ,
(P(_Q) n=-—oo n=-—o0

where in the penultimate line we applied the quintuple product identity (3.1.2)

with ¢ replaced by ¢%, and z = —¢?, and where in the last line we replaced n
by —n — 1 in the second sum. O

The final entry in this section requires some auxiliary results that are
closely related in form to the series appearing in Entry 6.5.1.

Lemma 6.5.1. For each nonnegative integer N and d # 0,q7", 1 <n < oo,

o gV Hn (On (1-d)(g9)n i "

= (dg)n  ANT(dg)e  dANTL = (g),’

Proof. Apply (1.2.9) with a =0, b= q, ¢ = dg, and t = ¢! to find that

i q(N+1)n B 1—d e dm
0 (dg)y 1= gNT = (V)

(1= d)(gly o= "N

aN+1 Z (q)

n—0 n+N+1
(1-d)(gn [ d" <~ d
oAt (g(q)n ,;(q)n>

mn

@y (A—d) (@ <~ d
= dN+1(dq)oo dN+1 7;) (q)nv

where the last line follows from (1.2.2). From our application of (1.2.9), it is

required that 0 < d < 1, but this condition can be relaxed by appealing to
analytic continuation. O
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Lemma 6.5.2. For each nonnegative integer m,
2m m
—1)" -1 nqn
@Y (o =

Proof. Denote the left- and right-hand sides of the lemma by L,, and R,,,

respectively. Clearly, Ly = Ry = 1. We show that L,, and R,, satisfy the

same two-term recurrence relation, and this suffices to prove the lemma.
First, for m > 0,

2

2m

L1 = (1= """ (¢:¢*)m <Z (_.1)” - . : 1 >

(@Dn  (GDam+1 (G 2m+2

n=0
2m+1 2 2m+1 (12m+2
= (1= ¢ L + (¢ ¢°)m(1 — > )m
It q2m+2
=1-q¢"" )Ly +-—-—. 6.5.12)
((12;(12)m+1 (
Second, for m > 0, splitting off the term for n = 0, we find that
m—+1 2
(=D q" 2m+2—2
Ryy1— R = S (1= (1= ¢*" ")
" 7;) (4% ¢*)m+1-n ( ( )
m—+1
B q2m+2 2m+1 Z n (n 1)
(q2§q2)m+1 a m+1 n
q2m+2 2m1
=———— —q¢" "R, 6.5.13
(@%5¢*)m+1 ( )

Hence, from (6.5.12) and (6.5.13), we see that L,, and R,, satisfy the
same recurrence relation. Thus, by mathematical induction, L,, = R,, for all
m > 0. O

Entry 6.5.3 (p. 21). For any complex number a,

e n n,2n>
q aq q q 00 n, n?
E =2 E — na q
= (—a:On(ag; ¢?) (ag;¢*)n  (aq;q?) Z
Proof. By (1.2.6) and Lemma 6.5.1 with N =2m and d = —1,

o0 n

o q
=2 (=4 Dnlag; ¢*)n

n=0

(o)
= Z 2n+1 1 q )oo

(ag; q*) nO

’I’L

i =L

n—O m=0
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- <aq;22>m g( (Z)mq?i et qﬁfqu
- e g( (Z)Tj;im {‘gﬁ’; “@;q’?mi @ ?)}
——(Slq’;qqg);; g(—l)m(q,q Yma™ g™

+ (aq;z - mi:o( D™ ¢ )ma™q™ jf% ((q;))z

by Euler’s identity. Next, apply Lemma 6.5.2, replace m by m + n, invoke
(1.2.6) again, and utilize (1.2.2) to find that

q q [eS) 2
S = "
~Tagiq Z Jma"™q
2 > m n n2
(ag; 4%)oo ,;) g (¢* ¢%)
(46 q S 2
o
= a
 (ag; ) oo Z Jma™g
Z Z m m+nqm2+2mn+2n2
aq q n=0m=0 q ;qQ)m
(] q oo m , m?>
= a q
oo
Z anq2n 2n+1 q )
) o
aq q > n=0
& n,2n>
oo m a-q
a™q™ —|—
~(ag;q )oo mz:o Jrm Z (agq; ¢?)

O

When a = 1, the latter series on the right-hand side of Entry 6.5.3 is one
of Ramanujan’s fifth order mock theta functions, namely ¢(—q).

6.6 The Warnaar Theory

The final objective in this chapter is to prove the fourth identity on page 12 of
the lost notebook, Entry 6.6.1. The proof given in [21] is, at best, cumbersome
and unenlightening. Warnaar [273] has developed an extended and beautiful
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theory of partial theta functions. Consequently, he was able to provide a much
more coherent proof of Entry 6.6.1.

Warnaar’s starting point is the following striking generalization of the
Jacobi triple product identity [273, p. 367, equation (1.7)].

Theorem 6.6.1. For any complex numbers a and b,

i (ab/q)2ng"
(@)oo (@)oo (b) oo nz% (Q)n(a)n(;)n(ab)"

—1+Z nnn<n1/2+z Drgr=D/2 0 (6.6.1)

Thus, Warnaar has transformed the sum of two independent partial theta
functions into a single g-hypergeometric series.

We shall not follow Warnaar’s original proof of (6.6.1) but shall instead
deduce it from the formula for the product of two independent partial theta
functions given in the following theorem [38]. But before commencing with
this proof, we mention two further related approaches to Theorem 6.6.1 made
by A. Berkovich [50]. First, Berkovich deduced (6.6.1) from a formula of
G. Gasper and M. Rahman [150], [151, p. 235, equation (8.8.180)] for a prod-
uct of two 201 series as a sum of two g5 series. Second, he showed that (6.6.1)
is equivalent to the identity

[o e}

i qn(n 1)/2 _ = (@)oo Z zy 2nq"

-y — n (Y n(2Y)n

which had earlier been discovered by A. Schilling and S.O. Warnaar [251,
Lemma 4.3 (first line of the proof)].

Theorem 6.6.2. For any complex numbers a and b,

OO n 1 q
(@ N RORON

( n a® n(n 1)/2> (Z(_l)"b"qn(n_l)/2>. (662)
n=0

As we shall see, identities (6.6.1) and (6.6.2) are equivalent. However, a
direct proof of (6.6.2) is a tiny bit smoother than that of (6.6.1), and (6.6.1)
is easily deduced from (6.6.2). An elegant combinatorial proof of (6.6.2) has
been devised by B. Kim [189).

Proof of Theorem 6.6.2. Let us use the notation

("] Z Apz™=A

m=0
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Identity (6.6.2) is equivalent to the assertion that

= abq nq" B B
[a™][0"](q) o0 Z ) (<) MEN MM /24N(N-1)/2,

(6.6.3)
If we denote the left-hand side of (6.6.2) by L(a,b), then noting that
(2)oo/(x)r, = (£¢™) o and invoking (1.2.2) twice and (1.7.3) once, we see that
@)L, b) < >M+N<q>oo
Z Z R+ MAN =) (1) /2 (M=) (M—j=1) /24 (N =) (N—5~1)/2—
X
== (@) (@)n—j(@m—5(@)N—;

Invert the order of summation, replace n by n + j, and use the corollary of
the g-binomial theorem (1.2.3) to deduce that

[M][bN] (a b) (=DM (@)
FOFM+N =)+ (=1)/2+ (M=) (M=j=1) /24 (N =) (N—j=1) /2~
x Z

(@) (@)m—j(@)n—;

X

q" n(1+M+N—j)

= (@n

= (- 1)M+N(q)

i 1) @ (U MAN =) +5(=1) /2 (M=) (M —j=1) /24N =) (N=j =1) /2=
X
j=0 (Q)](q)M—](q)N_J(qlJrMJrN oo

Now use the easily established identity

(=17 (9)n
(Qn—j = qi—iG=0/2(g=m);’

0<j<mn,

with n = M, N, M + N, and after an enormous amount of simplification, we
find that

@MV L(a,b) = CVT @arn TEIIR
(@nm(a)n
min(M,N) , _ _ .
S (¢™)la™),;¢
= (@),
_ (_1)MJquM(Mfl)/2+N(N71)/27 (665)

where we applied the second form of the ¢-Chu—Vandermonde summation
theorem (1.3.4). The evaluation (6.6.4) is what we wanted to demonstrate in
(6.6.3), and so the proof is complete. O
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Proof of (6.6.1). We observe that

oo

(ab/q)2ng™
(@)oc(@)oo®)ox 2, 10 0 05

(@) (a = (1—ab/g)(abg™) 19"
(@) >oo<b>oonZO <q>n<a>n<b)n

_ (1 —abg"" — (ab/q)(1 — ¢"))(abg")n—19"

= @ ; @n(@nO)n

= L(a,) ~ ab(@)oe(@)oc (B)oc 2 quf PO

= L(a,b) — abL(agq, bq), (6.6.6)

where in the penultimate step we replaced n by n + 1.
On the other hand, by (6.6.2),

L(a,b) — abL(agq, bq)

— <§:( l)nanqn(n 1)/2) (i(_l)nbnqn(nl)ﬂ)

n=0 n=0
- (Z( 1)nanqn n—1)/ ) (Z nbn n(n— 1)/2)
n=1 n=1
If we employ (6.6.7) in (6.6.6), we complete the proof of (6.6.1). O

We now restrict our considerations of Warnaar’s work to those portions
necessary to prove Entry 6.6.1 below. We point out, in Warnaar’s words, that
this is “just the tip of the iceberg.” Many further results are obtained by
Warnaar in his 33-page paper [273], including applications of Bailey pairs to
produce elegant multiple series identities for partial theta functions. Warnaar’s
theorem below can be found in [273, p. 370, equation (3.7)].

Theorem 6.6.3. If abc # 0,

(@)@ 0)ng" o~ (D)al0)n ag®\"
;) (@)n+1(q/a)n(q?/b)n(g?/C)n 2) (@*/0)n(a?/C)n < be )

= Dn(@ q/a Z Jratgn s
C) r(r—1)/2 qn+3 T
. Z 2/b (@0, ( be )

T=—00
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Before commencing our proof, we note that if we replace a by —a, set
b= —q, and let ¢ — oo in Theorem pt.t4, we deduce Entry 6.3.11.

Proof. We follow the development in [273, pp. 369-370]. First, we replace
a by ag"t! and b by bg" in (6.6.1). After multiplying the numerator and
denominator on the right-hand side by (a),+1()(ab)2,4+1, we find that

1+ Z(_l)nqn(n—l)/Q ((aqr-‘rl)n + (bqr)n)
n=1

1 — abg®" & (ab)2ng™
1 —ab J— (Q)nfr(abq)nqtr (a)nJrl(b)n .

= ¢ "(¢)oo(@) 00 (b) o (6.6.8)

Second, observe from the Jacobi triple product identity (1.4.8) that

(@/0)" (D)oo (2/D)oc(@)oe = Y brgmHrIntr=h/2er, (6.6.9)

n=—oo

If we now add and subtract the series

oo

Z(_1)n+ranq(n+r)(n+r+1)/2

n=1

to (6.6.9) and rearrange, we find that

( 1)r r(r+1)/ <1+Z n n n—1)/2 ((aqr+1)n+ (bqr)n)>
= (4/6)"(0)oo (/b)o0 (@)oo

+ i(_l)n+r ( n (n+r)(n+r+1 — (g/b)"q (n— r)(nfrfl)/Q) )

Hence, using this last identity in (6.6.8), we deduce that
(4/5)"(0)oo(¢/b) 00 (9) oo

+ i(_l)n—&-r ( (n+7‘)(n+r+1 — (q¢/b)"q (n— r)(n—r—l)/?)

1 — abg®" = (ab)2nq"
1—ab n—r <Q)n7r(abq)n+r(a)n+1(b)n )

= (=1)"¢" " V2(g) oo (@)oo (D)o

We now multiply both sides of this last identity by a sequence f,., to be spec-
ified later, and sum over all nonnegative integers r. Hence, assuming that f,
satisfies suitable conditions for convergence, inverting the order of summation,
and dividing both sides of the resulting identity by (¢)eo(@)oo(b)oo, We find
that
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0 ab)ang" no(_1\r A r(r—1)/2(1 _ aba?" . ©
Z ( b) q Z ( ].) f q (1 bq ) o (?C/L;)) Z(Q/b)rfr
=0

n=0 (a)n+1(b)n —0 (q)n—r(ab)n—i-r-‘rl
_ 1)t g(ntr)(ntr+1) /2 o0 -1
= ( )(q)j(a)w(b)w Z:l (an ;}fr + (Q/b)n _z_: frl) .
) ) (6.6.10)

We now specialize (6.6.10) by replacing b by ¢/a and then taking
(b)r(0)r >\’
= — | . 6.6.11
b= @ a; \be (0041
Observe that for each nonnegative integer 7,
(_1)7‘+1q(r+1)(7‘+2)/2

o™+ (g/b)r 1

Replacing b by ¢?/b above, we find that

(b),T,1 =

(71)7‘+1q(r+1)(r+2)/2
(¢*/0)" 1 (b/q)r41

Dividing the penultimate equality by the last equality and simplifying, we find
that

(4*/b)—r—1 =

(0)—r—1 (q)*’”*lz_ (0), (Q)T.

(@/b) -1 \b (@/b), \b

Replacing b by ¢ above and multiplying the two equalities together, we deduce
that

for—1=fr (6.6.12)
Furthermore, with f, defined by (6.6.11), we find that

n 1)/, r(r—1)/2 1 — g2r+l
S:Z( )" fra (1—¢*")

r=0 (q)nfr(q)nJrrJrl
_ 1 — (0)()r (@) (®/(be)) g™ (1 — ¢* )
— D@ (@ /b)r (¢ /0)r (" F2), . (6.6.13)

r=0

We now apply (4.1.3) to the right-hand side of (6.6.13) with 8 = aqg/, and
then with « = ¢, N = n, § = b, and ¢ = ¢. Accordingly, upon simplification,
we conclude that

(a*/(b)n
S = . (6.6.14)
(@)n(g?/b)n(g?/C)n
Lastly, we utilize (6.6.12) and put (6.6.11) and (6.6.14) into (6.6.10). After
simplification, we deduce the identity of Theorem 6.6.3. ]
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Entry 6.6.1 (p. 12). For any complex number a # 0,

Oo: (—ad) (—a/a). a 3 n g g (n+1)

o ( q/a) =1+ )nZ:O( 1)"a"q

(—aq) ?—Q/a) ST (=1t (1 + ag? ),
oo 0 =

Proof. In Theorem 6.6.3, replace a by —a, multiply both sides by (1 + a),
and let b and ¢ tend to co. Consequently,

T::g% (1+4a) go:o )" Tqr(r+1)
T (@)e(—00) oo (—0/0) Za” nirn/ Ti(—1>Tq3r<7"—1>/2+<n+3)r
- (Q)oo(_a(I)loo(_Q/a)oo Visnz_:la?)m”q“"* V)(Bntvi1)/2
X i (=1)7 P (r= /24 @ntv43)r
= 1 i ia3n+u v(v+1)/24+3n?4+2nv
(@) (—aq) oo (—q/a) e q

™ Z (_l)r—nq3r(r+1)/2+ry.

rT=—00

Recall from (1.4.12) that f(—1,¢®) = 0. Thus, the sum on r vanishes when
v = 0, and otherwise the sum is equal to (—1)"(¢q)so by (1.4.8). Thus, we find
that

oo

1
T = n 3n+1/ V(V+1)/2+3’n, +2nv
(—aq)oo(—q/a)x V;MZl
1 > 2 > >
— -1 na3n+1q3n +2n _ -1 na3n+2q3n +4n+1
. (Z( ) 2 (1)
_ (_ q/a Z n 3n 3n +2n(1 + aq2n+1)

This therefore completes the proof. O
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Special Identities

7.1 Introduction

A few of Ramanujan’s identities do not fit naturally into any of the previous
chapters. In this chapter, we have gathered two groups of such results. The
first four identities to be examined have previously been proved [20] by relat-
ing them to the theory of Durfee rectangles [13]. We provide an alternative
development based on functional equations in Section 7.2.

The three identities in Section 7.3 are among the more surprising identities
in the lost notebook. They were first proved in [25]; however, the proofs there
provide no significant insight into the reasons for their existence. In [36], the
fundamental idea lying behind these results was exposed in Proposition 2.1
(Entry 7.2.4 below). Subsequently, Andrews and P. Freitas [35], G.H. Coogan
and K. Ono [138], and J. Lovejoy and Ono [213] have exploited this method
and given some further interesting applications to evaluations of L-series. In
[35], Proposition 2.1 of [36] was placed in the context of Abel’s Lemma and
greatly generalized. S.H. Chan [119] derived an identity in the same spirit of
Ramanujan’s identity, but with arbitrarily many g-products. To effect this,
he employed Sears’s general transformation formula to derive a power series
identity with the requisite ¢-products, and then proceeded on the same path
as previous authors by applying the operator lim,_, - % to both sides of his
identity.

Section 7.4 concludes the chapter with a couple of innocent formulas that
require two completely different representations of the very well-poised 19¢g
to effect their proofs. This seeming mismatch between simplicity of statement
and complexity of proof is among the more mysterious aspects of the lost
notebook; hence this section is named Innocents Abroad.

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_-8, (© Springer Science+Business Media, LLC 2009
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7.2 Generalized Modular Relations

In his enigmatic list [85], [32] of 40 modular relations for the Rogers—
Ramanujan functions

O " s q" 24n
Glg) =) (q and Z
n=0 Q)n n=0
Ramanujan asserted that
G(q)G(q*) + qH(q)H(q") = (q;‘,’gﬁ). (7.2.1)

G.N. Watson, in addition to proving (7.2.1) in [277], also proved in [280] that

G(—q)¢(q) — G(q)e(—q) = 2qH (q")(¢*) (7.2.2)

and
H(—q)¢(q) + H(q)e(—q) = 2G (¢ ) (¢?). (7.2.3)

These three modular relations all turn out to be specializations of formulas
from the lost notebook, as we shall see.

Entry 7.2.1 (p. 27). For any complex numbers a and b,

0 nbn n? oo n 2nbn 2n? n 2n+1bn+1 2n? +3n+1

> Cad (b Z DI ;

= (—aq)n( — (=b@)2n = (=bq)2n+1
(7.2.4)

Entry 7.2.1 was proved in [13], where the proof was based on Durfee rect-
angles. We first give this proof and then provide a different proof.

First Proof of Entry 7.2.1. Replacing a and b by —a and —b, respectively, we
prove the equivalent identity

2 2 ) 2
anbnqn a2nbnq2n a2n+1 bn+1 2n“+3n+1

_ q
> ety ~ 2 et

n=0 (GQ)n(bq)Qn—i-l

(7.2.5)

When a = 1, the coefficient of b™¢™ on the left-hand side of (7.2.5) is the
number of partitions of n with exactly m parts. For general a, we further see
that the coefficient of b™a"¢" is the number of partitions of n into m parts
with largest part equal to r.

Our objective next is to identify the right-hand side of (7.2.5) as precisely
the same generating function. Consider a Ferrers rectangle of n rows and 2n
columns of nodes. To these 2n? nodes we attach a partition 7 (to be read by
columns) on the right side with at most n dots in each column, while below
we attach a partition 7wy with at most 2n dots in each row. We note that the
total number of parts in the entire partition is
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n + the number of parts of mo,
while the largest part of the partition is
2n + the number of columns of 7.
The generating function for all such partitions with this Durfee rectangle is

bna2nq2n
(GQ)n(bQ)Zn ’

where the exponent of b gives the number of parts of the partition, and the
exponent of a yields the largest part of the partition. If we sum over all n,
0 < n < oo, it appears that we obtain all such partitions and thus obtain a
new representation for the left side of (7.2.5). This is not the case, however,
because we have omitted from consideration a large class of partitions, namely,
all partitions 7 with a node in the (n + 1)st row and (2n + 1)st column, and
which are not counted in partitions associated with the next-largest Durfee
rectangle, i.e., the one of size (n + 1) x (2n + 2). These omitted partitions
attached to the n x 2n Durfee rectangle are generated by

(7.2.6)

bn+1a2n+1q(n+l)(2n+l)
(GQ)n (bQ)QnJ,-l

If we now sum both (7.2.6) and (7.2.7) over n, 0 < n < oo, then we obtain
the generating function for all partitions in which the coefficient of b a"q" is
the number of partitions of n into m parts with the largest part equal to 7.
Consequently, the two sides of (7.2.5) are equal. O

(7.2.7)

Second Proof of Entry 7.2.1. Let us denote the left-hand side of this entry
by fr(a,b) and the right-hand side by fr(a,b), where

fr(a,b) =Ti(a,b) + Ts(a,b), (7.2.8)

with 77 and 75 being, respectively, the two sums that appear on the right side
of (7.2.4). We note that fr(a,b) and fr(a,b) are analytic in a and b around
(0,0), where each takes the value 1. Furthermore,

o0 n+lbn+1qn +2n+1

frla,b) 71+Z

=1+

aq n+1 bq)n+1

abgq
m]’i(aq, bq), (7.2.9)

and by iteration we see that fr(a,b) is uniquely determined by (7.2.9) and
analyticity at (0,0). So to conclude the proof of this identity, we only need to
show that fr(a,b) satisfies the same functional equation as (7.2.9).

Now,
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1(a,b) —1+Z

n+1 2n+2bn+1q2n +4n+2

—aq)n+1(—bq)2n 12

n 2n+1bn 2n?+4n+1

=1-
(1—|—aq 1—|—bq Z

s (—bg*)2nt1
and
ab St -1 na2nbn 2n243n 1+a n+1
Ty(a,b) = q Z( ) 7 (2 ")
(1+aq)(L+bg) — (—aq?)n(=bq?)2n
abq
= — T ,b
(T ag)(1 1 bg) 1 (a¢:59)
2b s 1) 2nbn 2n?+4n+2
R g P L L
(L+aq)(L+bg) = (—aq?*)n(—bg*)2n
Hence,

fra,b) =1— abq i (—1)a2n+1png2n® +an+1
(1 + aq)(l + bq) oyt (_an)n(_bq2)2n+1

abq
" Ti(ag,b
([t ag) (1 + bg) 1 (24:00)
2b oo 1) ann o2n2+4n+2
T L
(I+aq)(1+bg) = (—aq*)n(—bg*)2n
abgq abq
S T bg) + ——— b
T AT ag) (T4 bg) 0D T Ty (1 1 by 2942
ab
=1+ d fr(aq,bq).

(1 +aq)(1+bq)
O

There is a further representation of f;, and fr required subsequently,
namely,

fr(a,b) = fr(a,b) = fo(a,b) Z n“nqn (7.2.10)

Clearly fy(0,0) = 1 and fy(a,b) is continuous in a neighborhood of (0,0).
Furthermore,

abq b & (71)nan+1qn+1
) =1+ +
fola,b) 1+ bg 1+bqnz::1 (—bg?).,
abq a
=1 1—
a
=1 — . 2.11
o= i hab) (r2.11)
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On the other hand,

—1)"a"q" (14 bq")

fola,b) +bfolag,b) =1+b-b>" (

n=1 (_bq)n
=14+b-0b
Z n 1
n n+1qn+1
=1+b+b Z —_
= 1+b+baq+aq(1 —fo(a,b)). (7.2.12)
Hence,
fola,b) =1+b— < n aqfo(aq, b). (7.2.13)

We now replace b by bg in (7.2.13) and then substitute the resulting identity
into (7.2.11) to deduce that

a
l4a— — (14bg—
folast) =1+ 2 (10— T2 b))
ab
=1+ I folag, bq).

(1+ aq)(1+ bq)

Thus, fo(a,b) satisfies the same functional equation and initial conditions as
fr(a,b) and fr(a,b). Thus (7.2.10) is proved.
Finally, we also require the values

fL(a’_l) = fR(a>_1) = fO(a7—1) =

= (7.2.14)

These immediately follow from the fact that

fola, 1) _1+Z Jlatq” i(—aq)" (721

= (@n (—ag)

by (1.2.3).

Entry 7.2.2 (p. 27). If a and b are any complex numbers, except that a # 0,
then

>

= (@

2 00 2 00 2 00 2
anbnqn /4 a72mqm anbnq(n+1) /4 a72m71qm +m
+
2 (bg)m 2. 2 (bg)m

m=0 n=0 (q)n m=0

n—1

Zann2/4 l—b Zann/4zb7]
(9);

n=-—oo j=0
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Proof. Noting that 1/(g)_, = 0 for n > 0, we may equate coefficients of a™¥
—00 < N < oo, on each side of the desired identity. Hence, we must prove
that, for every integer IV,

o bN+2mq(N+2m)2/4+m2 s bN+2m+1 q(N—‘,-Q'm—i-2)2 /4+m2+m

m—0 (@) N+2m(bq)m m—0 (@) N+2m+1(bq)m
qN2/4
it N <0,
(bq) oo
=1V ; (7.2.16)
(1—b)gN*/4 . ifN>0.
(bq) Z
We distinguish three cases in the proof of (7.2.16).
Case 1. N = —2v, where v is a nonnegative integer. Replace m by m + v

throughout (7.2.16). Accordingly, the left-hand side of (7.2.16) becomes, with
the use of (7.2.15),

s b2mq2m2+2ml/+u2 b2m+1q2m +3m+1+2mr+v2+v

+
m=0 (Q)Qm(bQ)m+u Z (q)2m+l(bQ)m+u
"
=L fo(—bg”,—1
(bq)l,fR( q )
qu2 1 - ql/2 B qN2/4

B (bg)w (bg")oo a (bg) o ; (09)oc’
and thus (7.2.16) is established in this case.
Case 2. N = —2v—1, where v is a nonnegative integer. Replace m by m+v+1

in the first sum in (7.2.16) and by m + v in the second. So, the left-hand side
of (7.2.16) becomes

oo b2m+1q(2m+1)2/4+(m+u+1)2 oo b2mq(2m+1)2/4+(m+u)2+m+u

(q)2m+1(bQ)m+u+1 "m0 (q)Zm(bq)erv
[ (B (1 )
(bq), m—0 (@)2m (bg"* 1) m
0 ba¥ 2m-+1 2m2+3m-+1 b m-+v+1
+Z(q) ! 1 <1+ ! ++1>
(@2m+1(bg" ) m 1 —bgmtv

2 (v+1/2)? 0 v\2m 2m?
q (bg”)*™q
- —b V, 1)+ =< —
I =0+ g, { 2 Do 5

0 )2m+2 2(m+1)2 }

m=0

+Z bq

2m+1 bq +1)m+1
(v+1/2)? 1 qN2/4

ba)y (0" e (b@)oo’

q
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by (7.2.10), (7.2.14), and the fact that in the penultimate expression, the series
inside curly brackets cancel when m is replaced by m 4 1 in the first sum.
Hence, (7.2.16) is established in the second case.

Case 3. N > 0. Using (1.2.3), we find that the right-hand side of (7.2.16) is
equal to

GNP/ N1 4 ey 1 =y X ow
G 2 TR N 7 D% 7 i) B

q
N P N
a1 Vg b
=q _— — +

N?/4pN i J—N i
:q<>b 1+Z<?V+l>q

N J=N+1 J=N
g (& gt

(@)n = (¢"H)

N2/4bN
— ‘I(Wfo(—b, —q™), (7.2.17)

by (7.2.10). On the other hand, the left-hand side of (7.2.16) is

qN2/4bN o mequq2m2 N oo b2m+1qN(m+1)q2m2+3m+1
<Q)N m—0 (qN+1>2m(bq)m m—0 (qN+1)2m+1<bq)m
N2/4bN
q
—= WfR(—b, —¢N), (7.2.18)

by (7.2.4) and (7.2.8). In light of the fact that fr(a,b) = fo(a,b), we see, from
(7.2.17) and (7.2.18), that the two sides of (7.2.16) are identical in this final
case. O

Entry 7.2.3 (p. 26). Fora #0,
X n n?/4 o _—2n n? ©  n, (n+1)%/4 o —2n—1,n%4n
(Za<q> )(Zauq )*(Zaqu )(Z @ )
o \dn "0 q)n 0 q)n 0 q)n
1
n, n /4
" @ Z “

Proof. Set b= 1 in Entry 7.2.2. O



156 7 Special Identities

In the middle of page 26 of the lost notebook, we find the claim, upon
changing to more contemporary notation,

n, n%/(2s) X a—nsans/Q

Z a4 as ¢ — 177
—= (D = (Dn

We note that this is the first expression on the left-hand side of Entry 7.2.3
when s = 2. Ramanujan provides no indication either why this is of interest
for arbitrary s or what the asymptotics should be.

Entry 7.2.4 (p. 26). Fora #0,

ann/4 Oo( )aqn/4
(2] (5 25)

n—=—oo

—2n—1q(2n+1)2/4

_ = —1)"a™ n?/4 = anqn2/4 _ = a
(Z( 1)"a”q ><Z oo ) 2(¢)oc Y oR

n=-—oo n=0 n=0

Proof. Clearly, the left-hand side of this identity is an odd function of a.
Consequently, the coefficients of all even powers of a are equal to 0.
The coefficient of a=2N~! on the left-hand side is

1)ngn’/4+H(—2N—-1-n)*/4 © ( 1)—2N—1—nqn2/4+(—2N—1—n)2/4

> L > b
s (@n o (@n
n q" (n+1)/24+Nn+(2N+1)%/4

- 22 (@)n

_ 2q(2N+1) /4(qN+1)

[e.oh]

by (1.2.4). We see that we have obtained the coefficient of a=2V~1 on the
right-hand side of Entry 7.2.4, and so the proof is complete. a

Entry 7.2.5 (p. 30). If a # 0, then

1) $5 D1 Gy
(1+ a) Z (=bq)n Z (—bq)ans1

n=0

b/a)n n(n+3)/2
. (7.2.1

Proof. Multiply both sides of (7.2.19) by (—bg)~ to obtain the equivalent
identity

(1 - 1) S (1)1 by D (b

n=0
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_ 1 = (_1)n(b/a)nqn(n+1)/2 (_bq2n+2)
@ (—aq)n
b/a)nqn(n-i-?))/Q

—aq)n

(_bq2n+1)oo~

If we now expand each infinite product appearing above by (1.2.4), and then
compare coefficients of b on each side, we find that the proof of Entry 7.2.5
is reduced to proving that, for each nonnegative integer NV,

n —nqn(N n)(q —|—a_1qN n)

(1+§>i(< - _n‘z (Caghn(@)n ’

n=0 N-n

or equivalently,

N —-n N n,—n n(N—n — n
Ly=Y (=D"a"" _ 3 (=D a "N (gt taT N Ry
o (@)N-n 0 (=@)n+1(9)N-n
(7.2.20)
Clearly,
Lo=Ry=1. (7.2.21)
Now,
N N
(_1)na7n (_1)N7na7N+n
Ly = =
1 N-1 (71)N717na7N+1+n 1
= +
af= (@n (0)n
1 1
——Ln_1+ —. 7.2.22
Nt Oy ( )

( 1)77, —n+1, n(N—n)+n ( 1)na7nq(n+1)(N7n)

—1 — - a q 3 —
By ta By-1= Z_: (—@)n41(@)N—n - Z:: (=@)nt1(@)N—n

0
(—1)nainqn(N7n) N-1 (_l)na—n—lq(nJrl)(anfl)

(—a)ny1(@)N-—n-1

n=0 n=0
N —n n —n)+n N n—n m n
_ Z ( 1)na +1q (N—n)+ N (_1) a~"q (N—n)
— (—@)n+1(@)N-n =0 (=@)n+1(g)n-

N-1 (_l)na—n—lq(n—i-l)(N—n—l)

(=a)nt1(@)N-—n—1

)
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where we used the fact that 1/(¢)—1 = 0 and where we added the second and
third sums term by term. Adding the first and second sums term by term, we
find that

N N— 1
_ (—1)"a —ngn(N—n) yng—n—1 gDV =—n—1)
Ry +a 1R 1= +
! o HZ (=a)n(g)N—n nzo n+1(Q)N7n71
N-1 ( 1 n+1 —n— 1q(n+1)(N7n71)

n+1(q)N7n71

1 1 ng—n— lq(n+1)(N n—1)

—0 ( a n+1(q)N7n71

- (7.2.23)

Thus, since Ly = Ro by (7.2.21), and since both sides of (7.2.20) satisfy
the same inhomogeneous first-order recurrence by (7.2.22) and (7.2.23), we
can conclude that

Ly = Rn.

This therefore proves (7.2.20), and thus the proof of Entry 7.2.5 is complete.
O

In concluding this section, we note that (7.2.1) follows immediately from
Entry 7.2.2 by replacing ¢ by ¢*, setting a = b = 1, and invoking the two

formulas

n2

G(q) = (~a% D) Y (qq—q)
n=0 9 n

and )
St n242n

2. 2
H(q) = (=q":q )OO7L=O o
both due to L.J. Rogers [248]. Identity (7.2.2) follows from Entry 7.2.3 when
we replace a by 1 and ¢ by ¢*, and then multiply both sides by (—¢?;¢?)so
Identity (7.2.3) follows from Entry 7.2.3 if we replace q by ¢*, then set a = ¢?,
and lastly multiply both sides by ¢(—q¢%;¢*)oo

7.3 Extending Abel’s Lemma

The main results in this section, Entries 7.3.2 and 7.3.3, are rather natural
corollaries of the following generalization of Abel’s Lemma [36, p. 403].

Theorem 7.3.1. Suppose that
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f(z) = Z apz"
n=0

is analytic for |z| < 1. Let a be a complex number for which

> o= an| < +oo, (7.3.1)
n=0
liIJlrl n(a — a,) = 0. (7.3.2)
Then
d (o)
Jm 056 = Yo - o)

Proof. We recall Abel’s Lemma [14, pp. 190-191, Theorem 14-7]. If lim,, .o, 4,
= L, then
lim (1 — Apz" = L. 7.3.3
lim (1 —2) n; z (7.3.3)
In the first step below, the insertion of z in the denominator introduces an
extra expression that is equal to —a by Abel’s Lemma. Thus, we must com-
pensate for this insertion by adding «. Consequently, assuming that a_y = 0,
we find that
. d . d f(z)
lim —(1— = lim —(1—2)—=
s z( A(2) el z( 2 z ta
oo
li n - -1 n—1 7 Gn ne2
Zir?ir;)(na n—1ap—1—a) 2" “+a

lim Z (nay, —(n—1ay_1 —a,) 2"+«

1-
zZ— n—0

o0

lim Z (—n(a—a,)+ (n—1)(a — ap-1)

1-
z— n—0

Ha—ap))2"+

n=0 n=-—1
li —ap)z"
+ Jim ;(a an)z" +
o
=—1 1- - Un -
2—1217( ) nz:%n(oz ap)z" —
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=— lim (1 —2) Z n(a — a,)z" + lim Z(a —ap)2"
z—1— 0 z—1— 0
-0 : _ n
+ ZILI{I_ Z(a an)z
n=0
=D _(a-a),
n=0

where in the penultimate line we applied (7.3.3) and (7.3.2), and where in the
last line we used (7.3.1) and the fact that the series converges uniformly for
0<z<I1. O

We may now apply Theorem 7.3.1 to a couple of instances relevant to
Ramanujan’s work. The following theorem was first proved in [36, p. 397].

Theorem 7.3.2. For |a| < |t| and a # 0,

= (t)oo _ (t)n _ o (q/a)n a n
> () =X e ()
(Do (v 0"~ " Ot o~ atT'g”
+(a)oo <;1_qn+;w_,§1_tqn_;1—ath”>'

Proof. Using the g-binomial theorem (1.2.2), we can easily check that the
conditions (7.3.1) and (7.3.2) of Theorem 7.3.1 are fulfilled for

After employing Theorem 7.3.1, we add and subtract terms in the sum on the
right-hand side so that we can apply Ramanujan’s 17 summation (3.1.4).
Then in the “added” sum, we make two applications of the easily verified
identity

-1 nqn(n+1)/2
(0)on = LT

™(q/C)n

In the third step below, we termwise differentiate the two series in powers of
1/z and simplify. Accordingly, for |a/(tz)| < 1, we find that

n>1.

(e ) _ S (D
nZ_O ((a)oo (a)n) ; ZLl_ dz(l )ngo (a)n
T d - t)n = (q/a)n (a\™
- oo (5 @S e ()
o (@t | S (afa)e oy
N zlﬂr dz(l ) <(a,q/t,z,a/(tz);q)oo > + Z (q/t)n (t)
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_ (@x(a/t)s [ d (t2)(q/(t2)) s S q/a
i (Eereor)) 2 e ()
- (t)oo > qn e t—lqn e tqn e at—lqn
e\ T et T i ‘§ﬁ>
= (q/a)n ra\™
3 G, (1)
as desired. O

Theorem 7.3.3. For 0 < |b| < 1,

o~ (@D (B)os (@)n(D)n
7;,((61) ) n(c)n>
(a)oo b)oo - OO aq -~ - (C/b)nbn
T (@ (0o < 1- _01 aq" ,; (a)n(1 q"))
Proof. We apply Theorem 7.3.1 when
_ (a)n(b)n
oy, = Do (7.3.4)

We must check that the conditions (7.3.1) and (7.3.2) hold. First, we check
that (7.3.1) holds. For brevity below, define

o (ClallaDse (Dl laDe
(@b e d) = Tl e (el Do

Hence, using the definition above and the g-binomial theorem (1.2.2) twice,

we find that
(@)oo (b)oo (a)n(b)n

= )

Z‘a al = Z =0~ @l

(—lafslal)oo (~ bl la])
(

"H) (cq)no
= "l 4o (1l D)oo (0o ‘
— Klabe — |, (Q/a)raq (c/b)sb%q"™
=K@beo ) |t E @) 2 )

o s a),(c/b)a’b® n(r+s)
= K(a,be,q)d | D — ((/(1))T(Q)s :

n=0 r,s=0

(r,5)#(0,0)

© & (lafal el (le/b: ) ol b
Kebeod a3 (gl a1k 1aDs

r,s=0

(r,8)#(0,0)
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_ Klabea) o~ (=la/allaDr(~le/bli lal)lal bl
T Z,O (al: lal)+ (s Tal)s =0

(r,s)#(0,0)

where in the penultimate line we used the fact that |g[*"**=D < 1, since
r 4+ s > 1. This then proves that condition (7.3.1) is satisfied.
To prove (7.3.2), we first note that if |¢| < 1, then lim,,_.o ng™ = 0. Hence,

. . (@)oo (b)
lim n(a — a,) = lim ng" ———+—
e o) = T e ©)es

X i (q/a),(c/b)sab3qr+s—1)
r,s=0 (Q)r(Q)s
(r,5)7#(0,0)

Now, the expression inside parentheses above is bounded in absolute value,
since we showed in our proof above that condition (7.3.1) holds. Since
lim,, oo ng™ = 0, we see that we have shown that condition (7.3.2) is valid.

Hence, applying Theorem 7.3.1 with the value of «,, given in (7.3.4) and
using Heine’s transformation (1.2.1) with h = 1, we find that

s aooboo anbn . d Ooanbnn
Z(() (b) <§<>n>hm LA YOG

o D) ([ (/Db
7zL1*dz(c)w(qz) <1+Z In(az)n )

as desired. O

We now come to three entries in the middle of page 14 of the lost notebook.
The first of these is perhaps more appropriate for Chapter 1; however, it would
be unfortunate to separate it from its central relationship to the remaining
two entries in this section.

Entry 7.3.1 (p. 14). We have
n(n+1)/

Z ! =14¢> (-1)"(q)nq" (7.3.5)
n=0

The function defined in this entry is quite remarkable. The coefficient of
q" is equal to the difference of the number of partitions of n into distinct parts
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with even rank and the number of partitions of n into distinct parts with odd
rank. In [32], we further discuss this function when we examine Ramanujan’s
contributions to ranks and cranks in his lost notebook. It has been shown
[34] that almost all of the coefficients in the power series expansion of this
function are equal to 0; however, every integer appears infinitely often as a
coefficient in the power series. A charming introduction to such phenomena
has been provided by F.J. Dyson [148].

Proof. Applying (1.2.9) with a = —¢/7, b = q, ¢ = xq, and t = 7, we find
that

oo qn(n+1)/2 . i (—Q/T)n(q)nT"
— (zq)n 0= (@)al(z@)n
= (1 - JI) Z(_Q/x)nxn
n=0

=1+ Z —q/z)pz" Z(fq/:r)n_lzr"

n=1

=1+ Z(—q/x)n,lx"q”/m

_1+Z q/l’ " n+1

If we now set © = —1, the desired result follows. ]

Entry 7.3.2 (p. 14). If S := (—q)co, then

o0 S [ee]
Zq 2<2+;(S—( Szl_q>

Proof. In Theorem 7.3.2, set t = —1 and let a tend to 0 to deduce that

n(n+1)/

q q
=y +2(-)e +=,
Z (_Q)n ( ) ( 1- qr 2)

or, equivalently,
n(n+1)/2

S+2Y (S —(~9)—25Y_ g"qn = q(iq) |
n=0 n=1 n

n=0

as desired. O
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Entry 7.3.3 (p. 14). Let S :=1/(¢;¢*)oo- Then

> n(n+1)/2 S > 1
q
o (3 (s —)
Z (2 ,;) ( (¢ 6*)ns1 >

n=0

Proof. In Theorem 7.3.3, replace ¢ by ¢2, then set a = ¢%, b= 0, and ¢ = ¢°,
and lastly multiply both sides by 1/(1 — ¢). Consequently,

oS - 1 B 1 0 (_1)n—1qn2+2n
nz:% (S (q;q2)n+1> (60w nz::l (0% ¢%)n (1 — %)

1 e -1 n—1,n%+2n 1—g ™)+qg "
Z( )" g (=g +q™")

(5 0%)0 = (@ ¢%)n(1 = ¢*")
__ 1 (D)
(45 4%)oo (g(‘ﬁ Jn(144q")

0 (_1)n—1qn2+n
L o <1q2n>>
— —1 lim 3¢9 (q/T_’ q/T, _1;q, 72)

2(¢;¢%) oo ™0 4 —q

1 1 0 q2n
+—— -5+ :
(4:¢%)oc ( AP 1—q2">

n=1

which can be deduced from (1.3.1) or which can be found in N.J. Fine’s book
[149, p. 14, Equation (12.42)]. Providing the details for the former derivation,
n (1.3.1), we replace ¢ by ¢2, set a = z and ¢ = z¢?, and let b — oo to find
that

[e ] n(n+1) 2. .2
Z ¢*)nq = T (7.3.6)
— n(2@ %) (20%¢%)

Differentiate both sides of (7.3.6) with respect to z and set z = 1 to deduce

that -
=D -

n=1

> ( l)n 1 n(n—i—l)

;(q,q)

Next, we apply (2.1.1) with a = b = ¢q/7, ¢ = —1, and d = ¢ = —q to the far
right side above and deduce that

Zoo 1 1 : 1 q/T, ~7, q
S — = hm 3¢2 ( ’ ’ ,q’ —T)
( (q;qz)nﬂ) 2(¢5¢%) o0 ™0 (=43 q) o —q, —qT

n=0
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1 - qn(n+1)/2 1 1 > q2n
— n 1 |
2 n;] (~¢Dn  (66%) 2 ; 1_g2n

Multiplying throughout by 2, we obtain a result equivalent to the asserted
identity. O

Theorems 7.3.2 and 7.3.3 and Entries 7.3.2 and 7.3.3 are also discussed
in Ono’s monograph [224, pp. 168-174]. Further identities arising from The-
orems 7.3.2 and 7.3.3 can be found in [224]. R. Chapman [121] has devised
combinatorial proofs of several of these identities. W.Y.C. Chen and K.Q. Ji
[123] have devised beautiful combinatorial proofs of the last two entries.

7.4 Innocents Abroad

In order to prove the two results listed in Entry 7.4.1 below, we must collect
a number of esoteric results. Of these, the three identities for very well-poised
1009’s seem especially as though they ought to be unnecessary.

Lemma 7.4.1. For each nonnegative integer m,

(@G @)m Y ( 1 =3 (17" (7.4.1)

Q)@ Dom—n = (6% 6% m—n(ag; ¢*)n

n=0

The case o = 0 appears as Lemma 6.5.2 in Chapter 6. The case a = ¢
reduces easily upon the use of (1.7.3) to a famous formula of Gauss for the
Gaussian polynomials. This formula was used by Gauss [152] in his famous
elementary evaluation of the quadratic Gauss sum. For further details, see
the book of either H. Rademacher [232, pp. 85-88] or Berndt, R.J. Evans, and
K.S. Williams [72, pp. 20-24].

Proof. We set

Lin(@) = (¢:¢*)m z_% (a;q)iqu;);)mn, (7.4.2)
- m (_1>nqn2
Rp(a) =Y P P (7.4.3)

n=0

Our lemma follows immediately by mathematical induction once we prove
that each of L,,(«) and R,,(«) satisfies the following initial conditions and
recurrences:

fola) =1, (7.4.4)
1— q2m+1 q2m+2 —

(1 —a)fmt1(a) - fm(ag®) = (7.4.5)

1—-oaq (@%¢*) me1
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Clearly, Ro(«) = Lo(a) = 1; so (7.4.4) holds for each of L,,(a) and Ry, (c).
Next,

2m—+1

1—q 2
L1 (a) — mlm(aq )

2m+2 2m
o, (—1)" B (="
= @) (Z (@5 @)n (5 @)2m—n-+2 T;) (0‘5‘1)"+2(q;q>2m‘">

n=0
om 2m
o, (—1)m B (=n"
= (@ )m <n§:2 (5 @Qn+2(3 Q2m—n nz:;) (@ @)na2(q; Q)zm—n>
2 1 — 1
= (¢ 4" ) m+1 ((q; Domsz (1 —0a)(g; Q)2m+1>
(436 )m+1 ) - (1 - g2
T (1= a)(gamy2 L) = (=)
q2m+2 — o

(=) (P mer

Thus, (7.4.5) holds for L, («).

Finally,
(1 _ a)R (a) _ M
ot 1—ag
B nil (_1)nqn2 (1 o 1— q2m+2—2n>
(0% @) m41-n(aq; ¢%)y 1 —ag*!
_ nil (q2m+2 2n _ q2n+1 + a2 2n+1 a)
(0% ¢*)mt1-n(q; ¢*)ng1
_ q2m+2 —« B aq
(¢ q2)m+1 (1 —aq)(4%:¢*)m
. mir:l gEmHETIn _qg2ntl 4 o220+l _ )
(% ®)mr1-n(0q: ¢?)nt1
_ q2m+2 ~a aq
(% 4%)m+1 (1 —aq)(¢%:¢*)m
. mirzl n <q2m+2 zn(l _ aq2n+1))
m+1-n(aq; ¢*)ni1
+7§:1 n n q2m+3 q2n+1 —|—Oé2 2n+1 Oé)
q ;q2)m+17n(a(b q )n+1

_ q2m+2 —« q2m+lRm(aq2) {_ aq
(4254 m41 1—oaq (1-aq

(@5 6%)m
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eri-:l (71)nqn (aq2m+3 q2n+1 +a2q2n+1 a)
n—1 (q 5 q )erlfn(aq;qQ)nJrl

Consequently, to show that R, («) satisfies (7.4.5), we need only show that
the expression above inside the curly brackets is identically equal to 0. To that
end,

aq +7§El (_1)nqn2(aq2m+3 . aq2n+1 +a2 2n+1 —q)
(I—0aq)(@*a*)m = (6% @*)m+1-n(q; ¢*)nt1
_ aq
(1- aQ)(q2 q2)m
N mi—:l q2n+1(1 I q2m72n+2) —a(l- aq2n+1))
(4% ¢®)m+1-n(q; ¢%)n1
m n (n+1) m+1 n, n?
"q
= - -«
Z n(ag; q%) Z Dmi1- n(aq a*)n
q(n+1) m (_1)nq(n+1)

:—az aq,q)nﬂ"'o‘;(z

(6% 6%)m—n(0q; ¢*)nt1
= 0.

Lemma 7.4.2. For each positive integer m,

2m—1 n n?

s =" g
(¢)n 2 (@:@)n (@ @)2m—1-n ( >¥ %5 q%)m-n(05.¢%)n

n=0

Proof. Following in the wake of Lemma 7.4.1, we see that
(1 a) e (1 a) (me/q) ! )
- . } =\t 7 2y (o
1) = (G On(/G D2m—n ) \(¢¢*)m (G D2m

B (1 - %) (f(f;ég)/ﬁ - (q;;)zm>

2
1—04/QZ 1)"q"
(¢;¢* (a®;¢%)

m—n (0 ¢%)n’

where we have used the definitions of L,,(a) and R,,(«), given in (7.4.2)
and (7.4.3), respectively, and where we have appealed to Lemma 7.4.1. This
completes the proof. a

In addition to these two lemmas, we require three identities for the function
1009 (see (2.1.2) for this notation). The first two were given by W.N. Bailey
[41, equations (6.1), (6.3)] and are given by
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| a,q\/a, —qy/a,b,r1, —r1,ro, —re,q N, —qg~N adg?N+3
i aq aq aq aq aq g — 2
un 10¢9 \/_ _\/_ T Ty T __aan+1a _(1(]]\]+1’(17 b’f‘%'f“%
Ty T2 T2
_ (@%¢%¢%)oo(a® 2/(7’1T2);q2)oo
(a%q% /175 4*) 0 (6®2 /735 4%) o

y i (r2;4%)n (1% ¢*)n(—aq/b; )2n (azqz)" (7.4.6)
— (4% ¢*)n(a®¢* /b ¢*)n(—aq; @)2n \ 7773
and
a,q*\a, _qz\/— p17p1q’p2 p2q,f,q_2N7q_2N+1 , aBgN+3
hm 10¢9 \/— \/— aq aq aq aq CLq 2N+2’aq21\/’+1;q 7%

PR AL

_ (090 (aq/(P102): D)oo x~ (P13 @O)n (P23 D)n a9/ f16%)n ( ag )”
(aq/p1; @)oo (aq/p2; Q)0 “= (¢ Dn(aq; ¢*)n(aq/fi@)n \p1p2/)
(7.4.7)

The third is the case k = 3 of a generalization [17, Theorem 4] of equation
(12.2.1) of our first book [31, p. 262], namely,

( a, q\/_ Q\/_?blaclvanCQab?nc?); N 3qN+3 )
10¢9

aq aq aq aq aq aq g, ———————
\/_ _\/_ _____ s T qN+1 9 b1b2b3610263
bg Co b3 Cg

_ (ag; q)n (aq/(bscza)» N
(aq/bs;q)n(ag/c3;q) N

o0

S (ag/(b1c1); @)m, (aq/(b2¢2); @)ms (025 Oy (€25 @),

(@5 Q) mi (@ Q) ms(aq/b15 @), (aq/c1; @),

(7.4.8)

mi,m2 =0

(bS; (])m1+m2 (CS; Q)m1 +mo (qu; q)m1 +mo (aq)ml qm1+m2
(aq/b2; @)y +ms (aG/ 25 Q) my+ms (036307 /5 @)y 4ms (b2c2)™

Entry 7.4.1 (p. 25). We have

o 1) n(n+1)/2 & n(n+1)/2 & 1)7 2n

nz_o( () Z;q)% :;(()qz;qz)n QT;E q> *)2n (749)
> n(n+1)/2 > (_ \n(n+1)/ s 1)" 2n

o 2_:0 q(q2;q2)n N z_:o ((3)612;612)71 i 22_:1 E Q?q o, A0

We follow closely the proof in [23]. Unfortunately, this is currently the only
known proof.

Proof. Instead of proving each of these formulas independently, we prove the
following two formulas:
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(¢59) oo i q N i (—1)"q”("+1 i
= =0

(—q:9)2

n(n+1)/

(7.4.11)

n (n+1)/2 n n (n+1)/ n 2n

((—qqq;;; ; (¢ Z Z:: . (7.4.12)

To obtain (7.4.9) from the latter two equalities, merely subtract (7.4.12)
from (7.4.11) and divide both sides by 2. To obtain (7.4.10), add (7.4.11) and
(7.4.12), recall (1.4.9), and divide the result by 2.

We now prove (7.4.11). Using (1.2.4) twice, setting N = m + n, invok-
ing Lemma 7.4.1, inverting the order of summation on N and j below, and
replacing N by N + j, we may write the left-hand side of (7.4.11) as

qm m+1
{Z 7" @)oo + Z (—qm“;Q)oo}
m=0

% o m(m+1)/2+n(n+1)/2+mn ((71)77, + (71)?71)

q
Z 2 (=% Dm (e Dn

m m(m+1)/

m

m=0n=0
i N(N+1)/2 Z + (-)N)
q
oo N=0 n—0 N n(q q)
N(2N+1)
q
oo NZO 7;) 2N n(qu)
I o bl . (—1)ig”
(6= =) (PN 2 (0PN~ ),
i i q(N+y)(2N+2g+1)q
o 5152 ( (G P)N5(@% 8N
i (—1)7 3] +37 i q2N2+N+4Nj
o =5 (=a%4 2 )ia:0%); 5= (@ )N (g5 ¢%) N
00 ( 1 3] +jJ ]
Z T, S1(5). (7.4.13)

j:(]

We now transform Si(j) by rewriting it as a limit of a certain 2¢; and using
the second Heine transformation, Corollary 1.2.4, to find that

. . T,
S1(4) = }lg%)zcﬁl (q/zgz{ e 72q4j+1>

. (16747 e (TqY 12 ¢%) 242,
iy (70 6)eo (74 q)) ¢1<q a7, 2 Tq)

T (L ) (P2 Tq?
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e 2j+2

In
= 23+1 Z - !

— (@%:¢%)n

n2+2jn

(7.4.14)
Putting (7.4.14) in (7.4.13), simplifying with the use of Euler’s identity, and
lastly using (7.4.8), we deduce that

m(m+1)/ m m(m+1)/

{Z g 0" q)0 + Z (—qm“;Q)oo}

X (_1)n+j(q :q )nﬂ,q(nﬂ) +25%+3
= (@%562)(e%6)n(=a%¢%);
=2(1-9q) lim

Cl,bQ,CQ,bg,N—»OO

qvq5/27 _q5/27 _(]7017b27027637q vq_QN q2N+6
1009 ¢ ¢ ¢ ¢ T
q1/27 _q1/2 q2a _7 R , 4, 2N+3 clb202b3
c1 by e b3
=2(1 — li 7.4.15
(1-q) ol ( )
q, q5/2a _q5/27 —-q, q fa T27 —Taq, q_QNa _q_2N+1 AN+4
1099 ¢ ¢ & LI S
q1/27_q / _q qa_7_7__7q2N+35_q2N+2 ' ’ f’f'% ’
fr T2
where we set ¢; = f, by = 79, o = —72q, and by = —¢ 2N*t1. Observe that

each 19¢9 has five upper-row parameters tending to oo and five lower-row
parameters tending to 0, while the other parameters in both upper and lower
rows remain unchanged. Next, in (7.4.7), set p; = ¢ and let po, f, and N tend
to oco. Hence,

li
ponf Moo 1099
a, q2\/av _q2\/a7 anq s P2, pQ(L fa q72N7 q72N+1 ) q4N+1
X aq= aq aq 34
\/_ \/E aq,a a_a ) ) q2N+2aaqu+17 ’ f P3
P2’ f
> n,n n(nf )/2

1 1)"a
zl_az( )"a"q

= (4G (7.4.16)

Replace ¢ by —¢ in (7.4.16) and then set a = ¢. Lastly, replace the identity
that we thus obtain in (7.4.15) to conclude that

.1 { i (@™ @) + Z - m(mﬂ)/z(—qm“;q)w}

= G Dm - (—x9)
OO (_q)n(n+1)/2
(—a*¢*)n

n=0
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This then finally concludes the proof of (7.4.11).

To complete the proof of Entry 7.4.1, we now prove (7.4.12). The steps
are like those in the proof of (7.4.11). Using (1.2.4) twice, setting N = m +n,
invoking Lemma 7.4.2 with « = —¢q, and inverting the order of summation on
N and j below, we may write the left-hand side of (7.4.12) as

Z qm (m+1)/ m+1;q)oo B i (_1)mqm(m+1)/2 (7qm+1;q)oo
—¢;Qm (=@ @D)m

m=0 m=0

qm(m+1)/2+n(n+1)/2+mn ((_1)n _ (_1)m)

nz‘; (=% @)m (¢ Dn

= GON-n(GDn

S
m=0
(N+1)/2 (=)™ = (=D)N=")
I~ NZOq >

2N+1 "
(=D

_ 2 (N+1)(2N+1)
(=4 @)oo Nz:oq nz;) (=4 @)2n+1-n(4Q)n
4 o)
(@9 NZ::O
Z Z
g =0

o0

Z

b

q(N+1)(2N+1) N (_1)j+1q(j+1)2

(@ @*)n = (@ PN (=4:6%) 1

1)i+1 (N+j+1)(2N+2j+1)q(j+1)2

2)j1(¢ )N (d% )N

g+1 33 +55+2 > q2N2+3N+4Nj

%4 ]+1(q7q )i+1 5= (@ @*) N (67257 N

:0
s J+1 3] +55+2

S2(j)- (7.4.17)

“M

j+1(q q )J—H

As in the proof of (7.4.11), we transform Sy(j) by rewriting it as a limit
of a certain 9¢; and using the second Heine transformation, Corollary 1.2.4,
to find that

. . T, T
Sa(j) = lim 261 (qézg% i 72q4j+3)

(Tq2j+2;q2)00(7q4j+4;q2)002¢1 < 2g+2 q/T,q Tq2J+2)

= (4274354 o (T2¢4735 4% o Tqtit
1 2 (1) (q¥F2; g2), g T2t 2n
= : 7.4.18
(%23:¢%) nz:% (@¢*)n ( )

Putting (7.4.18) in (7.4.17), employing (7.4.8), and using Euler’s identity, we
find that

e l)mqm(m+1)/2

m(m+1)/ _
{Z i ~ 4 Q)m @) - 2 : (=% D)m (qmﬂ;q)m}

m=0 m=0
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A i i 1YL (g2 g2) (D2 B 2424 n)
et (—4:0%)j+1(¢% a); (% ®)n
_ 4?1 —¢’) lim
1+¢q c1,b2,c2,b3,N—o00
q3aq7/2a _q7/27 _q 01,b2702,b37q q_gN q2N+11
1009 @ @ @ P g,
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_ A1 -¢%)
1+4¢ N,b,rg—00
?.q7% —q",b, ¢, — ,rg,fgz,q’wﬁq’m L N
1009 @ ¢ q 7q7,—
3/27 _q3/2 q _q3v o ) _E7 ?7 q2N+57 _q2N+5 bT%
:_4(12(1_(] Z n 2n +4n
l1+q 1- q6 ®1q%)2n
o0 n 1 2(n+1)
N g 2n+2
st n 2n
= Z (7.4.19)

where in the antepenultimate line of (7.4.19), we applied (7.4.6) with ¢ first
replaced by ¢?, then with a = ¢ and r; = ¢?, and lastly with b, 7o, and N
tending to co. This finally completes the proof of (7.4.12). O
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Theta Function Identities

8.1 Introduction

Theta function identities are ubiquitous in Ramanujan’s notebooks [243]; in
particular, see Berndt’s books [54] and [57] for several hundred such identities.
Theta function identities are also prominent in Ramanujan’s lost notebook
[244]. Several of these identities are intimately connected with the Rogers—
Ramanujan continued fraction, and so these were examined in Chapter 1 of
[31]. However, other chapters in [31] contain theta function identities, with
Chapters 4, 13, 15, and 17 being exceptionally fruitful sources. Readers hav-
ing read the first seven chapters of the present volume have seen how theta
functions make perhaps unexpected appearances in g-series identities. Read-
ers who continue to read the remainder of this volume will observe that theta
functions and their identities are inextricably intertwined with Eisenstein se-
ries. What is rewarding and refreshing about Ramanujan’s identities involving
theta functions is that he often discovers types of theta function identities
that were previously unknown to us. His identities are also frequently surpris-
ing, both in their forms and in their appearances with other mathematical
objects.

In this chapter, we offer some of these beautiful identities, most of which
were first proved by S.H. Son [266], [267]. Indeed, we follow precisely Son’s
beautiful proofs in [266] and [267] in the first two sections. For the convenience
of the reader, we begin by reviewing some relevant notation, definitions, and
theorems of Ramanujan that we need.

Ramanujan’s theta function f(a,b) is defined by

f(a,b) = Z @D/ 2pn(n=1)/2. |ab| < 1.

Perhaps the most important property of f(a,b) is the Jacobi triple product
identity.

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_-9, (© Springer Science+Business Media, LLC 2009
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Theorem 8.1.1 (Jacobi Triple Product Identity). For |ab| <1,
fla,b) = (—a;ab) oo (—b; ab) oo (ab; ab) o - (8.1.1)

The three most important special cases of f(a,b) are defined by, in Ramanu-
jan’s notation,

v(q) = fla,q Z " (8.1.2)

U(g) = flg,q*) =Y ¢""I72, (8.1.3)
F(=q) = f(=¢,—¢*) = > (=1)"¢""" V" = (g;¢), (8.1.4)

where the last equality is Euler’s pentagonal number theorem, an easy conse-
quence of the Jacobi triple product identity.

We use the following three basic theorems [54, pp. 48, 34, 80] of Ra-
manujan. One of them is the quintuple product identity, which we previously
recorded in (3.1.2) and in Entry 3.1.1, and which we restate for convenience.

Theorem 8.1.2. Let U, = a™("+t1)/2pn(n=1/2 gqnd V,, = on(n=1)/2pn(n+1)/2
for each integer n. Then

ZUf( AT Z) (8.1.5)

Theorem 8.1.3. For |ab| < 1 and each nonnegative integer n,
fla,b) = a2y (=072 ¢ (q(ab)", b(ab) ™). (8.1.6)
Theorem 8.1.4 (Quintuple Product Identity). For |\z3| < 1,

f(=22, = \x) f(=z3)
f(=z,—Az?) ’

F(=XN223 =A%) + 2 f (=), —\%2”) = (8.1.7)

The following theorem of Son [265], [31, p. 14, Lemma 1.2.4] is also needed.

Theorem 8.1.5. Let |ab| < 1, let j and k denote arbitrary integers, let p be
a prime, let ¢ := exp(2mi/p), and let x = s, 0 < s < p, be a solution of

(J +k)z+j = 0(modp).

Then

f(=¢"a, —¢*"b) (8.1.8)

i~

3
Il
—
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fP(=a* b, —ar—" 1) f(—a?, —b7)
f(_ap(s+1)bps7_ap(p—s—l)bp(P—S)) ’

R P )
e

if j+k=#0(modp),

if j+k=0(modp).

We also utilize an identity established to prove a formula in Ramanujan’s
notebooks [56, p. 143], [55].
Lemma 8.1.1.

f3(a3b6)a6b3) 4 a3f3(b3, a9b6) 4 b3f3(a37 a6b9)
S@ P | T )P att)
f(=a’b?) f(=a’b?)

If ¢ = exp(—m+/n), for some positive rational number n, the Ramanujan—

Weber class invariant G, is defined by

G =274V (g ¢ e (8.1.10)

(8.1.9)

In his notebooks [243], Ramanujan recorded many values of class invariants;
see [57, Chapter 34] for proofs of most of these values.

Lastly, we record the famous Rogers-Ramanujan identities, which we have
previously recorded in (4.1.1) and (4.1.2).

Theorem 8.1.6. For |q| < 1,

and

0 qn(n+1) 1

(G (%6°)(d®6%)
See Chapter 10 of [31] for Ramanujan’s discussion (and our discussion of

Ramanujan’s discussion) of these identities in his lost notebook.

8.2 Cubic Identities

It will be convenient to define

Fo: = f(a®b°,a%%), (8.2.1)
Fy:=a f(b%a%), (8.2.2)
Fy:=0bf(a® a®?), (8.2.3)

and

w = exp(2mi/3).
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Lemma 8.2.1. For |ab|] < 1,
Fy+ Fy + F» = f(a,b). (8.2.4)

Proof. In (8.1.5), let n = 3. Then apply (8.1.6) and thereby deduce (8.2.4).
O

Theorem 8.2.1. For |ab| < 1,
3 a3,b3
(f(a3b6,a6b3) + af(b3,a9b6)) = f{éd a%?))f?’(a, a’b*) = b* f*(a®,a®?).

Proof. In (8.2.4), replace b by w™b for n = 0, 1,2, and then multiply the three
identities together. We therefore find that

f(a®,6%)

(Fo + F1)3 + F23 = f(a, b)f(a7Wb>f(a7w2b) = W

£3(a, a?b),
by Theorem 8.1.5, with p = 3 and s = 0. Using (8.2.1)—(8.2.3), we complete
the proof. a
The proof of the following theorem is similar.
Theorem 8.2.2. For |ab| < 1,
3 f(a®, %)
3 916 3 629\)° _ ) 30,12 2 3(,316 673
(af(b ,a%%) + b f(a®, a b)) = S a0 a) — £ @, ).

Proof. In (8.2.4), replacing (a,b) by (w"a,w™) for n = 0,1,2, and then
multiplying the three resulting identities together, we deduce that
F§ + (F1 + F2)° = f(a,b) f(wa,wd) f(w?a, w?b)
f(asa bg) 3 2
== b

by Theorem 8.1.5, with p = 3 and s = 1. Again, using the definitions (8.2.1)—
(8.2.3), we complete the proof. O
Theorem 8.2.3. For |ab| < 1,
3,12 2 3., 23y _ J(=b%,—a’b) 4
f(ab*,a"b) = b f (a’ab)—Wf( ab).

Proof. In (8.1.7), replace (\,z) by (—a, —w™b'/?) for n = 0,1,2, and then
multiply the three resulting identities together to deduce that

f 2nb2/3 aw”bl/g)f(fab)
H .

3¢, 72 — b f3(a, a2’
F(ab?, a®b) — b f3(a, a®b%) (—wbl/3, —aw2nb2/3)

(8.2.5)
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Applying Theorem 8.1.5 twice, we find that the right side of (8.2.5) is equal
to
f(=b% —a’b) 4
T~ f°(—ab
7.
which yields the desired result. O

We now use the results quoted or established above to prove some results
on pages 54 and 48 in Ramanujan’s lost notebook [244].

Entry 8.2.1 (p. 54). Let A:= f(—q",—¢®) and B := q f(—¢*, —¢*). Then

_2 3
A+B= —J;((_qq”_qqzl))f(—f)’ (8.2.6)
A=B=f(-¢"*,—9) + ¢ f(—4*, =), (8.2.7)
6 9
e TR (328)
3 _ 4
(4 By — f(_qzv_qs)% F PP =), (8.2.9)

Proof. The identities (8.2.6)—(8.2.8) can be found in Ramanujan’s second
notebook [243]. More precisely, (8.2.6) and (8.2.7) are Entries 10(i), (iii), re-
spectively, in Chapter 20; see [54, pp. 379-380] for statements and proofs.
Also, (8.2.8) is identical to an identity on page 321 in Ramanujan’s second
notebook; see Entry 36(i) in [56, p. 188]. Letting a = —¢ and b = —¢*/? in
Theorem 8.2.1 yields (8.2.9). O

After stating Entry 8.2.1, Ramanujan writes “A% — B3 see note.” Either
Ramanujan never wrote this note, or if he did, it has not been preserved.

Entry 8.2.2 (p. 54). Let A := f(—¢*,—¢'") and B := q f(—q, —q"*). Then
forlg| <1,

f(_q7 _q4)

A-B= mf(—cf’), (8.2.10)

A+B= —(f%{f(—ql/g‘,—q“/?’)—f(—q67—q9)}» (8:2.11)
3 12

A3 o B3 _ J;(((i](; 629)) f3(_q5)’ (8212)

and

3/ 2 3
(A+B)* = —é {f(—q, —qﬂ% — 3(—¢5, —q9)} . (8.2.13)
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Proof. The identities (8.2.10) and (8.2.11) can be found as Entries 10(ii), (iv)
in Chapter 20 of Ramanujan’s second notebook [243]; see [54, pp. 379-380].
The identity (8.2.12) is also in Ramanujan’s second notebook; see Entry 36(ii)
in [56, p. 188]. Putting a = —¢*3 and b = —¢'/3 in Theorem 8.2.2, we deduce
(8.2.13). 0

On page 54, Ramanujan wrote “A3 4 B3 see note.” However, as before, he
apparently did not write this note, or, if he did, it has been lost.

The next two identities are connected with what Son has called Ramanu-
jan’s theorems on circular summation found on page 54 in the lost notebook.

Entry 8.2.3 (p. 54). For |ab] < 1,
3 (ab?, a®b) + af3(b, a®b?) + bf3(a, a®b?)

B f(—q) P=N
- f‘“”’>{ 5 TR }

fA(=q
_tap V@ 3 (q?)
=S ,b){ (q)+3q e } (8.2.14)

where ¢ = ab.
Proof. In (8.1.9), replace (a,b) by (a/3,b'/3) to arrive at

3 (ab?,ab) + af3(b,a®v?) + bf>(a,a®b?)

fla,b)g" 3 f3(—¢? f3(—q'/3
- ( );]‘(—q)( & <q1/3(f36éq2,) +3>. (8.2.15)
By Entry 1(iv) in [54, p. 345],
f3 _1/3 f12 1/3

By Entry 3(i) in [54, p. 460],
P() | g 16 }“3 _ V), )
Fre R e M R
We now see that these three identities (8.2.15)—(8.2.17) establish (8.2.14). O

(8.2.17)

On page 48, Ramanujan presented two further cubic identities, (8.2.18)—
(8.2.19) below. These identities give new representations for the Rogers—
Ramanujan functions.

EntI‘y 8.2.4 ([). 48)- 107 |q| < 1, ZEt
3 2 e 3n(n+1

:igig and V::Z

= (@ ¢%)n (@)
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Then
3 13 17 33 7 23 6 2 (=4")
= =)+ f(=4",—¢") =Uf(—q )W (8.2.18)
and
3 11 19 9 £3 29 o /2 (=4")
Proof. By the Rogers-Ramanujan identities in Theorem 8.1.6,
1
(8.2.20)

C(6%01)e0(01%¢7) o0

In Theorem 8.2.3, let a = —¢” and b = —¢>. Then
_ 6 _ .24

P ="+ PP (=d" ) = %f’(—qw) (8.2.21)

Employing the Jacobi triple product identity (8.1.1), (8.1.4), and (8.2.20), we
find that

(0% 6°) 0o ("5 ¢**) o /2 (—4¢"7)

(q 'qgo)oo(q27;q30)oo
(¢ ,q?’o) (0" 6°) 00 (0"% 6*) 50 (6**5 6*°) 50 (¢*°5 4% 0 S (— ")
435 039)00(0'%5639) 00 (0'%5 439) 00 (6775 439) 00 (6305 ¢39) oo
(49 )oof‘°’( q'%)

10"°) 0 ("% 4") o0 f(—4%°)

f(= 6)fg( 10)

=U eI

Using this last calculation in (8.2.21), we reach the desired result (8.2.18).
The proof of (8.2.19) is similar to that of (8.2.18). By Theorem 8.1.6,

1
(6% ¢") 0o (¢%;¢M)

In Theorem 8.2.3, let a = —¢q and b = —¢”. Then

(8.2.22)

_ 12 18
=" =)+ P (~q,—¢*) = %F’(qm). (8.2.23)

By the Jacobi triple product identity (8.1.1), (8.1.4), and (8.2.22),

_ 4,12 _ 18
f( q 7_;21))f3(_q10)
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(0"%6°) 0 (6'%6%) 00 2 (—4"°)
a (4% ¢%) 00 (4% ¢%)
(4% 0%) ("% 6%) 00 (4"% 6**) o0 (% ¢°) 0 (675 %) o f* (—=¢"%)
(4% 4%°) 20 (0% ¢%9) 00 (6215 6%°) 00 (6245 6°°) 0 (6°%5 ¢%0) oo
(4% %) 2 (—4")
(0% 4")o0 (0% 4" oo f(—4%°)
f(=d°)f*(=4")
f(=¢*)
Using this last identity in (8.2.23), we complete the proof of (8.2.19). a

=V

Son [266] used results in this section to derive some new modular equations.

8.3 Septic Identities

On page 206 in his lost notebook [244], Ramanujan recorded the following
identities.

Entry 8.3.1 (p. 206). Let

(¢
=1l4+u+v+w. 8.3.1
e(q") (8:3.1)
Then ( 2
o a2 (00
" “(q) q)
v g v g 3
—(2+5p +(1—p)°=0. 8.3.3
©%(q") ( )904(617) (1-) (8:3.)
Furthermore,
2, \ /7 2\ 1/7 o N\ /7
u = <ﬂ> , U= <@> , and w= (M> , (8.3.4)
B v a
where «, B, and vy are roots of the equation
3 2 ¢*(q) 2 4
£ +2¢ (1+3p—w4(q7)>+§p (p+4)—p"=0. (8.3.5)

For example,

(p(e_h—ﬁ) _ 73/490(6—7r\ﬁ) {1 + (_)2/7 + (_)2/7 + (—)2/7} . (8.3.6)
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Although u, v, and w are not clearly defined in the claims above, their
definitions can be deduced from Entry 17(iii) of Chapter 19 of Ramanujan’s
second notebook [54, p. 303]. In examining (8.3.1) and Entry 17(iii), we see
that we are led to define

u:=2¢""f(g"¢")/e(d"), (8.3.7)
v=2¢""f(q* q"") /e(a"), (8.3.8)
w = 2¢""f(q.4"*)/o(q"). (8.3.9)

In (8.3.6), Ramanujan might have attempted to evaluate the quotient
ple™7)

— (8.3.10)
ple= ™)

by using the identities (8.3.1)—(8.3.5). Recall that the class invariant G,, is
defined by (8.1.10). Since Gz = 21/4 [57, p. 189], the value of G775 could easily
be evaluated by a routine calculation if the quotient (8.3.10) were known. It
is unclear why Ramanujan did not record the missing terms in (8.3.6). Did
he not record them because they were inelegant? Did Ramanujan conjecture
the existence of three quantities that would ensure an identity of the type
(8.3.6)7 We have been unsuccessful in finding the three missing terms and
consequently cannot answer these questions.

In this section, our goal is to prove the identities (8.3.2)—(8.3.5). We employ
modular equations of degree seven, the Jacobi triple product identity, several
Lambert series identities, and the product formula for theta functions given
in Theorem 8.1.5.

In the sequel, the following three Lambert series identities are needed.

Lemma 8.3.1. For |q| < 1,

(i) @4(q):1+8ikiqk
ol (—or
N 6/ _ o~ (Z1)F(2k 4 1) k"
(if) o <q>—1—4; g T 16 T
=0 k=1
x kqu
8
iii ¢ (qg) =1416 .
(i) () 2T gp

For proofs of (i)—(iii), see [54, p. 114, Entry 8(ii)], [31, p. 396, Entry 18.2.2],
and [52, p. 139, Example (i)], respectively. See also [59, Chapter 3].

We recall some notation and definitions in the theory of modular equations
of degree n > 2. Let 8 have degree n over a. Let

11 11
21 1= ok (272;1;a> and zZn =21 (2’ §§1; ) .
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We quote from Ramanujan’s catalogue of theta function evaluations in [54,
pp. 122, 124].

Lemma 8.3.2. If

11
o (2,2;1;1 04)

11 ’
2F1 <2a 2,1,0&)

q=-exp | —m

then
o(q) = Va1, (8.3.11)
0(d") = Va1, (8.3.12)
x(a) = 256 (a(1 - a)) 7, (8.3.13)
X(q7) _ 21/6q7/24<ﬂ(1 B /6,))—1/24' (8.3.14)
For proofs of (8.3.11)—(8.3.14), see [54, pp. 122, 124].
The multiplier m of degree n is given by
2
mi= - @) _ 2 (8.3.15)
P*q")  zn
Lemma 8.3.3. For |¢| <1,
2k +1)2¢2F !
1—42 e = ¢ @)1 a).
See [54, p. 138, Entry 17(vii)], where a proof can be found.
Lemma 8.3.4. If
t:= (af)'®,
then
(1—a)1-p)""=1-1, (8.3.16)
7
m—— = —(1—2t)% —5(1 —2t), (8.3.17)

2 11‘_‘2‘ :%(1_15(1_0). (8.3.18)

For a proof of (8.3.16), see [54, p. 314, Entry 19(i)]. Using (8.3.16) along
with [54, p. 315, Entry 19(viii); p. 314, Entry 19(iii)], we deduce (8.3.17) and
(8.3.18), respectively.

Throughout the remainder of this section, n = 7, and so m is the multiplier
of degree 7, § has degree 7 over «, and 21, z7, and ¢ are defined as above.
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Lemma 8.3.5. For |q| < 1,
1/24
I N ()R <ﬂ7(1 - W) e
(a7 ¢")% x"(q") a(l —a)
Proof. By the Jacobi triple product identity (8.1.1), the equality
wla") = f(d"a") = (=a"3¢")2%(a" 4" ) oo
and (8.3.7)—(8.3.9), we find that
8¢> fa".q")
©*(q") fla™.q")
8q?

- W(_q;qM)w(_qg%q14)oo(—q5;q14)oo(—q7;q14)§o

(8.3.19)

£ ) (@, d") f(a,q")

P = uvw =

Since
(=4:0%) 00 = (=4 0" oo (=% 6" o (=% ") (=471 ¢ )
X (=% @)oo (=" ) oo (=05 ) oo

we can simplify the formula for p above to deduce that

(—4:4°)= 2 x(a)
p =8¢ "1 =8¢ :
(=g q")% xX7(q7)
Using (8.3.13) and (8.3.14), we complete the proof of (8.3.19). O
Note that we have also established (8.3.2).

Lemma 8.3.6. For |¢| <1,

1_
1-9t=-—2
m

Proof. Using Lemma 8.3.5 and (8.3.16) in Entry 19 (ii) of [54, p. 314], we

complete the proof. O
We are now ready to prove (8.3.3).

Theorem 8.3.1. Equality (8.3.3) is valid.

Proof. By (8.3.17) and Lemma 8.3.6, we find that

() ()
m——=—|——] =5 ——.
m m m
Multiplying both sides by m?, we deduce that

m* — (24 5p)m? + (1 —p)® = 0.
Thus, by (8.3.15), we complete the proof. a
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Lemma 8.3.7. For |q| < 1,

_1+SZZ 1) (= D=1 gnk,

k=1n=1

Proof. By Lemma 8.3.1(i),
o
kq®
4
=148 ———
q) Z 1+ _q Ic
-1+ SZ kq* Z

n=0

=1+ 82 Z n(k:-‘rl ]ﬂ (n—i—l)k:

k=1n=0
Replacing n by n — 1, we complete the proof. O

For convenience, we define the operator My, which collects the terms whose
exponents are integers.

Lemma 8.3.8. For |q| < 1,
Mo (#*(¢"/7)) = 8¢*(a) — T*(a").

Proof. Let

oo

U = Z(_l)(n—l)(k—l)k (q1/7)nk

n=1

By Lemma 8.3.7,

Mo (@4((]1/7)) =1+ 8M, ( 3 Uk>

k=1
=1+ 8M, Z Ui +- > U
k= O(mod 7) k= 6]%;})d 7)
=: 1+8(Io+"' +Iﬁ). (8320)

In the sum with & = 0 (mod 7), replace k by 7k to deduce that

IO —_ MO <§: i(_l)(n—l)(ﬂc—l)(7k)(q1/7)n(7k)>

k=1n=1

_722 1) (=D (k=1 g onk. (8.3.21)

k=1n=1
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For 1 <5 <6,

/\
[M¢

00
Z (n—1)(Tk+j—1) (7k+])( 1/7)n(7k+j)>

0n=1

( )(7n 1)(Tk+j5— 1)(7I€+])( 1/7)(7n)(7k+j)

tnqg
Mg

k=0n=1
_ ii( )(n 1)(7k+5— 1)(7k+]) n(7k+j) (8.3.22)
k=0n=1
Define
I _ZZ 1) (=D TR=1) (71 (TR, (8.3.23)

k=1n=1
Then, by (8.3.22) and (8.3.23),

[1_|_..._|_[6_|_[6 = ZZ(_l)(nfl)(kfl)kan' (8.3.24)
k=1n=1

Employing (8.3.21), (8.3.24), and Lemma 8.3.7, we deduce that
It +Ig=8> Y (1) DEDggnk — I = o*(q) =1 - I;. (8.3.25)
k=1n=1

Therefore, by (8.3.20), (8.3.25), (8.3.23), and Lemma 8.3.7,

M, (@4((11/7)) -1 +8(Io +"'+I6)
=1+8(p"(q) —1-1If)
=8¢*(q) — 781},

— 8o g)—T—8- 722 1) (D=1 (g Tyrk

k=1n=1
=8¢"(q) — 7" (¢"),
which completes the proof. O
Theorem 8.3.2. Let u, v, and w be defined by (8.3.7)—(8.3.9). Then
¢'(q) )
©*(q")

udv + 03w + wiu = -2 <1+3p—

Proof. By (8.3.1),

pla/ N\ Y
Mo (( @) ) ) =Mo (1 +u+v+w)?). (8.3.26)
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e\ et
Mo <( (") > > ~ S

By the multinomial theorem and (8.3.2),

By Lemma 8.3.8,

Mo (L4 u+v+w)?) = 4(u®v + v*w + wu) + 24p + 1.

Using (8.3.27) and (8.3.28) in (8.3.26), we deduce that

4

3 3 3 ©*(q)

uv—|—vw—|—wu=2( —3p—1),
©*(q")

which is the desired result.
Lemma 8.3.9. For |¢| < 1,
16m3a = 8m> + (p +20)m? + 7(3p + 4)(p — 1).

Proof. If we solve the linear equation (8.3.18) for «, we find that

m

a=t 1—lt—1 2 —t+1)).
(1= = )

By Lemma 8.3.6,

t_m—i—p—l
- 2m
and so
5 4 2,2 4
a:W(Sm + (8p+ 13)m* — 14(p — 1)’m* - 7(p — 1)*) .

Thus, by the equality
T(p—1)* =17(p—1)(m* — (2 + 5p)m?),

which is a reformulation of (8.3.3), we find that

(0%

= 153 (8m” + (p+20)m* + 7@p + 4)(p - 1),

which is the required result.

Theorem 8.3.3. For |q| < 1,

& k2qk

(8.3.27)

(8.3.28)

256 > Trgr = 8@+ (0 + 209 (9)e*(a) + 7B + e~ D¢ (a)-
k=1
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Proof. By Lemma 8.3.3,

2k+1)2 2k+1
1—42 e = ¢ @)1 a).

Thus, by Lemma 8.3.1(ii),

x ka

162 1+ g%k ()

Applying Lemma 8.3.9, we arrive at
256 <~ k¢~
wO(q") f 1+ g%

= 16m3a = 8m® + (p + 20)m? + 7(3p +4)(p — 1),

which is equivalent to the desired result. a

Lemma 8.3.10. For |q| < 1,

=1 _422 2I<:+ 1) 24n(2k+1) | 1622 k n2qn2E+D).

k=0n=1 k=0n=1

Proof. We shall see that the result follows readily from Lemma 8.3.1(ii). Now,

0o 2]47 + 1)2 2k+1 oo .
Z 1 2k+1 = Z(—l)k(% +1)%g?kHL Z ¢ 2D
0 o k=0 n=0
=D D (DFERE+ 1)) (8.3.29)
k=0n=1
and
i kq" i 2k i 2nk
2k
k=1 b 4 k=1 n=0
=3 Y (ke
k=1n=0
=22 (U, (8.3.30)
k=0n=1

after interchanging k and n and changing the order of summation. Substituting
(8.3.29) and (8.3.30) in Lemma 8.3.1(ii), we complete the proof. O

Lemma 8.3.11. For |¢| < 1,

Mo (soG(ql/7)> =6(p +20)0*(q)”(¢") + 7(18p* + 6p — 17)°(¢").
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Proof. For k > 0, let

oo

Up:= Y (=1)F(2k + 1)*(g"/7)"F+D
n=1
and
oo
Vi = Z(_l)kn2(q1/7)n(2k+1).
n=1

By Lemma 8.3.10,

Mo ((pﬁ(qlﬁ)) =1-—4M, < 3 Uk> + 16M (i Vk>
k=0

+

>

=

/_\

gk

=

+
Mg
=~

k=0 (mod 7) k=6 (mod 7)
= 1—4(Ip+---+1Is) + 16(Jo + - - - + Jg). (8.3.31)

Since 2(7k + j) + 1 =0(mod 7) when j = 3,

Iy =37 (1™ (2ATh 4 8) + 1) (¢TI

k=0n=1
= =T > (—1)F(@2k +1)2gFHY. (8.3.32)
k=0n=1
For j # 3,
( 7k+j( (Tk + 5) + 1)°( L7y (2(7k+])+1)>
k=0n= 1
= Z Z 1)+ (2(Tk + ) + 1) g TR+ +1), (8.3.33)
k=0n=1
Define

13 _ZZ 7k+3 7k+3)+1)2 n(2(Tk+3)+1)
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:_7222 F(2k +1)2(¢")nk+D), (8.3.34)

k=0n=1

Thus, by (8.3.33) and (8.3.34),

I+ L+ L+ G4+ L+ I+ I = Z Z F(2k 4+ 1)2¢"* D (8.3.35)
k=0n=1

Using (8.3.32) and (8.3.35), we then find that

Io+-+ 1= —4822 F(2k + 1)2qnRHD i,
k=0n=1

Similarly,

Jot-o+Je =483 ) (~1)Fn?gn R — g,
k=0n=1

where

= 72 Z Z Tyn(Zht1), (8.3.36)

k=0n=1
Therefore, by (8.3.31),

Mo (gpﬁ(qw)) =1—4Io+ -+ Is) + 16(Jo + - -- + J5)

=1+4. 4822 (2K +1)2¢" R+ 47!
k=0n=1

+16-48) 0> " (—1)kn?g"CHTY — 16,74,
k=0n=1

By two applications of Lemma 8.3.10, (8.3.34), and (8.3.36), we deduce that

Mo (¢9(¢"/7)) = 4965(q") — 48¢°(q) + 2+ 16 - 4822 1)kn2qn D),

=0n=1
(8.3.37)
Employing Theorem 8.3.3, we find that
(o] o0
1A _1\k, 2, n(2k+1) _
216 48];;( 1)fnq =6- 25621+ -
=6 (8¢°(q) + (P +20)9* ()¢*(¢") + T(3p+ 4) (p — 1)<P6(q7())~ |
8.3.38

Thus, substituting (8.3.38) into (8.3.37), we complete the proof. O
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Lemma 8.3.12. For |q| < 1,
oo oo
Ws(q) =1 + 162 Z(_l)(n—l)kk?) an
k=1n=1

Proof. By Lemma 8.3.1(iii),

PHq) =1+ 16i e
=1 (gt

=1+16 i K3q* i(—q)”k
k=1 n=0

=1+16 i i(—l)"kk?’q(”“)k.

k=1n=0
Replacing n by n — 1, we complete the proof. ]

Lemma 8.3.13. For |q| < 1,

Mo (@S(ql/ 7)) = 3449%(q) — 3430°(q").

Proof. For k > 0, let

oo

U, = Z(_l)(”_l)kk?) (q1/7)nk.

n=1

By Lemma 8.3.12,

Mo (908(611/7)) =1+ 16M, (i Uk>

k=1

oo (oo}
=1+ 16M, o Ukt Y U
k}EOk(;})d 7) k=6 (mod 7)
=:1416(Iyp + - - + Is). (8.3.39)

In the sum with £ =0 (mod 7), replace k by 7k to obtain

=7 0> (—) RS, (8.3.40)
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For 1 <j <6,
(ZZ (n—1)( 7k+])(7k+]) (q 1/7)n(7k+j)>
k=0n=1
:ZZ( )(7n 1)(7k+J)(7k+j) (q 1/7)(7n)(7k+j)
k=0n=1
:ZZ( 1)(n=D(Tk+3) (78 4 )3 gn(Th+) (8.3.41)
k=0n=1
Define

IO 722 (n 1)(7k) 7]{))3 n(7k)

=1n=1
= SZZ (n=Dkg3 (gTynk, (8.3.42)
k=1n=1
Thus, by (8.3.41) and (8.3.42),
L+ I+ 1= ZZ 1)(n=Dkg3gnk, (8.3.43)
k=1n=1

Using (8.3.40) and (8.3.43), we find that

Iy + +I6*344ZZ 1)(n=Dkg3gnk _ 1t (8.3.44)
k=1n=1

Hence, by (8.3.39), (8.3.44), and (8.3.42),

Mo (9%(a"/7) =1+ 16(Jo + -+ 1)

=1+4+16 (344 DN (—n)T RS gk — Ié)

k=1n=1
= 344 (1 +16 Z Z(_l)(nl)kk:san)
k=1n=1
— 343 (1—}—1622 (71 1)kk3 ) )
k=1n=1

= 3449°(q) — 343¢°(¢"),
by Lemma 8.3.12. This completes the proof. ]

For convenience, we define
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X = u%0® + v?w? + wi?, (8.3.45)
Y = w® +ow® + wu®, (8.3.46)
Z:=u" +0" +uw’. (8.3.47)

Lemma 8.3.14. For |q| < 1,
10X +Y = p(m? + 6p + 47).

Proof. By (8.3.1),

/7N 6
Mo ((iﬁ?;?) ) =Mo (1 +u+v+w)°). (8.3.48)
By Lemma 8.3.11,
Sﬁ(qlﬁ) ’ _ 2 2 _
My (( o0 > ) = 6(p + 20)m~ + 7(18p~ + 6p — 17). (8.3.49)

By the multinomial theorem and Theorem 8.3.2,

Mo (14 u+v+w))
= 6(uv® + vw® + wu’) + 90u*v?w? + 60(u*v® + v w® 4+ w?u®)
+ 60(u?v + v3w + wiu) + 120uvw + 1
= 60X +6Y + 90p* — 120(3p + 1 — m?) 4+ 120p + 1. (8.3.50)
Using (8.3.49), (8.3.50), and (8.3.2) in (8.3.48), we finish the proof. O
Lemma 8.3.15. For |¢| < 1,
14X —7Y + Z =m* — 14(p — 1)m> + 49p* — 42p — 15.

Proof. Let ¢ := exp(2mi/7). Replacing ¢"/7 by ¢¢'/7 in (8.3.1), multiplying
together the seven identities, and recalling the definitions of u, v, and w in
(8.3.7)—(8.3.9), we find that

7 7
X ) [T o™ =TT (1 + ¢Fu+ ¢+ Fw) . (8.3.51)
k=1 k=1

By Theorem 8.1.5 witha =b=¢"/7, j=k=1,s=3,and p =7,

7
1/7 S(Q)

(8.3.52)

Using computer algebra, we find that
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7
IT 1+ ¢Fu ¢+ Fw)
k=1
= (" + 0" +w") + Tuvw(udv + viw + wiu)
— T(uw® + vw® + wu®) — Tu*v?w?
+ 14(u?v® + v2w?® + w?u®)
— T(uv + 03w + wu) + 1duvw + 1. (8.3.53)

By (8.3.51), (8.3.52), (8.3.53), (8.3.2), Theorem 8.3.2, the definitions of X, Y,
and Z, and simplification, we complete the proof. O

Lemma 8.3.16. For |q| < 1,
14(2p 4 5)X + 21Y + Z = m™* 4 14(p + 1)m? + 28p> + 105p* + 378p — 15.

Proof. By (8.3.1),

e(a/ )\ _ ot )
M0<( @(q7)>>mo((1+ +v+w)®). (8.3.54)

By Lemma 8.3.13 and (8.3.3) or Theorem 8.3.1,

So(ql/?) ; 4 4 4
My ( @) > = 344m”~ — 343 = 120m™ + 224m™~ — 343
pla

= 120m* + 224((5p + 2)m* + (p — 1)) — 343. (8.3.55)
By the multinomial theorem,

Mo (14 u+v+w)?)
= 28(uSv? + vPw? 4+ wu?) + 280uvw(uv® + v w?® + w?u?)
+8(u” + v+ w") + 840uvw(uiv + viw 4+ wu)
+ 168(uv® + vw® + wu®) + 2520u%v?w?
+ 560(u?v® 4+ v?w? + wu?)
+ 280(u*v + viw + wiu) + 336uvw + 1. (8.3.56)
By Theorem 8.3.2,
(udv + v*w + wu)? = 4(3p + 1 — m?)?. (8.3.57)
Thus, by (8.3.57) and (8.3.2),
ubv? 4+ v8uw? + wbu? = 4(3p + 1 — m?)? — 2pX. (8.3.58)

By (8.3.54), (8.3.55), (8.3.56), (8.3.58), (8.3.2), Theorem 8.3.2, and simplifi-
cation, we complete the proof. O
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Theorem 8.3.4. Let u, v, and w be defined by (8.3.7)-(8.3.9). Then

u?v® 4+ v?w? + wu® = p(p + 4), (8.3.59)
4

uv5+vw5+wu5:p(¢4 (q7) —4dp+ 7],
©*(q")
8 4

T S A 2 (') ¢ (q) 2
u' +v t+w = —T7(p—2 + 7p* — 49p — 15.
©%(q") ( )cp4(q7)

Proof. Lemmas 8.3.14-8.3.16 give a system of linear equations in the variables
X, Y, and Z. Solving this linear system for X, Y, and Z and recalling the
definitions of X, Y, and Z in (8.3.45)—(8.3.47), we complete the proof. O

We are now in a position to prove (8.3.5).
Theorem 8.3.5. Equality (8.3.5) is valid.

Proof. Without loss of generality, we can assume that

o= u’v, B = 13w, and v = wiu. (8.3.60)

Solving the system (8.3.60) for u, v, and w, we obtain (8.3.4). Using Theorem
8.3.2, (8.3.59), and (8.3.2), we find that

a+B+vy=-21+3p—m?),
af+ By +ya=p*(p+4),
afy =ph.

Thus «, 3, and 7 are roots of the equation (8.3.5). a
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Ramanujan’s Cubic Analogue of the Classical
Ramanujan—Weber Class Invariants

9.1 Introduction

At the top of page 212 in his lost notebook [244], Ramanujan defines the
function A, by

671'/2\/77,/3

Ap = ———
and then devotes the remainder of the page to stating several elegant values
of \,,, for n = 1 (mod 8). The quantity A,, can be thought of as an analogue in

Ramanujan’s cubic theory of elliptic functions [57, Chapter 33| of the classical
Ramanujan—Weber class invariant G,,, which is defined by

G =274V (g ¢ o, (9.1.2)

{1+ e V31 — e 2mVn/3y(1 — e=4mV/n/3) .36 (9.1.1)

where g = exp(—my/n) and n is any positive rational number.

Entry 9.1.1 (p. 212).
=1, Ao =3, A7 =4+ V17, Aos = (2 +V5)?,
A3z =18 4+3v33, My =32+5V4L, Ay =55+ 12V/21,

As7 =, A6s =, As1 =, Agg = 500 + 53v/89,
6

11+V73 3+V73
A7z = 3 + 3 )

6

17+ /97 9 +97
Ag7 = 3 + 3 ,

3v3 + V11 11+ 3v/33
4 + 8 ’

6

A121 -

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_10, (© Springer Science+Business Media, LLC 2009
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A169 =, A9z =, A217 =, A241 =,
X265 =, A2gg =, Az61 = .

Note that for several values of n, Ramanujan did not record the corre-
sponding values of \,,.

The purpose of this chapter is to establish all the values of \,, in Entry
9.1.1, including the ones that are not explicitly stated by Ramanujan, using
the modular j-invariant, modular equations, Kronecker’s limit formula, and
the explicit Shimura reciprocity law.

The function A, had been briefly introduced in his third notebook [243,
p. 393], where Ramanujan offers a formula for A, in terms of Klein’s J-
invariant, which was first proved by Berndt and H.H. Chan [63], [57, p. 318,
Entry 11.21] using Ramanujan’s cubic theory of elliptic functions. As K.G. Ra-
manathan [237] pointed out, the formula in the third notebook is for evaluating
An/3, especially for n = 11,19,43,67,163. Observe that —11,—19, —43, —67,
and —163 are precisely the discriminants congruent to 5 modulo 8 of imaginary
quadratic fields of class number one. (Ramanathan inadvertently inverted the
roles of n and n/3 in his corresponding remark.) In Section 9.2, we discuss
some of these results in Ramanujan’s third notebook and show how they can
be used to calculate the values of A\, when 3 | n.

In this and the next two paragraphs, we offer some necessary definitions.
Let n(7) denote the Dedekind eta function, defined by

n(r) := e2miT/24 H ey = q1/24f(*‘I)a (9.1.3)

where ¢ = ¢*™™ and Im 7 > 0. Then (9.1.1) can be written in the alternative

o 77<1+z'\/7%>

_ 1 ) _ 1 2 (9.1.4)
3v3vaf’(d®)  3v3 (1 +i\/%) ’ .
N2

where ¢ = e‘”m.

Since much of this chapter is devoted to the evaluation of A\, using modular
equations, we now give a definition of a modular equation. Let (a)r = (a)(a+
1)+ (a+k—1) and define the ordinary hypergeometric function o F(a, b; ¢; 2)
by

oy N @ (b)e 2
oFy(a,b;c; 2) == ’;WH, |z] < 1.

Suppose that, for 0 < o, 8 < 1,
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11 11

Fi{=,=11— Fi{=,=1;1—

2 1(2727 ) /6> 2 1(272, ) Oé>
=n

11 11 ’
2 1(272a 75) 2 1(272a ,OZ)
for some positive integer n. A relation between o and ( induced by (9.1.5) is
called a modular equation of degree n, and (3 is said to have degree n over a.
In Section 9.3, using a modular equation of degree 3, we derive a formula
for A\, in terms of the Ramanujan—Weber class invariant.

In the theory of signature 3, or in Ramanujan’s cubic theory, we say that
0 has degree n over o when

12 12
2F1 <3,3,1,1 6) n2F1<3,3,1,1 Oé)
2F1(;,§;1;5) 2F1<§,§;1;04>
A modular equation of degree n in the cubic theory is a relation between «
and [ that is induced by (9.1.6).

In Sections 9.4 and 9.5, we establish all eight values of A,z in Entry 9.1.1,
where p is a prime. Our proofs in Section 9.4 employ certain modular equa-
tions of degrees 3, 5, 7, and 11 in the theory of signature 3. The first three
were claimed by Ramanujan in [244] and proved by Berndt, S. Bhargava, and
F.G. Garvan in [60], and the last one was discovered more recently by the
aforementioned authors and proved in [60]. In Section 9.5, we employ recent
discoveries by Chan and W.-C. Liaw [108], [204] on Russell-type modular
equations of degrees 13, 17, and 19 in the theory of signature 3. In these two
sections, we also determine the value of A\7.

In analogy to the singular modulus «,, in the classical theory of elliptic
functions [57, pp. 277-309], the cubic singular modulus is defined to be the
unique positive number « between 0 and 1 such that

(9.1.5)

(9.1.6)

12
oI (3,3;1;1—04;)
=vn, ncQ.

1 2
oIy (3, 3 1;0¢Z>

Although Ramanujan did not record any cubic singular moduli in his note-
books [243] or lost notebook [244], it would appear that he used values of the
cubic singular modulus to derive some of his series representations for 1/7
[239] arising from his alternative cubic theory. As we shall see in Sections 9.3
and 9.8, the cubic singular modulus is intimately related to a companion .,
of A, first defined by Ramanathan [237].

In two papers [236], [237], using Kronecker’s limit formula, Ramanathan
determined several values of A,,. In [237], in order to determine two specific val-
ues of the Rogers-Ramanujan continued fraction, he evaluated \o5 by applying
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Kronecker’s limit formula to L-functions of orders of Q(y/—3) with conductor
5. This method was also used to determine Ay49. In the other paper [236], Ra-
manathan found a representation for \,, in terms of fundamental units, where
—3n is a fundamental discriminant of an imaginary quadratic field Q(v/—3n)
that has only one class in each genus of ideal classes. In particular, he cal-
culated A7, A1, 65, Agg, and Aogs. This formula and all 14 values of such
An’s are given in Section 9.6. In the same section, we extend Ramanathan’s
method to establish a similar result for A, when —3n = 3 (mod4) and there
is precisely one class per genus in each imaginary quadratic field Q(v/—3n).

Through Section 9.6, all values of A\, in Entry 9.1.1 are calculated except
for n = 73, 97, 193, 217, 241. In [65], we employed an empirical process,
analogous to that employed by G.N. Watson [275], [276] in his calculation
of class invariants, to determine )\, for these remaining values of n. This
empirical method has been put on a firm foundation by Chan, A. Gee, and
V. Tan [107]. Their method works whenever 3 t n, n is square-free, and the
class group of Q(v/—3n) takes the form Zo ® Zy @ -+ ® Zog, with 1 < k < 4.

The first representation of A, in (9.1.4) suggests connections between A,
and Ramanujan’s alternative cubic theory. In fact, Berndt and Chan [63] first
found such a relationship. For other connections with the cubic theory and
for recent applications of values of \,, see papers by Chan, Liaw, and Tan
[109], Chan, Gee, and Tan [107], and Berndt and Chan [64].

Values of A, play an important role in generating rapidly convergent se-
ries for 1/m. For example, using the value of 1195, Berndt and Chan [64]
established a series for 1/7 that yields about 73 or 74 digits of 7 per term.
The previous record, which yields 50 digits of 7 per term, was given by the
Borweins [88] in 1988. Chan, Liaw, and Tan [109] generated a new class of
series for 1/m depending on values of A,. For example, they proved that

PN ORERON A
vk v ()

which follows from the value Ag = 3 and a certain Lambert-type series identity.

In Entry 9.1.1, we observe that if n is not divisible by 3, then A, is a unit.
In fact, it can be shown that A, is a unit when n is odd and 3 1 n [65].

This chapter is based primarily on two papers, the first by Berndt, Chan,
S.-Y. Kang, and L.-C. Zhang [65], and the second by Chan, Gee, and Tan
[107]. We emphasize that in this chapter we concentrate on the values of A,
given in Entry 9.1.1. Many further values of A, are determined in [65]. As
remarked above, Ramanathan [237] studied a companion to A,, and a more
extensive generalization of )\, has been examined by M.S. Mahadeva Naika,
M.C. Maheshkumar, and K. Sushan Bairy [217].
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9.2 \,, and the Modular j-Invariant

Recall [120, p. 81] that the invariants J(7) and j(7), for 7 € H := {7 : Im 7 >
0}, are defined by

g5(7)
J(1) = and j(r) =1728J(7), (9.2.1)
A(T)
where
A(r) = g3(7) — 27g5(7),
g2(7) = 60 Z (mT +n)"4, (9.2.2)
m,n=—o0(m,n)#(0,0)
and
gs(r) =140 > (mr+n)"". (9.2.3)
(m,m)#(0,0)

Furthermore, the function 72(7) is defined by [146, p. 249]

Y2 (T) - J(T) )

where the principal branch is chosen.
In his third notebook, at the top of page 392 in the pagination of [243],
Ramanujan defines a function J,, by

In = —3%72 (W) = —3% W (9.2.4)

For fifteen values of n, n = 3 (mod 4), Ramanujan indicates the corresponding
fifteen values for J,. See [57, pp. 310-312] for proofs of these evaluations. In
particular,

V1
Js =0, Jor =5 3/3, Js1 = 3(V17 + 4)2/3»%’
69 + 315 77 4+ 15V/33
Jis=3- 51/6%[7 Jog = (23 + 4\/33)2/3%. (9.2.5)

The first five values of n for A, in Entry 9.1.1 are those for which 3n =
3,27,51,75,99; the corresponding five values of .J,, are given in (9.2.5). Then
on the next page, which is the last page of his third notebook, Ramanujan
gives a formula leading to a representation of \,,.
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Theorem 9.2.1. For q = exp(—7/n), define

R:=R, =34 1/36f{(1/)3). (9.2.6)

Then

33 _ 8J, +3 +\/2\/64J2724J +9—8J,+6. (9.2.7)

R6

Theorem 9.2.1 was first proved in [57, p. 318, Entry 11.21]. Since \,, = Rg_f
by (9.1.4) and (9.2.6), (9.2.7) may be restated in the form

3V3A3 = V8J, + 3+ \/2\/64J,% —24J, +9—8J, +6. (9.2.8)

By substituting J3 = 0 into (9.2.8), we determine the first value of A,, in Entry
9.1.1, and we state it as a corollary.

Corollary 9.2.1 (p. 212).
A =1

Unfortunately, it is not so easy to find other values of \,, from Theorem
9.2.1. We have to struggle with complicated radicals even when n = 9, for
which A9 = 3. It seems that Ramanujan used this formula to determine the
values of ), /3 for rational integral values of .J,, as given in Table 9.1, which
constitutes the first part of the last page of the third notebook.

n In 8J, + 3 64.J2 — 24, + 9

11 1 11 49 = 72

19 3 27 513 =27-19

43 30 243 =27 - 32 56,889 = 27 - 43 - 72

67 165 1323 = 27 - 72 1,738,449 = 27-31%7 - 67

163 | 20010 | 160,083 =27 - 772 25,625, 126,169 = 27 - 163 - 24132

Table 9.1

We use Ramanujan’s discoveries recorded between Table 9.1 and Theorem
9.2.1 on the last page in his third notebook. Ramanujan first sets, for ¢ =

exp(fﬂ'\/ﬁ),

/
t, = ﬁql/lgf(q;j();)(qg) (9.2.9)
and
1 8

(To avoid a conflict of notation, we have replaced Ramanujan’s second use of
t, by u,.) He then asserts that
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1/6
t, = (2 64J2 —24J,, +9 — (16J,, — 3)) (9.2.11)

and lists very simple polynomials satisfied by t,, and u,,. The definition of u,,
in (9.2.10) seems unmotivated, but by recalling from the proof of Theorem
9.2.1 in [57, p. 321, Equation (11.33)] that

@) f°(a*)
28I, +3=""2_" 97/ : (9.2.12)
7" f°(q) F°(a)
we find that 60 13 o
1 fe”) I (q)
Quy = —=-———— —3/3./g . (9.2.13)
NPT R
We summarize these results in the following two corollaries.
Corollary 9.2.2.
. 28T, +3
Anjz = Az = ——F———.
3v3
Proof. This is a restatement of either (9.2.12) or (9.2.13), with the definition
of \,, being given by (9.1.4). a

Corollary 9.2.3.

)\Sn
An/3

— 2/64J2 =24, + 9+ (16, — 3).

Proof. By (9.1.4) and (9.2.9), t = 27)\n/3/\gnl. We therefore obtain the result

at once from (9.2.11). O

Corollary 9.2.4 (p. 212).
Ag = 3.

Proof. Let n = 3 in either Corollary 9.2.2 or Corollary 9.2.3. The result
follows immediately from the facts that J; = 0 from (9.2.5) and \y =1. O

Corollary 9.2.5 (p. 212).

A3z = (3V3)(2V3 + V11) = 18 + 3V/33.
Proof. Using Theorem 9.2.1 with n = 11 and the value J1; = 1 from Table
9.1, we find that
2v3 + V11

M= E

Using (9.2.14) and either Corollary 9.2.2 or Corollary 9.2.3 when n = 11, we
obtain Corollary 9.2.5. ad

(9.2.14)
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Corollary 9.2.6 (p. 212).

As7 = 33/4\/2\/E+5\/§ <\/46+6¢57+ \/45+6\/§> :

Proof. Using (9.2.8) with n = 19, we find that, since Jijg = 3 from Table 9.1,

Mgz = 3734 (\/3\/§+ ﬁ(m - M??)) .

Let us represent = = v/3v/3 + 2(\/T - \/ﬁ) as a product of units. If t =

2(v/19 — /3), then (z —t)? = 3v/3, or
a? — 2t +2v19 - 5v/3 = 0.

Let
T

T \/2\/5—5\/5.

Then (9.2.15) becomes
2t 1
\/2V19 —5V3 |y — ——+ - | =0.
2v19-5v3 Y

Hence, applying the quadratic formula to

1 2v/2V19-2V3
Y T 94/46 +6V5T,

y+-=
y 2v/19 — 5v/3

we find that

y= \/46+6¢57+ \/45+6\/§,

from which it follows that

Aoy = 3—3/4\/2\5— 5V3 (\/46+6\/§+ \/45+6¢57> :

(9.2.15)

(9.2.16)

(9.2.17)

From (9.2.17) and either Corollary 9.2.2 or Corollary 9.2.3 with n = 19, we

deduce Corollary 9.2.6.

O

By similar methods, we can calculate the values of Aj29, A2p1, and A4g9

[65).
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9.3 \,, and the Class Invariant G,,

In [237], Ramanathan introduced a new function pu, defined by

1 (a1 (=)
(” ) = L) g=e V3 (9.3.1)

Hn 2= - = )
3v3 \ 7(iv3n) 3v3 af°(—4¢°)
Then by (9.1.4), (9.3.1), and Euler’s pentagonal number theorem (8.1.4),

M ap (J@ICA) N _ (o) )’
! (f(—qQ)f(QB)) — ((—q3;q6)m>

Hence from (9.1.2), we deduce the following result.

we(@)
Hn G?m .

Theorem 9.3.1.

Let
f- J(=q"
e B e
Recall the modular equation [56, p. 204, Entry 51]
() ()
(PQ2)” + PO <P + 3 (9.3.3)

Replacing ¢ by —¢ in (9.3.3), we deduce from (9.1.4), (9.3.1), (9.3.2), and
Theorem 9.3.1 that

Gsn \°  [Ghs\®
3 An n /s _ 3 )\n n —1/3 - (?m) - ( n/ ) . 9.34
Ovuin) 7 = 3000 10) o) (& (934
Solving (9.3.4) for A, iy, we find that

219 3
)\nﬂn = <C+3C+> y (935)

where . .

G?m Gn/3

2e==-—""-) — =% . 9.3.6
‘ (Gn/S) (G?m ( )

Hence from Theorem 9.3.1 and (9.3.5), we derive the following theorem.

Theorem 9.3.2. If ¢ is defined by (9.3.6), then

3

N = (Gn/3> c+Ve2+9

Gsp, 3
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We give another proof of Corollary 9.2.1.
Corollary 9.3.1 (p. 212).
A =1 and = 1.

Proof. Since G4/, = Gy, [239], (G1/3/G3)6 = 1. Substituting this value into
Theorem 9.3.2, we find the value of A1, and then using Theorem 9.3.1, we
deduce the value of 1 at once. O

Setting n = 3 in Theorem 9.3.2, we can deduce that [65]

A3 = 33/4@_
V2

9.4 A\, and Modular Equations

We employ a certain type of modular equation of degree p in P and @), (defined
in (9.3.2)) to calculate several values of \,. First, recall the modular equation
of degree 9 [54, p. 346, Entry 1(iv)]

=) 2=\
1+ 9Q7f3(—q) = (1 + 27(]7]”12(—(1) ) . (9.4.1)

After replacing ¢ by —q on both sides, we deduce the following result from
the definition of A, in (9.1.4).

1 3
1-—==(1-
)‘127, ( )‘n>‘9n>

Corollary 9.4.1 (p. 212). We have

Theorem 9.4.1. 5

A =3

and
As1 = 3V/3(52 + 36V/3 + 25V/32).

Proof. Letting n = 1 and n = 9 in Theorem 9.4.1, we obtain, respectively,
the values of A\g and Agi. |

At the end of Section 9.1, we remarked that )\, is a unit for odd n not
divisible by 3. With this as motivation, set

A= (Va+1++a)b, (9.4.2)

and let
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A= \/3 p AS1/8 (9.4.3)

Then A_o
a= %. (9.4.4)

By determining A in (9.4.3) and then using (9.4.4) and (9.4.2), we next use
modular equations to prove all the evaluations of A,> given explicitly by Ra-
manujan in Entry 9.1.1.

Theorem 9.4.2.

27 1/3 )\2 1/2 A 1/2
27\, A n1/3+<) :< 5”) —( n > +5.
( » ) >\n/\25n /\n )\25n

Proof. From [56, p. 221, Entry 62], we find that

9 Qs\> [ PY
P 2+5+<> -5 ) 9.4.5
et oy ~\P) & .
where P and Q5 are defined by (9.3.2). We can immediately deduce Theorem
9.4.2 from (9.4.5) and (9.1.4) after replacing ¢ by —g. 0

Corollary 9.4.2 (p. 212).

6
A5 = (1 +2\/5> = (2+V5)%

Proof. For brevity, we set A = Ao5 in the proof. Let n =1 in Theorem 9.4.2.
Then we see that

3(}\1/3 4 )\71/3) _ ()\1/2 _ >;1/2) +5. (9.4.6)
Set A = \/3 + \~1/3_ Since
A2 \TV2 = (A6 VB (A A8 ),

(9.4.6) becomes
3A—5=(A-2)Y2(A+1),

which can be simplified, after squaring both sides, to
(A—-3)%=0.

Thus A =3 and a = 1/4 by (9.4.4). Hence, from (9.4.2),

e ()
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Theorem 9.4.3.

1/2 27 1/2
(270hon )+ ( - >

 om 2/3+7 o 1/3_7 A, 1/3_ A, \ 23
T\, An Adon Adon )

Proof. With the use of (9.3.2) and (9.1.4), our theorem can be deduced from
the modular equation [56, p. 236, Entry 69|

e 2 (3) () (8- () oo

with ¢ replaced by —gq. O
Corollary 9.4.3 (p. 212).
6
7 3
Mg = <\[;\[> = 55+ 12V/21.

Proof. Let n =1 in Theorem 9.4.3 and set A = \49 to deduce that
3\/§(A1/2 + )\—1/2) _ A2/3 + 7A1/3 o 7A_1/3 _ A_2/3

= (A3 ATV (WYB L A3 ), (9.4.8)
which can be simplified to
3V £ AT 1) = (WO — ATVO (A3 A3 L7, (9.4.9)
Letting A = AY/3 4+ X\=1/3 in (9.4.9), we find that
3V3(A—=1)=VA=2(A+7). (9.4.10)

Squaring both sides of (9.4.10), we deduce that
(A=5)3(A+2)=0.

6
7 3
Mg = (\/;4- \/2) ,

by (9.4.2) and (9.4.4). 0
Theorem 9.4.4.
IV3{(AnA21n)"® + (AnAr21n) ™} = 99{ (A Ai21n)?® + (AnAi21n) =%}

+ 198\/5{(/\7)\121”)1/2 + (>\7LA12171)71/2}

— 759{(AnA1210) % + (AnAi21n) "3}

+693V3{(AnAi212) /% + (AnAiz1n) 710} — 1386 = < An > + (Am”) :

Hence, A =5 and

>\121n >\n
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Proof. A modular equation of degree 11, which was not mentioned by Ra-
manujan, was established by Berndt, Bhargava, and Garvan [60], and is given
by

(PQu1)° + <P511)5 +11 {(PQ11)4 + <P511>4} (9.4.11)
+ 66{(PQ11)3 + <P511>3 } +253 {(PQ11)2 + <PC?;11>2}
+693{(PQ11) + (P;u) } + 1368 = <QPH>6 + <QP”)6,

where P and @17 are defined by (9.3.2). Replacing ¢ by —¢ in the equation

above, then setting ¢ = e~ ™V"/3, and lastly using (9.1.4), we deduce Theorem
9.4.4. a

Corollary 9.4.4 (p. 212).

6

)\121

19 + 3v/33 11+ 3v/33
8 + 8

6

3V3+ V11 11+ 3V33
1 8

Proof. Lettingn =1and A = )\}éi’ + /\1_211/3 in Theorem 9.4.4, we deduce that

9V3(A2 — A= 1)(A+2)Y% = 99(A? — 2) + 198V/3(A — 1)(A + 2)1/2
— 7594 + 693V/3(A + 2)'/2 — 1386 = A(A? — 3). (9.4.12)
Rearranging (9.4.12), we find that
9V3(A 4+ 2)2(A% + 214 + 54) = A% 4+ 9942 4 7564 + 1188,
and then squaring both sides, we deduce the equation

(A% — 154 — 18)3 = 0.

Thus
o306+ V33)
==
We complete the proof by using (9.4.2) and (9.4.4). O
Lemma 9.4.1.

1
)\1/n - )\7

n
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Proof. Recall that
n(r+1)=e™12y(r) and n(-1/7) = (1/i)**n(7). (9.4.13)

From these properties of the Dedekind eta function or from Entry 27(iv) in
Chapter 16 of [54, p. 43], we find that

- <1+z’£\/%> _ (?m\/%) . <1+z'\/%>

2
and
" 14 iy/3/n _(n [\ 6 14+iv/n/3
2 3\V3)" 2 ‘
Hence the lemma follows from (9.1.4). O

Using Theorems 9.4.2, 9.4.3, and 9.4.4, along with Lemma 9.4.1, Berndt,
Chan, Kang, and Zhang [65] established the values

1+5
2 b

—3/2
Ar = (24 V3)3/? (W) :

A1 = (2v/3 + V11)3/2(10 4 3v/11) /2,

As =

9.5 A, and Modular Equations in the Theory of
Signature 3

Suppose that g has degree p over « in the theory of signature 3, and let

12 1 2
21 = o) (3,3;1;@) and zp 1= 2oF <373§1§5> :

If w := exp(27i/3), the cubic theta functions are defined by

alg):== Y. gt (9.5.1)
7; 2 2
ba)i= 3 wnngntemn® (95.2)

m,n=—o0

and

oo

2 2
clq) = Z (M3 H(mA1/3) (n+1/3) +(n+1/3)% (9.5.3)

m,n=—o0
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Then [60, Lemma 2.6, Corollary 3.2]
a‘(Q) = Z1, b(q) = (1 - a)l/gzh C(q) = al/gzla

and
alg’) =z, bg") = (1), cg’) =B,
Thus, it follows that

b (s — [ C@ea) )
= = (Ge) (954)
and )
a1 g — ((D@b(e?) )
y= (=) - g = (FIE) (95.5)
Since [60, Lemma 5.1]
3 —_
blq) = ;éqﬁ; (9.5.6)
3/ 3
c(q) = 3q1/‘°’%, (9.5.7)
and [90], [57, p. 96, Theorem 2.2]
a®(q) = b*(q) + *(q), (9.5.8)
we find that s
o) = J 120 +27af P (=q”)
(q) = { T } . (9.5.9)

(This was also proved by Ramanujan; see [54, p. 460, Entry 3(i)].) Hence, by
(9.5.4)-(9.5.7) and (9.5.9),

3q /6 £2(—g®) f2(—g%)

T = {f12(_q) + 27qf12(_q3)}1/6{f12(_qp) N 27qpf12(—q3p)}1/6 (9.5.10)
and
y =) (=d") 05.11)

= {flg(_q)+27qf12(_q3)}1/6{f12(_qp)+27qpf12(_q3p>}1/6.
Let

f(=9)
T ST

and
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_ f=¢")
34112 f(—q™)

U, :=Uy(q) :
Then from (9.5.10) and (9.5.11), we find that
z —2

L = (T0) (9.5.12)

and
ay = (T + T %) 3US + U, ®)~/3. (9.5.13)

We now employ modular equations in  and y to calculate further values
of \,.

Theorem 9.5.1.
32 { (Andason)®* + (nAason) 2% |+ 80 { (ndason) /2 + (Andason) /% }
118+ (A = A )2 ason = Agya) 7 (nAzson)® + (AnAason) ~>/?
+35{ (\ndason)* + (Andason) /% } 4+ 56)
— (M = A3 Nason — Aagon)?? (O\n&ggn)l/g + (AnAagon) "3 — 14)
) () )
3 | \Aason A289n
Proof. The modular equation of degree 17 with which we begin our proof
was first established by Chan and Liaw [108] and is given by

2% + 962°y — 2402 y? + 35423y — 2402%y* + 962y° + y° — 32t + 10523y
— 168x2y? + 1052y> — 3y* + 322 + 422y + 3y°> — 1 =0, (9.5.14)

where z and y are defined by (9.5.4) and (9.5.5), respectively, with p = 17.
Dividing both sides of (9.5.14) by 3z3y3, we obtain

2 2 1 2 2
32 <Z+y2> —80(I+y) +118—{<$2+y2> — 35 (I+y> +56}
¥ ox y x zy \y* = y x
1 Ty 1 1 o
L Y (I ) RIS/ S e (. 5.1

+w2y2{<y+$>+ } 3{1‘33/3 (y3+m3 ’ 9519
after a slight rearrangement. By (9.5.12), (9.5.13), and (9.5.15),
32{(TU7) ™" + (TU17)*} = 80{(TU17) % + (TU17)*} + 118

_ T6 +T76)1/3(U167+U1_76)1/3

X ((TU17)4 + (TU7)* = 35{(TU7) 2 + (TU7)?} + 56>
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+@ﬁu%W“Wﬁ+mﬁ“(GMﬂ*+GMﬂMJQ

@@

Replacing ¢ by —¢ in (9.5.16), then setting ¢ = ™"V n/3 and lastly using
(9.1.4), we complete the proof. O

Corollary 9.5.1 (p. 212).

A2gg =

6
\/34 + 13V/17 + 5V/172 N \/30 + 13V/17 + 5V/172
2 2 '
Proof. Set n =1 and A = A\ggg. It follows from Theorem 9.5.1 that

A+

118 4+ 32(\¥2 + A72/3) 1 80(\Y/2 + A71/3) (9.5.17)

Let A:= A2 4 A\~1/3. Then from (9.5.17), we may deduce that

A% =34

118 +32(4° — 2) +804 = =

Hence A is a root of the equation
A% — 9642 — 2434 — 162 = 0,
and the solution that we seek is given by
A= 32+ 13V17 + 5V172.
Corollary 9.5.1 now follows from (9.4.2) and (9.4.4). O
Corollary 9.5.2 (p. 212).

7 =4+ V17

Proof. Let n = 1/17 in Theorem 9.5.1. Then by Lemma 9.4.1, we deduce
that

1
171= 64007 = A1) + 6007 = A8 = (0% + A3
We complete the proof by solving this equation for A;7. ]

Theorem 9.5.2 (p. 212).

6
2+ V13 13 +4v13
2 + 2

A6y =
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Proof. Let x and y be defined by (9.5.4) and (9.5.5), respectively, with p = 13.
In his thesis [204], Liaw established a modular equation of degree 13, which,
by (9.5.12) and (9.5.13), can be put in the abbreviated form
{(TU13)™* + (TU13)*?} + 76142 { (TU13) % + (TU13) }

+ 1932468187 { (TU13) " + (TU13)*}

+ 16346295812652 { (TU13)** + (TU13)**}

— 42859027901079 { (TUy5) ™' +(TUy3)'8}

+30681672585330 { (TU13) "2 + (TUs3)'?}

+ 4443969755835 { (TU13) ™S + (TU,3)%}

— 90882188302360 + R(z,y) = 0, (9.5.18)

where R(z,y) contains a factor 1/(23y?). Let ¢ = e~™/V3 recall that A\, = 1,
and set A = Aigg. Replacing ¢ by —¢ in (9.5.18) and using (9.1.4), we find
that

— (AT A7)+ 76142(A° 4+ A76) — 1932468187 (\° + A79)
+ 16346295812652(\* + A~ %) + 42859027901079(A\* + A %)

+ 30681672585330(A\2 + A~2) — 44443969755835(\ + A1)
— 90882188302360 = 0, (9.5.19)

since R(z,y) equals 0 after ¢ is replaced by —g, because
1/ay® = (T° + T~°) (U3 + Uy’
is a factor of R(z,y), and because

{T°(—=q) + T~ (=)} {UDs(=9) + U’ (—9) }
= _{ >\1 Ay )()\169 - )‘169)}'
Set A =X+ A7 Then (9.5.19) takes the equivalent form
— (AT = TA £ 1443 —TA) + 76142(A° — 64* 4942 — 2)
— 1932468187(A° — 543 + 54) + 16346295812652(A* — 442 + 2)

+ 42859027901079(A% — 34) + 30681672585330(A2 — 2)
— 44443969755835.4 — 90882188302360 = 0,

which simplifies to
(A —2)(A% — 253804 — 39100)® = 0.

Therefore,
A4+ A=A =10(1269 + 352V/13).
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Solving the quadratic equation above, we find that

Ao = 6345 + 1760v/13 + 12\/559221 + 155100V/13.

Using the formula [69, equation (3.1)]

{(32b3—6b)+ (326° — 60)2 1/b+ /b

with b = (15 + 41/13) /4, we deduce the given value of Ajgo. O
Equation (9.5.18) can also be used to deduce A;3.

Theorem 9.5.3 (p. 212).

1 ,
Ase1 = 3 (2928581 +1097504(19)"/? + 411296(19)/*

+4\/1608109304409 + 602648894772(19)1/3 + 225846395748(19)2/3> .

Proof. The proof is similar to that for Theorem 9.5.2. Let x and y be defined
by (9.5.4) and (9.5.5), respectively, and set u = 23, v = y*, and p = 19. Liaw
[204] discovered a new modular equation of degree 19, which we give in the
abbreviated form

()-8 i) ()

+ 102919027240030 { (

-

SRS @m
N—— ~—
\_/H/—’H/—’

—200937885610911191740

7 N N

@@‘ < Q\]‘ S

+ 363165905126589014509 {
2

— 274505067414721954283

o S S

+ 1669253999271588508904

‘ <

<
w

‘ <
o

—7070474114231105014510

+
ST N 7 N 7 N N
<

)
)
)

<
o

— 7249503742499660191624

(5

{

— 9487507697742191502320 { (
{

{

N~—
O =

IS

— 29289891786172199497868 + R(u,v) =



214 9 Ramanujan’s Cubic Class Invariant

where R(u,v) is a sum of terms with a factor 1/(uv), which equals 0 after
setting g = e~™/V3 and replacing ¢ by —q. With A = 341 —|—)\3_611, we eventually
find that
(AT — 1043 + 3545 — 504* + 2542 — 2)

— 17571484(A° — 9A7 +274° — 30\3 + 94)

+102919027240030(A% — 84° + 204* — 1642 + 2)

— 200937885610911191740(A” — 7A° 4+ 14\* — 7A)

+ 363165905126589014509(A% — 64* + 94 — 2)

— 2745050674147219542832(A% — 54% 4 5A)

+ 1669253999271588508904(A* — 442 + 2)

— 9487507697742191502320(A% — 3A)

— 7070474114231105014510(A> — 2)
— 7249503742499660191624.4 — 20289891786172199497868 = 0,

which simplifies to
(A +2)(—18438200 + 74334204 — 585716242 + A3)® = 0.

Hence,
1
A= 5(5857162 +2195008(19)'/3 + 822592(19)%/3).

Solving the equation A = A3g1 + A§611 for A3z¢1, we complete the proof. O

9.6 \,, and Kronecker’s Limit Formula

Let m > 0 be square-free and let K = Q(y/—m), the imaginary quadratic
field with discriminant d, where

—4 if —m=2,3(mod4
d:{ m if —m =2,3(modd), (9.6.1)

—m, if —m =1 (mod4).

Let d = dyds, where d; > 0 and, for i = 1,2, d; = 0 or 1 (mod4). If P denotes
a prime ideal in K, then the Gauss genus character y is defined by

d ) if N(P)td,
() = NCET) 1 (9.6.2)
557 ) it N(P)|d,

where N (P) is the norm of the ideal P and () denotes the Kronecker symbol.
Let
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0 {\/—m . if —m=2,3(mod4),

9.6.3
lty=m i =1 (mod4). (9:6:3)

2 )
It is known [222] that each ideal class in the class group Cx contains primitive
ideals that are Z-modules of the form A = [a, b+ 2], where a and b are rational
integers, a > 0, a | N(b+ ), |b| < a/2, a is the smallest positive integer in A,
and N(A) = a. Hence, Siegel’s theorem [259, p. 72|, obtained from Kronecker’s
limit formula, can be stated as follows.

Theorem 9.6.1 (Siegel). Let x be a genus character arising from the de-
composition d = dydy. Let h; be the class number of the field Q(\/d;), w and
wy the numbers of roots of unity in K and Q(\/dz), respectively, and €, the
fundamental unit of Q(v/dy). Let

F(A) = : (9.6.4)

where z = (b+ 2)/a with [a,b+ 2] € A™L. Then

ecfhlhz/wzz H F(‘A)*X(‘A) (965)
AeCxk

Ramanathan utilized Theorem 9.6.1 to compute A, and pu,, [236, Theorem
4].

Theorem 9.6.2 (Ramanathan). Let 3n be a positive square-free integer and
let K = Q(+v/—3n) be an imaginary quadratic field such that each genus con-
tains only one ideal class. Then

HEtX: Ans if n=1(mod4),
" ! s if n=23(mod4),

where
- 6wh1 hQ

LUQh

and h, hy, hy are the class numbers of K, Q(v/dy), and Q(\/dz), respectively,
w and wy are the numbers of roots of unity in K and Q(+/ds), respectively, €; is

the fundamental unit in Q(\/dy), and x runs through all genus characters such
that if x corresponds to the decomposition dyds, then either (%) or (%2) =-1

and therefore dy, ds, hy, ha, wa, and €, are dependent on x.

(9.6.6)

X

With the use of Theorem 9.6.2, fourteen values of \,, and nineteen of pu,,
can be evaluated. Among them, Ramanujan recorded only the values of A\,
for which the exponent ¢, equals 1. For completeness, we state all fourteen
values of such A,,’s in the following corollary, although only five of the fourteen
values are indicated in Entry 9.1.1.
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Corollary 9.6.1 (p. 212).

1+5
2 b

6
1
A1 =32+ 5\/5, Aes = (8 + \/%) ( +2\/5> ,

9 3
1 2
Aso = 500+ 53VB9,  Auss — ( +2ﬁ> <5+ v 9) ,

As = M7 =4+ V17,

3
Aot = (16\/%+29f7) (M) :

Aigs = (68+5\/§) <1+2\/5>127

Moo = (46V/11 +35V/19) (2¢§+ﬁ)3,

() ()
|

+

2
1+f> <5+r> <\ﬁ+\/ﬁ>3<\/ﬁ+\/ﬁ>3
. ,

2 2 2

) (42 ()

2

Mios = (4+\E7)3 (8+\/@)3 (1 +2\/5>12 <15 +2\/ﬁ>3

3 3
Ato01 = (83ﬁ+202¢ﬁ) (2\/§+\/ﬁ>3 (9 +2ﬁ> <7\/§+M> |

We next state a theorem that was derived in [65] from Theorem 9.6.1 and
that can be used to evaluate certain A, for n = 3 (mod 4).

Theorem 9.6.3. Let n be a positive square-free integer greater than 3, not
divisible by 3, and with n = 3 (mod4). Let K = Q(v/—3n) be an imaginary
quadratic field such that each genus contains only one ideal class. Let Cy be
the principal ideal class containing [1, (2], where 2 is defined by (9.6.3), and
let Cy and Cy be nonprincipal ideal classes containing [2,14 2] and [6,3+ (2],
respectively. Then

—1
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where ty, di, da, hi, ha, wa, and €1 are defined in Theorem 9.6.2, and the
products are over all characters x (the first with x(C1) = —1 and the second
with x(C2) = —1) associated with the decomposition d = dyds. Therefore dy,
dsa, hi, ho, wa, and €1 are dependent on x.

We can apply Theorem 9.6.3 to evaluate \,, when n = 7, 11, 19, 31, 35,
55, 59, 91, 115, 119, 455. Since none of these values of n is on Ramanujan’s
list in Entry 9.1.1, we refer the reader to [65] for details.

9.7 The Remaining Five Values

At this juncture, we see that there are five values of n, namely, n =
73,97,193,217,241 in Ramanujan’s Entry 9.1.1, for which we have not cal-
culated the associated value of \,. In [65], we used an empirical process to
derive these values of \,. This empirical process is analogous to those used
by Watson [275], [276] in his computations of the Ramanujan—Weber class
invariants G, and g,.

Theorem 9.7.1 (p. 212). We have

6
11 73 3 73
A7z = \/ +8\/> + \/ +8\/> ) (9.7.1)

Ao7 = (\/17 +8\/@ + \/9 +8@ , (9.7.2)

3
Aga1 = (16 + V241 + /496 + 32\/241) : (9.7.3)

3/2

1901 + 129v/217 1893 + 129217
A217 = (\/ 3 + \/ 3 (9.7.4)
3/2
1 108v/21 1 108v/21
\/ 597 + 108 7+\/ 593 + 108 7 . (9.7.5)
4 4
1 1
A4 51 (39 +3V193 + 1/2690 + 194v/1 3> . (9.7.6)
193

Chan, Gee, and Tan [107] employed more sophisticated methods including
the Shimura reciprocity law to give rigorous proofs of the evaluations of A73
and Aa17. In the next three sections, we will follow the method in [107] and
give a complete proof of Theorem 9.7.1 .
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9.8 Some Modular Functions of Level 72

For 7 € C and Im 7 > 0, define

where the Dedekind eta function 7(7) is defined by (9.1.3). The function go(7)
is a modular function of level 72. This means that it is meromorphic on the
completed upper half-plane HUQU{oo}, admits a Laurent series expansion in
the variable ¢!/ = ¢?>77/72 centered at ¢ = 0, and is invariant with respect
to the matrix group

I'(72) := ker[SLy(Z) — SLy(Z/72Z)).

It is known that the minimal polynomial for gi?(7) over the modular func-
tion field Q(j(7)), with j(7) the modular j-invariant defined by (9.2.1), is given
by [107, (2.5)]

X* 436 X3 +270 X2 + (756 — j(1))X + 3°. (9.8.1)

Over Q(j(7)), the other roots of (9.8.1) are gi?(7), gi?(7), and g3%(7) defined
by

LoD (@) ()
91(7_) e <24 77(7_) ) 92( ) . 77(7—) ) d 93( ) . \/g ’17(7') .
(9.8.2)

The proof of the following theorem is similar to the proof of [107, Theorem
2.1].

Theorem 9.8.1. If n is square-free and n = 1 (mod4) then
12 (—1 + \/—3n>
N
2
lies in the Hilbert class field Ky associated with K = Q(v/—3n).

If K is an imaginary quadratic field of discriminant D, then, by class field
theory, there exists an isomorphism

Gal(K,/K) ~ C(D) (9.8.3)

between the Galois group for K C K; and the form class group of discriminant
D. Among the primitive quadratic forms [a,b, ¢] having discriminant D =
b — 4ac, we can find a complete set of representatives in C(D) by choosing
the reduced forms

|b|<a<c¢ and b>0, ifeither |[b|=aora=c.

In view of (9.8.3), it is therefore not surprising that we can define an action
of C(D) on certain elements arising from modular functions that lie in Kj.
The main result is the following explicit form of the Shimura reciprocity law.
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Lemma 9.8.1. Let K be an tmaginary quadratic number field of odd discrim-
imant D, and let h € F,,, where F,, is the field of modular functions of level
m over Q(Cn) with h((—=1++/D)/2) € K,. Given a primitive quadratic form
[a, b, c] of discriminant D, let M = Mqy ¢ € GLo(Z/mZ) be the matriz that
satisfies the congruences

0 b=l
(0 i ) (mod p"), ifpfa,

==l . . .
(i 0 (mod p"), ifplaandptec,

<
I

—b—1 al—b c
7T ) modp), ifplaandpe

at all prime power factors p” | m. The Galois action of the class of [a, —b,c]
in C(D) with respect to the Artin map is given by

la,—b,c]
PE=T) ()

where h™M denotes the image of h under the action of M.

For a proof of Lemma 9.8.1, see Gee’s paper [153].

We apply Lemma 9.8.1 with h = g2, D = —3n for n = 1 (mod4), and
m = 72. It remains to determine the action of M on gi2.

First, note that the action of such an M depends only on M, for all
prime factors p | m, where My € GL3(Z/NZ) is the reduction modulo N of
M, and 7, is the largest power of p such that p"» divides m.

Now, every My with determinant x decomposes as

we=(50), (0)
N N
for some (¢ Z)N € SLy(Z/NZ). Since SLy(Z/NZ) is generated by Sy and
Ty, where S = ( % §) and T = (§ 1), it suffices to find the action of (}9)
Spre, and Tyre on b for all p | m.
For (} g)prp, the action on F,, is given by lifting the automorphism of
Q(¢n) determined by

p'P?

Cpre C;Tp and Cqra = Cgra,

for all prime factors ¢ | m such that ¢ # p.
In order that the actions of the matrices at different primes commute with
each other, we need to lift S, and Tp,r» to matrices in SLo(Z/mZ) such that
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they reduce to the identity matrix in SLy(Z/q"*Z) for all ¢ # p. In our case,
for m = 72, the prime powers are 8 and 9, and

-8 9 19
-9 -8 72 01 72
9 -8 1-8
8 9 o 01 9

When h € F,, is an n-quotient, we can use the transformation rules
70 S (1) =V —iTn(r) and no T (1) = Caun(T)
to determine the action of any M,, € SLa(Z/mZ). In particular,

(90,91, 82, 83) © Sr2 = (g3, (3992, (3101, 90)

and
(80, 91,92, 83) © T2 = (91, (51 02, 90, (3493)-
Consequently, we derive the following actions:

902 |91% 03
10
(0 x)g a52 |12 |03?| 03>

Ss 902 |91%93°] 03>
Tx g0°|01%[93° |03

10
<0 x)9,3l(w — 1)|g6°|01? |57 |04

1

02 3@ —2)|ei%|82% 01?05
9

Sy 052 |93° 017 ]a0>

To 91°|95°|96°] 03>

We prove the following theorem using the table above.

Theorem 9.8.2. The action of a reduced primitive quadratic form |a,b, c]
with discriminant D in C(D) on gi?((—1++/D)/2) is given by

, ifb=0,a % 0(mod3),

[a,—b,c] ., if ab= —1(mod 3),

)

g2 (H\/E> ’ — o (a)
2 (b+\/5>12 ifab=1(mod3),

(=5:22)

, if a=0(mod3).




9.9 Computations of \,, Using the Shimura Reciprocity Law 221

Proof. We first observe that the action of Mg on gi? is trivial. Therefore, it
suffices to consider the action of My on gi?. When 3 1 a,

b—1 b—1
(e T\ (o0 (1w 2 (L0 (b=1)/(2a)
Mg_(o 1) (01)(0 1>—S9<oa STy '

If b = 0 (mod 3) and a = 1 (mod 3), then

(g%Q)JWg _ (952)59((1) 2)Sng(b—l)/(2a) _ (9%2)(6 2)5911;1771)/(2(1)
(b—1)/(2a) (b—1)/(2a)
= (gi?)ST" " = ()T =90, (9.8.4)
since
b-l_y (mod 3)
—— =1(mo
2a ’

when b = 0(mod3) and a = 1 (mod 3). Similarly, when b = 0(mod3) and
a = 2 (mod 3), we see that

@) =gl
This proves the first case of Theorem 9.8.2.
For the second case, note that ab = —1(mod3). If ¢« = 1(mod3) and
b = —1 (mod 3), then the computations are the same as in (9.8.4) except for
the final step, namely,
(b=1)/(2a)
(@)™ = (85°)" =01
since b1
2_7 = 2 (mod 3).

The remainder of the cases can be established in a similar way. In the last
case, since 3 | a, we see that, by Lemma 9.8.1,

—b—1 —b—1
_ 5 ¢\ _ (¢ 3
M9_<1 0>—<0 1)59

c0) (1 =5+ — 1o (=b=1)/(2¢)
= 2c =
= <0 1> <0 y > Sg = Sg <O c) SoTy So.

9.9 Computations of \,, Using the Shimura Reciprocity
Law

We first note that

\2 1 49 (1+\/3n)'

“o792 2

This identification allows us to compute A, using Theorem 9.8.2.
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Proof of Theorem 9.7.1. For p = 73,97, and 241, all of which are primes, the
class groups corresponding to these primes are of the form Z, and the compu-
tations for all these values are similar. We will discuss only the computations
of \73 in detail.

Set

5 1
P,=X+ 2 (9.9.1)
P
Note that A2 is a real unit [199, p. 166, Corollary], and hence P, is an algebraic
integer.

The class group of Q(1/—219) is generated by the form [5, 1, 11]. Consider
the expressions Prz + P7[g,1,11] and P73P7[g’1’11], where P7[g,1,11] denotes the
image of Prs under the action of [5,1,11]. These are both fixed by all the
elements in the class group C(1/—219), and hence they must be rational. On
the other hand, they are algebraic integers, and this implies that they must
be integers.

By Theorem 9.8.2, we can then determine that

Prs + P = 199044
and

Pry P = 987492,
Hence, Prj satisfies the quadratic polynomial
2% — 199044z + 287492 = 0.
Solving this equation and simplifying, we deduce that
Ny =VC+VC -1,

where
C' = 4952242369 + 579616128/ 73. (9.9.2)

It turns out that the right-hand side of (9.9.2) can be written as a power of
an element in Q(v/73). In this case we find that if B = ((11 + /73)/8), then

(VB+VB-—1)?=VC+VC—-1.

Hence we may conclude that

6

11+V73 3+V73
A7z = 3 + 3 ,

which is (9.7.1).
The calculations for n = 97 and 241 are similar.
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Recall that P, is defined by (9.9.1). When p = 97, the class group of
Q(v/—291) is generated by [5, 3,15]. Therefore,
Py7 + P23 = 2122308

and
Py P = —2833276.

Solving these last two equations simultaneously, we conclude that
Py7; = 1061154 + 107744V 97.

Using this value in (9.9.1), we solve for Ag7 to deduce (9.7.2).
The class group of Q(+/—723) is generated by [11,—5,17]. We therefore
find that
Pos1 + P21 = 62717184900

and
Py LY 21T = 123706369796,

Hence,
Psy1 = 31358592450 + 2019984512+/241.

Using (9.9.1), we can now complete the calculation of Aa4;.

We now turn to the case n = 217.

Here 217 is divisible by two primes, namely, 7 and 31. In this case, we
consider two numbers Q217 and Ro17 defined by

1
Qo171 = Nir A1y + 5 —o—

>\217A31/7
and

A3 A1y
Ry = 227 /

/\:2),1/7 Mo

Note that the class group of Q(v/—651) is generated by a := [5,3,33] and
b := [3,3,55]. The order of a is 4, and the group generated by a? and b fixes
Q217 and Rs17. Hence it suffices to determine the action of b on ()27 and
R517, which can easily be done by Theorem 9.8.2. The value of A7 resulting
from these considerations is a product of two units given by

3/2

1901 + 129217 1893 + 129+/217
A217 = 3 + 3

3/2

\/1597 + 108217 n \/1593 + 108v/217
4 4
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Finally, consider the case n = 193. Here the class group of Q(v/—579) is
generated by a := [5,1,29], and it is of order 8. We consider the expression
P93, where P, is given by (9.9.1). To determine Pjg3, we compute the image
of Pig3 under a, a2, and a®. Our computations show that if

a = Pjo3,
. 1 4 (1+V=579 o (14 V7579
P=bin=rge |~ | e (T )
1 — —
e pi — Lo <3+\/ 579) P <3+ Y% 579) |
27 14 14
and
3 1 -9+ +v—-579 _ -9+ +v-=579
§:= Pl =—5200 | —=5— | =270 | — 57— | ;
27 22 22
then
a+ B+ + 8= 3251132424,
af +ay+ ad + By + SO+ v§ = 82707128352,
afy + afd + Bv0 + ayo = 9465475096,
and

affyd = 176664526832.

Solving the quartic polynomial satisfied by Pjg3 and simplifying, we deduce
that

1 1
LS + —= = - (394 3v193 + /2690 + 194v193 | .
193 )\1/3 4
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Miscellaneous Results on Elliptic Functions
and Theta Functions

10.1 A Quasi-theta Product

At the top of page 209 of his lost notebook [244], Ramanujan recorded the
following enigmatic formula.

Entry 10.1.1 (p. 209).

n lo o . nY 27
1"-"[ 1 — (—1)ngntn/zy 2t 1 1+ (—1)"ig™
1+ (_1)nq(2n+1)/2 1— (_1)niq/n

n=0

where
q=exp(—7K'/K), ¢ =exp(—7K/K'), and 0<k<1l. (10.1.2)

Because of poor photocopying, (10.1.1) is very difficult to read in [244]. If
the powers 2n + 1 and n on the two pairs of large parentheses were absent,
the products could be expressed in terms of theta functions. Ramanujan did
not use the notation 3F, and oF; for hypergeometric functions, but instead
only recorded the first three terms of each series. Also, Ramanujan did not
divulge the meaning of the notations K and K’. However, from considerable
work in both the ordinary notebooks [243] and lost notebook [244], we can
easily deduce that K denotes the complete elliptic integral of the first kind

defined by

/2 d

K = K(k) = / L4

0 1—k2sin
where k, 0 < k < 1, denotes the modulus. Furthermore, K/ = K(k’), where
k' :=+/1— k2 is the complementary modulus.

There are no other formulas like (10.1.1) in Ramanujan’s work, and ap-

parently there are none like it in the literature as well. The purpose of the

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_11, (©) Springer Science+Business Media, LLC 2009
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first few sections in this chapter is to prove (10.1.1). As will be seen in our
proof, the unique character of (10.1.1) derives from a single, almost miracu-
lous, connection with the theory of elliptic functions given in the identity

(o)
! k -
= — 3F(1,1,1; 2,3, k2 10.1.3
;(2n+1)2cosh{(2n+1)a/2} 9, 3 (1, 1,155, 55 k%), ( )
where a = mK'/K and z = 2F1(%7 %§ 1;k?). The identity (10.1.3) is found

in Entry 6 of Chapter 18 in Ramanujan’s second notebook [243], [54, p. 153].
Like many of Ramanujan’s discoveries, (10.1.3) is not fully understood. Is
this connection between hypergeometric series and elliptic functions a singu-
lar accident, or are there deeper, still to be recognized connections? In his
notebooks [243, p. 280], Ramanujan also attempted to find a formula similar
to (10.1.3), but with (2n + 1)2 replaced by (2n + 1)*. In fact, Ramanujan
struck out his imprecisely stated formula by putting two lines through it. See
[57, pp. 397-403] for Berndt’s failed attempt to find a correct version.

W. Duke [147] has significantly added to our understanding of Entry 10.1.1,
Entry 6 of Chapter 18 in the second notebook, and the purged entry on page
280 of the second notebook [57, pp. 402-403, Entry 78]. Duke points out that
the series in Entry 6 and on page 280 can be regarded as Eisenstein series of
negative weight. Moreover, he establishes a corrected version of the aforemen-
tioned Entry 78. Duke’s proof of Entry 6 (and a considerable generalization)
relies on a double integral of hypergeometric functions given as Entry 31(ii)
in Chapter 11 in Ramanujan’s second notebook [243], [53, p. 88], for which
he gives a shorter, more elegant proof than that given in [53, pp. 89-92].
Besides Eisenstein series of negative weight being represented by hypergeo-
metric series, Duke gives further examples of cusp forms also represented by
hypergeometric series.

In Section 10.2, we first establish in Theorem 10.2.1 an equivalent formula-
tion of (10.1.1) as an identity among infinite series of hyperbolic trigonometric
functions. Secondly, we prove this identity.

In Section 10.3, we briefly indicate generalizations of (10.1.1) and Theorem
10.2.1 and offer some related hyperbolic series of Ramanujan.

The content of the present and following two sections is taken from a paper
by Berndt, H.H. Chan, and A. Zaharescu [68].

10.2 An Equivalent Formulation of (10.1.1) in Terms of
Hyperbolic Series

Theorem 10.2.1. Let « and B be any complex numbers with nonzero real
parts and with a3 = w2. Then (10.1.1) is equivalent to the identity
> sinh{(2n + 1)a/2 > -1
5> (Gn+bajzt o (Y
(2n 4+ 1) cosh*{(2n + 1)a/2} (2n 4+ 1) cosh*{(2n 4+ 1)3/2}

n=0 n=0
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2 o0

m 1
-7 2 Z (2n + 1)Zcosh{(2n + 1)o/2} (10.2.1)

n=0

Proof. We assume that o and [ are positive real numbers. The general result
will then follow by analytic continuation. Taking logarithms on both sides of
(10.1.1), we find that

1 1] (_)ng(zatn/zy 2 R
0g H 1+ (_1)nq(2n+1)/2

n=0

0o . nY 27 3 3.2
1+ (=1)%ig™ w2 ksFy(1,1,155,5: k%)
+ log {H<( ), )} =T R )

1- (_1)nqun 2F1(§7§71;k2)
(10.2.2)

(Here and in the following step, we have ignored branches of the logarithm.
The justification lies in our eventual proof of (10.2.1).) For brevity, let L and
R denote, respectively, the left and right sides of (10.2.2). Then

L= logq<i(2n +1) {log (1 — (_1)nq(2n+1)/2)

n=0

_ (1+<—1>nq<2n+1>/2)})

+ 2mi (Z n{log (1 + (—1)"i¢™) — log (1 — (—1)”iq’")}>

n=1

= logq(51 - SQ) + 27Ti(53 — 54) (1023)

Recall that ¢ and ¢’ are defined in (10.1.2). Set o = 7K’/K and § = nK/K’,
so that a3 = m2. We now proceed to show that S;,...,Ss can be expressed
as sums of hyperbolic functions.

Using the Taylor series of log(1+z) about z = 0 and recalling the definition
of 3, we find that

(10.2.4)

By a similar calculation,
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im —ie )" oy (10.2.5)

1

m=
Combining (10.2.4) and (10.2.5), we find that
& et (i)
R = <—e—ﬁ>m>2
i —(2m+1)B
-2 Z —L)"e
(2m —|— 1)(1 + e~ (@m+1)5)2

m=1

o
_ iy (—1)™
o2 mZ::O 2m + 1) cosh? {(2m + 1)3/2} (10.2.6)

Next, again using the Taylor series of log(1 + z) about z = 0 and recalling
the definition of «, we find that

(_1)mnefa(2n+1)m/2

S =— (2n + 1)

m
<Z (2n(—1)m"e_a(2"+1)m/2 + (_1)mne—a(2n+1)m/2)>
n=0

(s )

1

3
I
<

HM8

3

i
(]2 [~
IR 1INt

m=1
io: 1)m6—3am/2 + e—am/Q (10 ) 7)
- _ (—p—a)ym)2 e
2 (i (Ce )
By an analogous argument,
e e—3am/2+(_1)me—am/2
Sp=—3_ < (10.2.8)
2 T (me )
Thus, combining (10.2.7) and (10.2.8), we deduce that
Sl B 52 _ i _(_1)me—3am/2 _ e—am/Z 4 €—3am/2 4 (_1)me—am/2
2 (i = (—ea)
> =3@2m+1)a/2 _ —(2m+1)a/2
=2 Z e(2m +1)(1+ 66*(2’"*1)0‘)2
m=0

—(2m+1)a/2 _ (2m+1)a/2

o0
=9 Z 2m + )(e(2m+1)a/2 + e @miDa/2)2

o 0 sinh{(2m + 1)a/2}
N Z o (2m+1) cosh?{(2m + 1)a/2} (10.2.9)
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If we use (10.2.6) and (10.2.9) in (10.2.3) and recall that logq = —«, we
deduce that

- sinh{(2m + 1)a/2} i (=™
2 & 2
=, (2m + 1) cosh™{(2m + 1)ar/2} (2m + 1) cosh™{(2m + 1)3/2}
™ ksFy(1,1,1;3, 3 k%)
= — - . 10.2.10
4 oF1 (3, 1:1:k2) ( )

We now invoke (10.1.3). If we substitute (10.1.3) into (10.2.10), we deduce
(10.2.1) to complete the proof. O

It should be emphasized that the only time we used the definitions (10.1.2)
of ¢ and ¢’ in our proof is in the application of (10.1.3). Thus, it would seem
that (10.1.1) is a very special result in that there are likely very few (if any)
other results like it.

We now prove (10.2.1).

Proof of (10.2.1). Our first main idea is to introduce the functions F and G
n (10.2.11) and (10.2.13), respectively, and use them to find a simpler identity
that is equivalent to (10.2.1). Define

1 & 1
F(a) =~ HZ:O (2n + 1)2 cosh{(2n + 1)a/2}" o2y
Then
o1 N > sinh{(2n + 1)a/2}
Fi(a) := 202 ( 7;0 2n + 1) cosh?{(2n + 1)a/2}
i 1
+2 Z (2n +1)2 cosh{(2n+1)a/2}> .
Set

> 1 2
GB) = 25;) (2n + 1)2cosh{(2n + )72/ (26)} 2m°F (ﬂ) » (10-2.13)

by (10.2.11) and the fact that a3 = 72, Thus, by (10.2.12),

a2 7.‘.72 > sinh{(2n + 1)7?/(20)}
G'(B) =2r°F ( 3 ) ( ) z% 2n + 1) cosh?{(2n + 1)72/(26)}
22,

1
(2n + 1)2 cosh{(2n + 1)72/(26)}"
(10.2.14)
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If we define
2 X 1\
H(B) = % 727TZ( D tag;{f?)j D52} (10.2.15)
n=0
then
, _77__ - (="
H(8) = 4 Z (2n 4 1) cosh?{(2n +1)5/2} (10.2.16)

In view of (10.2.14) and (10.2.16), we see that (10.2.1) is equivalent to
G'(B) = H'(B).
It follows that for some constant c,
G(B)=H(B)+c. (10.2.17)

Clearly, from the definitions of G(f) and H(S) in (10.2.13) and (10.2.15),
respectively, both G(5) and H(() tend to 0 as 5 — 0. Thus, in (10.2.17),
c=0.

Hence, it now suffices to prove that

o0

1
%;o (2n -+ 1)2 cosh{(2n + 1)72/(23)}

_ ﬁ_7r2 B 277% (=1)" tanh{(2n + 1)ﬁ/2}

10.2.18
4 v (2n +1)2 ( )
It is easily seen that (10.2.18) is equivalent to
1
ﬁnzz (2n + 1)2 cosh{(2n + 1)72/(20)}
)" tanh{(2n +1)8/2} B2
- — =0. 10.2.1

+wn;m @+ 12 =0 (10.2.19)

The second primary idea is to introduce a function f of a complex variable
and use contour integration to prove (10.2.19). To that end, define, for fixed
n>0,

£2) = tan(nz)

The function f(z) is meromorphic in the entire complex plane with a simple
pole at z = 0 and simple poles at z = (2n+1)7i/2 and z = (2n+1)7w/(2n) for

each integer n. Let vg,, be a sequence of positively oriented circles centered
at the origin and with radii R,,, tending to co as m — oo, where the radii R,,

. 10.2.20
22 cosh z ( )
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are chosen so that the circles remain at a bounded distance from all the poles
of f(z). From the definition (10.2.20) of f, it is then easy to see that

(10.2.21)

as R, — oo, where the constant implied in the notation <, depends on 7.
For brevity, let R(a) denote the residue of f(z) at a pole a. Then, brief
calculations show that

RO) =, (10.2.22)
(2n+1)m\ Any
R < 2n ) o _71'2(271 ¥ 1)Zcosh{(2n + 1)7/(2n)}’ (10.2.23)

(2n+1)mi\  4(—=1)"tanh{(2n + 1)7n/2}
R( 2 >__ m2(2n +1)2 ’

(10.2.24)

for each integer n. Hence, using (10.2.22)—(10.2.24) and the residue theorem,
we deduce that

= z)dz =n— An
210 oy (2)dz=n |2n+1|§2:an/w m2(2n + 1)2 cosh{(2n + 1) /(2n)}
4(—1)" tanh{(2n + 1)7n/2}

Z w2(2n 4+ 1)2 '

(10.2.25)
[2n4+1|<2R,, /7

Letting R,, tend to oo in (10.2.25) and employing (10.2.21), we conclude that

1
2 n;w (2n + 1)2 cosh{(2n + 1) /(2n)}

4 (=)™ tanh{(2n + 1)mn/2}
2 £ (2n +1)2 '

(10.2.26)

Now set 7 = /7 in (10.2.26). Then multiply both sides by —7®/4. We then
readily obtain (10.2.19), and so this completes the proof. O

10.3 Further Remarks on Ramanujan’s Quasi-theta
Product

Theorem 10.2.1 can easily be generalized in at least two directions.
First, in the proof of (10.2.1), we could replace f(z) by

ful2) = tan(nz)

2z cosh 2’
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where n is a positive integer exceeding 1. The generalization of (10.2.1) would
then involve Bernoulli numbers arising from the Taylor expansion of tanz
about z = 0 and Euler numbers arising from the expansion of 1/ cosh z about
z=0.

Second, in the proof of (10.2.1), we could replace f(z) by

cosh(6z) tan(nz)
22 cosh z

f(z,0) = :
where —1 < 6 < 1. Then by a proof analogous to that given above, we could
deduce that for any complex numbers o and [ with Re a,Re § # 0, and
af = n%, and for any real number 6 with |0] < 1,

N i sinh{(2n + 1)a/2} cosh{(2n + 1)0/2}
(2n + 1) cosh?{(2n + 1)a/2}

sinh{(2n + 1)f0a/2} > (=1)"cos{(2n + 1)70/2}
—fa Z (2n + 1) cosh{(2n + 1)a/2} i z_% (2n + 1) cosh?{(2n + 1)3/2}

n=0

o . i ( cosh{(2n + 1)fa/2} (10.3.1)

T4 . 2n + 1)2 cosh{(2n + 1)a/2}"

The identity (10.3.1) is equivalent to

(1 + (_1)nq(2n+179)/2)( + ( 1) (2n+1+0)/2)
d
{
SWES

When 6 = 0, (10.3.1) and (10.3.2) reduce to (10.2.1) and (10.1.1), respectively.
If ,6 > 0 and 0 =: u + v, where u and v are real, then (10.3.2) can be
analytically continued to the rectangle —1 < u < 1, =27 /a < v < 27 /.

If we differentiate (10.3.1) 2k times with respect to 6 and then set § = 0,
we deduce that

{ﬁ ((1 _ (_1)nq(2n+1—9)/2)( _ (_l)nq(2n+1+9)/2))2”+1}(logQ)/2

n=0

a3

(1 — (=1)ng@nt1-0)/2)(1 4 (—1)ng(2n+1+6)/2) —6(logq)/2
(1 + (—1)ng@n+1-0)/2)(1 — (—1)nqn+1+6)/2)

(( +( ) 97rz/2 /n)(1+(_l)nie—Gﬂi/2q/n)>n i
( )TLZGGTFZ/Q /n)(]_ _ (71)ni6797ri/2q/n)

0

3
I

n',:]8

- (=
> cosh{(2n + 1)0a/2}
g 2n + 1)2 cosh{(2n + 1)@/2}) (10.3.2)

o

(2n + 1)%¢~Lsinh{(2n + 1)a/2}
Z coshz{(2n + 1Da/2}

(10.3.3)



10.3 Further Remarks on Ramanujan’s Quasi-theta Product 233

oo

2n n 1) (2n + 1)2]672
+ (-1 /6% o2k Z cosh2 (2n+1)38/2} =) nz::() cosh{(2n + 1)a/2}’

which is valid for any integer £ > 1 and any complex numbers « and 3 with
Re a,Re 3 # 0, and o = 2.
If we let @« — oo (or § — 0) in (10.2.1), we deduce Leibniz’s well-known
evaluation
(="

m+1

S

NE

|

n=0
while if we let @« — 0 (or 8 — o0) in (10.2.1), we deduce Euler’s well-known
evaluation

o0
1 2

2w

(We remark that care must be taken in taking certain limits inside summation
signs above.)

Ramanujan examined several other infinite series of hyperbolic functions
in his notebooks [243] and lost notebook [244]. We cite two examples giving
evaluations of series involving cosh z that are very similar to those arising
above.

First, in Entry 16(x) of Chapter 17 in his second notebook [243], [54,
p. 134], Ramanujan asserted that

(oo}

(2n+1)2 ¥
Z:% cosh{(2n + 1)7/2} Zﬂpﬁ(%)' (10.3.4)

In fact, it is shown in [54, pp. 134-138] that one can also evaluate in closed
form the more general sum

o0

(2n + 1)2m
z:% cosh{(2n + 1)a/2}’ (10.3.5)

where m is a positive integer. However, the evaluations are in terms of z :=
2F1(§7 ;,l,kz) (See [54, p. 101, equation (6.3)] for the relation between «
and k, where in [54], y = a.) Note that the sums (10.3.5) appear on the right
side of (10.3.3), and so these evaluations also automatically yield evaluations
for the left side of (10.3.3).

Second, the evaluation

i (2n +1)2 s

e cosh?{(2n + 1)m/2}  12I'%(3)

arises in Ramanujan’s formulas for the power series coefficients of the recipro-
cals, or, more generally, quotients, of certain Eisenstein series [62, Corollary
3.9].

Multivariable generalizations of the products in (10.1.1) have been studied
by Berndt and Zaharescu [80] and S. Kongsiriwong [194].
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10.4 A Generalization of the Dedekind Eta Function

On page 330 of [244], Ramanujan defines a generalization of the Dedekind eta
function, states a transformation formula for it, and then gives three examples.
The first of the three examples is the transformation formula for the Dedekind
eta function. We first give Ramanujan’s definition, his transformation formula,
and his three examples. We then state and prove a theorem of E. Kréatzel [195]
that contains, as a special case, Ramanujan’s transformation formula, but in
a slightly different form.
Define, for each positive integer s and = > 0,

¢S (1,) :: ww( H —27ra;n ’

where ((s) denotes the Riemann zeta function.

Entry 10.4.1 (p. 330). For each positive integer s and x > 0,

¢s(w) = (2m)*/2 exp ( 1/%H11/s > SHl ﬁ

j=0n=1

{1 — 2exp (—27r (g)l/s sin <(2]25+1)>)
ceos (20 (2) " eos (21D
+exp ( A (x)l/s sin <7T(2]25+1))> }1/2 . (10.4.1)

We now state the special cases s = 1, 2,3 of Entry 10.4.1.
Entry 10.4.2 (p. 330).

oo

77rx/12 H 727rm: — o~ m/(122) H *277"/“" ), (10.4.2)

;\/zexp 22 (\};/2)> [T

n=1

{1 — 2e7 VT cog (27r n/a:) + 6_4”\/%} , (10.4.3)
CL‘GXp ( 271'C 1/3 ) H —2#71,396)

T ﬁ {(1 —e 2T W) (1 — 26~/ o (Wﬁf/%) n e—QTrW)} .

(10.4.4)

7N

O‘:‘ n::]8
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The transformation formula (10.4.2) follows immediately from (10.4.1) by
setting s = 1, and is the familiar transformation formula for the Dedekind
eta function [53, p. 256, Corollary (ii)], [54, p. 43, Entry 27(iii)]. The formula
(10.4.3) follows readily from (10.4.1) when z is replaced by x/2. We have
corrected a minor misprint in the first factor of the infinite product on the
right side of (10.4.4), which arises from (10 4.1) with s = 3. In the calculation
of (10.4.4), we need the value ((—3) = 135 [271, p. 19]. We also note that the
terms with 7 = 0 and 7 = 2 are identical and that the term with j = 1is a
perfect square when s = 3.

A result equivalent to (10.4.3) was given without proof by G.H. Hardy and
Ramanujan in Section 7.3 of [176]. It was rediscovered by D. Kim [190] and
was also proved by R. Baxter [49], who proved several results of this nature.
Finally, E.M. Wright utilized a transformation formula equivalent to Entry
10.4.1 for his treatment of partitions into powers [284].

We now state and prove Krétzel’s theorem, generalizing Entry 10.4.1. For
relatively prime positive integers a and b and |argt| < 7/(2ab), define the
generalized Dedekind eta function

oo a—1
o (1) i= (2m) 170 2700 O TT [ (1 — tresessGam™), - (10.45)
n=1v=0
where '
€,(n) == e2™v/n (10.4.6)
and )
mo(=b/a) (10.4.7)

ta0) = Gar/(20))

where ((s) again denotes the Riemann zeta function. Observe that 7y 1 = n(t),
the ordinary Dedekind eta function.

Theorem 10.4.1. Ifa and b are positive integers with (a,b) = 1 and | argt| <
w/(2ab), then
Mab(t) = 7 0 (1/1). (10.4.8)

Proof. Taking the logarithm of both sides of (10.4.5), we find that

a—1 oo oo

b 1 ) b/a, b
1 _ - 277162V+1(4a)n mt”
08 7ab(t) log(2m) +yap(t) =D D —
v=0n=1m=1
(10.4.9)
Recall the integral representation
1 c+i100
et = 5 I(s)t*ds, (10.4.10)
T Je—ioco

where Re ¢t > 0 and ¢ > 0. Using (10.4.10) in (10.4.9) with ¢ replaced by
2meay,+1-q(4a)t’® and with ¢ > a/b, noting that the hypothesis |argt| <
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7/ (2ab) ensures the applicability of (10.4.10), inverting the order of sum-
mation and integration, and twice using the familiar series representation of
the Riemann zeta function, we find that

1-0
log na.(t) = 5 log(27) + vap(t)

_ ai 1 /Hm I'(s)¢(s + 1)¢(bs/a) (2me (4a)t*) " ds
art i i 2v4l—a

- b log(27) + va(t)
1 etico (s /a sin(ms/2)
270 J oo D(s)C(s +1)¢(bs/ )sin(ﬂ's/(Qa))

(2mt®) "4 ds,
(10.4.11)

where in the last step we inverted the order of summation to sum the a roots
of unity. Recall the functional equation of the Riemann zeta function given
by [271, p. 25]

m¢(=5)
1) = —(2n)° . 10.4.12
Cs+1) (2m) I'(s+ 1)sin(ws/2) (10 )
Using (10.4.12) in (10.4.11) along with the functional equation I'(z + 1) =
2I'(z), we find that

c+ioco C(—s s/a
5 log(27r)+ya7b(t)+%/c m¢(=s)C(bs/a)

tb%ds.
Cico  Ssin(mws/(2a)) §

log na,b(t) =

Replacing s by as above, we arrive at

log(27) + Ya,b(t)

1 [eotio® r¢(—as)¢(bs)
270 J oo ino  Ssin(ms/2)

10g 74,5 (t) =
t=% s, (10.4.13)

We now shift the line of integration to —c¢y — ico, —¢o + @00, ¢o > 1/a, by
integrating over a rectangle Cp with vertices ¢ £ i1, —co = ¢T', where T" > 0,
applying the residue theorem, and letting 7" — oo. Because, uniformly in any
vertical strip [271, p. 81], (o +iT) = O(T*), as T — oo, for some constant
k that may depend on the particular vertical strip, we easily see that the
integrals over the horizontal sides of C'r tend to 0 as T tends to co. On the
interior of C the integrand on the right side of (10.4.13) has simple poles at
s =1/b and —1/a and a double pole at s = 0. Let R, denote the residue of
a pole at a. Lastly, replace s by —s. After all this, we deduce from (10.4.13)
that

2

log 14.5(t) = log(27) + Ya,p(t) + Ryjp + Ro+ R_1/4
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1[0 (as)C(~bs)

e ds. 10.4.14
270 Joy—ivo  SSin(ms/2) s ( )
Straightforward calculations show that
R,l/a = _'Ya,b(t) and Rl/b = ’ybﬂ(l/t). (10.4.15)
Since [271, p. 20
1 1
— — - — Zlog(2
((s) = —3 — 3 log(2m)s 4+
we find that ) )
Ry = i(b —a)log(2m) — §ab logt. (10.4.16)

Putting (10.4.15) and (10.4.16) in (10.4.14), we deduce that

108 1)ap (t) = 5 log(27) 4+ Y,a(1/t) — iab logt
1 co+1i00 —
L 7C(a5)C(=b5) avs g (10.4.17)
211, co—ioo S Sln(7TS/2)

Comparing (10.4.17) with (10.4.13), we see that on the right side of (10.4.17)
the roles of @ and b have been reversed, there is an extra additive factor
of —%ablog t, and that ¢ has been replaced by 1/t. In other words, upon
exponentiation, we obtain (10.4.8). O

We now show that Kratzel’s theorem yields Entry 10.4.1. First, observe
that in (10.4.1), the terms with j = v and j = s — v — 1 are identical. Thus, if
s is even, the first product in (10.4.1) can be taken over 0 < j < /2 — 1, and
the square root on the product on the right side can be deleted. If s is odd,
then the term with j = (s — 1)/2 is, in fact, a perfect square.

Now examine Theorem 10.4.1, with ¢® replaced by z, a = 1, and b = s.
Consider the product of the terms with index v and s — v — 1 on the right
side. These are

(1 2#1(0052 —Hsm )(n/m) )(1_ 271'1( c052 Y tisin Z¥ )(n/:p)l/s)
—1_2 —27(n/z)'/* sin ZX 25 COS(QW(H/JJ)US COS ) + 6747r(n/w)1/s sin%-

The term with v = (s — 1)/2 in Theorem 10.4.1 is identical to the corre-
sponding term in (10.4.1). Thus, when simplified, Ramanujan’s Entry 10.4.1
becomes identical with Theorem 10.4.1 when simplified, after the parameters
are specialized and changed as described above. With these observations, we
restate Entry 10.4.1.

Entry 10.4.3 (p. 330). For each positive even integer s and x > 0,

b(2) = (27)°/* exp ( e Sli/ : ) /H I

7=0 n=1
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{1 — 2exp <—27r (2)1/5 sin (”(2‘;:1)))
s (20 (2) " eos (22D
+exp < A (x)l/s sin (”(2‘; 1))) }1/2 :

For each positive odd integer s and x > 0,

(s—3)/2
71 1/s

b.ta) = P exp ( SE) (1 e

xl/s sin(gs

{1 —2exp (—27r (g)l/s sin (W(zéj 1)>>
e (on (2 n (1))
+exp (—47r (g)l/s sin (”(232;1)» }1/2 .

10.5 Two Entries on Page 346

We recall Ramanujan’s notation in the theory of elliptic functions [54, p. 101].
Let
2= oFi(3,3;1,K%), (10.5.1)

where 5 F} denotes the ordinary or Gaussian hypergeometric function, and k,
0 < k < 1, denotes the modulus. Furthermore, put
qg:=e", (10.5.2)
where L )
(il 1, 1—k
Y= P 1(3:3 5 ) (10.5.3)
2F1 ( 2 2 ) 1a k )

Recall that the complementary modulus k' is defined by k' = 1 — k2, 0 <
E < 1.

Entry 10.5.1 (p. 346). For q defined by (10.5.2) and 0 and ¢ defined by

¢ d
20 = / I — (10.5.4)
0 1—k2sin®u

we have

™ 0 2 (—1)"g*H sin(2n + 1)0 T ¢
1 -+ - 4 =logt -+ .
0gtan<4—|—2>+ nz:% 2n+ D)1 =) og tan 4+2
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Entry 10.5.1 is identical to Entry 16(v) in Chapter 18 of Ramanujan’s
second notebook [243], [54, p. 175].

For reasons that will become apparent in the next proof, we replace Ra-
manujan’s 6’ in the next entry by 6*.

Entry 10.5.2 (p. 346). Define 0* and ¢ by

¢ d
= / —u, (10.5.5)
0 V1-—k?sinu
where z and k' are as above. Then
. q" sinh(2n6*) T ¢
0" +2 Z i = log tan (Z +5)- (10.5.6)

Proof. We begin with the following principle in the theory of elliptic functions
found in Section 18 of Chapter 18 in Ramanujan’s second notebook [243], [54,
pp. 177-179]. Suppose that we have an equation of the sort

Qk,e7,2,0,0) =0. (10.5.7)

We now want to write a new equation with k replaced by k’. From (10.5.1),
we see that z will be replaced by

2= oFi(%, LK), (10.5.8)

IR
Yy’ =2 13 2 5 ); (10.5.9)
2F1(§7§;17k, )

and from Entry 18(iv) of Chapter 18 in the second notebook [243], [54, p. 179],
f will be replaced by
0 =ibz/7, (10.5.10)

and ¢ will be replaced by

¢ = ilogtan [T+ 2) . (10.5.11)
4 2
Thus, we obtain a new equation
n <k:', e V' 2, i0z/7 ilog tan <% + g)) =0. (10.5.12)

We are going to apply this principle, but with the roles of the variables
reversed. Thus, taking Entry 15(iv) of Chapter 18 in Ramanujan’s second
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notebook [243], [54, p. 172], we replace the variables by their counterparts
with primes ' on them. Thus, we have

;o x~ sin(2nd’)
0 + Zl meosh(ny] ¢ (10.5.13)

We now use (10.5.12) to convert (10.5.13) to an identity involving 6. Hence,

o1y 0o . 01t
W7 L3 @022 _ 4 logtan <”+¢), (10.5.14)

z n cosh(ny) 4 2

by (10.5.11). By (10.5.4), with the roles of the pairs 6, k and ', k' reversed,

¢ d
20 :/ —u' (10.5.15)
0 1—k?sin’u

Comparing (10.5.15) with (10.5.5), we see that 2’0" = z0*. Using this equality
and (10.5.2) in (10.5.14), we deduce that

. = ¢"sin(2n0*) T ¢
0" +2 ———— =1tlogt -+ =
0"+ anl n(l+ ¢ 1log tan 1 + 5 )

which upon canceling i throughout yields (10.5.6). O

10.6 A Continued Fraction

Entry 10.6.1 (p. 370). Let K = K(k) denote the complete elliptic integral
of the first kind associated with the modulus k, and let K' = K(k') be the
complete elliptic integral of the first kind associated with the complementary

modulus k' = /1 — k2. Then, if n > 0,

mnk 1 > J 1
— = t+4 E T -
2 n2K? = 1+¢% n2K?+ 7252

1 K22 (3k)2 42 (5k)?

Tt ntnt n o+t on A

(10.6.1)

Proof. In Entry 12(i) of Chapter 18 in his second notebook, Ramanujan
recorded the continued fraction
_z (mz2)%x  (2mz)?>  (3mz)%z  (4mz)?
1+(m? 2+ 2 + 2 + 2 + 2 4+
(10.6.2)
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where 2z := 2K/7, * = k?, y = 7K'/K, and m > 0. For a proof, see [54,
p. 163]. Multiply both sides of (10.6.2) by 2 and replace mz by 2/n to obtain
the equivalent continued fraction

sech(jy) =z (k/n)*  (2/n)*>  (3k/n)*  (4/n)®
+Zl—|—2j/n22 1+ 1 + 1 4+ 1 + 1 +-

(10.6.3)
Multiplying both sides of (10.6.3) by 1/n, using the definition z := 2K /7, and
rearranging, we find the equivalent continued fraction

1+

1 2n2K2i sech(jy)
n w2 = (nK/m)? + j2
L 2K/m K2 22 (3K 42

n +n+n+ n +n+-

(10.6.4)

Lastly, multiply both sides of (10.6.4) by 7/(2K), set ¢ = e ¥ in the definition
of sech, and rearrange slightly to achieve (10.6.1). ad

The previous entry has a fascinating corollary found in Section 12 of Chap-
ter 18 of Ramanujan’s second notebook [243], [54, p. 164].

10.7 Class Invariants

We begin by recalling the definitions of class invariants by both Ramanujan
and H. Weber [281]. As usual, set

X(@) = (=4:¢")o0
For

g 1= exp(—my/),

where n is a natural number, Ramanujan’s class invariants G,, and g, are

defined by
Gu:=2"472x(q)  and g, =277 (—g).
In the notation of Weber,
Gn=2""(V=n) and g, =27V (Vn).

Ramanujan devoted considerable energy to calculating over 100 class invari-
ants. An account of most of Ramanujan’s work can be found in Chapter 34
of [57].

On page 342 in [244], Ramanujan provides a list of class invariants from
Weber’s book [281, pp. 722-724]. It is clear that he did not merely copy this list
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of invariants, because at the top of page 342, Ramanujan lists two mistakes
that Weber made in calculating f(1/—41). Weber’s table [281, pp. 721-726]
contains further incorrect values of class invariants. J. Brillhart and P. Morton
carefully checked the entire table and published a complete list of errors [95],
which, of course, contains the mistakes noticed much earlier by Ramanujan.
Ramanujan’s methods for calculating class invariants have largely remained
in impenetrable darkness, and so it is again unfortunate that Ramanujan left
no clues about his methods of calculation. We now provide this table below,

with two trivial misprints corrected.

Entry 10.7.1 (p. 342).

f(vV=20) = tv/8,  t°— ! +2\/S(2t4 +1)=0.

f(V=27)=1tv2, t°—=3t°-3t>—1=0.
f1(v/—26) = tV/2, t6—t4—%(t2+1)=0.

f(V=29) = tv/2, 2" —9t® — 8t —5 = V29(t* + 1)%.

f(vV=35) =t, 2 —2=1+V5)(* 1)
f1(V=36) =tv/2, 15 —4® —2=2V3(t> +1).
fL(V=38) =tv2, 5 -2t — (22 +1)(1+V2) =0.

(V39) = tv2, 15— %1_3@3 +1)=0.

. 1\? 5441 1\  7+V41

f(v/—41) = tv/2, <t2+t2> _T<t2+t_2>+T:O'
fr(v—44) =tV8, "2 — (64 2V11)t5 + (8 +2v11)t* — (3 + V11) = 0.
f1(v/=50) = tV/2, 31?2 = #(Hl).

f(v/=51) = /2, —@+VIDE - —1=0.
f1(vV=52) =tV8, 5 —2(4+V13)t* - %1_3 =0.

64313 — 1 7
(V=63 = tv2 ﬁ:\/;
f(vV=99) = t¥/2, — (124 2v33)t5 — (4 4+ V33)t* — 1 =0.
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Formulas for the Power Series Coefficients of
Certain Quotients of Eisenstein Series

11.1 Introduction

In their epic paper [176], [242, pp. 276-309], G.H. Hardy and S. Ramanujan
found an asymptotic formula for the partition function p(n) that arises from
the power series coefficients of the reciprocal of the Dedekind eta function. As
they indicated near the end of their paper, their methods also apply to several
analogues of the partition function generated by modular forms of negative
weight that are analytic in the upper half-plane. In their last published paper
[177], [242, pp. 310-321], they considered a similar problem for the coefficients
of modular forms of negative weight having a simple pole in a fundamental
region, and in particular, they applied their theorem to find interesting series
representations for the coefficients of the reciprocal of the Eisenstein series
Eg(7). Although there are some similarities in the methods of these papers,
the principal ideas are quite different in [177] from those in [176]. In [176],
Hardy and Ramanujan introduced their famous circle method, and since that
time the ideas in this paper have had an enormous impact in additive analytic
number theory. Although their paper [177] has not had as much influence,
the ideas in [177] have been extended by, among others, J. Lehner [201],
H. Petersson [228], [229], [230], H. Poincaré [231], and H.S. Zuckerman [291].
Additional comments on [177] can be found in the third edition of [242, p. 387].

While confined to nursing homes and sanitariums during his last two years
in England, Ramanujan wrote several letters to Hardy about the coefficients
in the power series expansions of certain quotients of Eisenstein series. A few
pages in his lost notebook are also devoted to this topic. All of this material
can be found in [244, pp. 97-126], and the letters with commentary can be
found in the book by Berndt and R.A. Rankin [74, pp. 175-191]. In these let-
ters and in the lost notebook, Ramanujan claims formulas for the coefficients
of several quotients of Eisenstein series not examined by Hardy and him in
[177]. In fact, for some of these quotients, the main theorem of [177] needs
to be moderately modified and improved. For other examples, a significantly
stronger theorem is necessary. Ramanujan obviously wanted another exam-

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_12, (©) Springer Science+Business Media, LLC 2009
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ple to be included in their paper [177], for in his letter of 28 June 1918 [74,
pp. 182-183], he wrote, “I am sending you the analogous results in case of gs.
Please mention them in the paper without proof. After all we have got only
two neat examples to offer, viz. go and g3. So please don’t omit the results.”
This letter was evidently written after galley proofs for [177] were printed, be-
cause Ramanujan’s request went unheeded. The functions go and g3, defined
in (9.2.2) and (9.2.3), respectively, are the familiar invariants in the theory of
elliptic functions and are constant multiples of the Eisenstein series Ey(7) and
Es(7), respectively. This letter was also evidently written before Ramanujan
obtained further examples.

In this chapter, we establish the formulas for the coefficients of those quo-
tients of Eisenstein series found in [244, pp. 102-104, 117]. In Ramanujan’s
notation, the three relevant Eisenstein series are defined, for |¢| < 1, by

Plg)=1-24Y (11.1.1)
it
e kqu
Qg) :=1+240 -, (11.1.2)
Pl
and
oo k5qk
R(q):=1-504) - (11.1.3)
—l—a

(The notation above is that used in Ramanujan’s paper [240], [242, pp. 136—
162] and in his lost notebook [244]. In his notebooks [243], Ramanujan replaced
P,Q, and R by L, M, and N, respectively.) In more contemporary notation,
the Eisenstein series E9;(7) is defined for j > 1 and Im 7 > 0 by

1 L 47 & k2j—1qk
E2j(7)::§ Z (mar+my) ™ =1 2L

. k
my,ma€7Z B2J k=1 1- q
(ml,WLQ):l
4j ,
=1- = o2i—1(7)q", 11.1.4
B, ; 2j-1(7) ( )

where ¢ = €*™7, B;,j > 0, denotes the jth Bernoulli number, and o, (n) =
2an @7 Thus, for ¢ = exp(2mit), E4(7) = Q(g) and Eg(7) = R(q), which
have weights 4 and 6, respectively [255, p. 50]. Since (11.1.4) does not converge
for j =1, the Eisenstein series Fo(7) must be defined differently. First let

Ej(t):=P(q), q=¢€"". (11.1.5)

Then E5(7) is defined by
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3

mlm 7’

Es(1):=E5(1) — (11.1.6)
The function Fy(7) satisfies the functional equation of a modular form of
weight 2 [255, pp. 67-68], but it is not a modular form.

Central for our proofs are Ramanujan’s differential equations for Eisenstein
series, namely [240, equations (30)], [242, p. 142],

dP _ P*(q) - Q(g)

o TR (11.1.7)
q% _ P(q)Q(q?)) — ko) (11.1.8)
and
q%f _ P(q)R(q;f Q*(q) (11.1.9)
Next define
Blg) =1+ 24% (2';:22%11 lql < 1. (11.1.10)

As will be seen, B(q) is the (unique) modular form of weight 2 with multiplier
system identically equal to 1 on the modular group I5(2).

As indicated above, in [177], Hardy and Ramanujan obtained representa-
tions for the coefficients of 1/R(q) as infinite series. In this chapter, we first
establish Ramanujan’s similar claims for the series

P(q)

1 Q(q) P(q) P?(q) ad L@
Qlq)’ R(q)’ R(q)’ R(q)’ Qlq)

To prove the results in this first class of formulas, a moderate modification
of the theorem of Hardy and Ramanujan is needed. This amended theorem is
proved in detail in Section 11.2. The next four sections are devoted to proofs
of several of Ramanujan’s formulas for coefficients that can be derived from
this key theorem. Most of the results in the first part of this chapter, i.e.,
through Section 11.6, can be found in P. Bialek’s doctoral dissertation [84],
or in a paper by Berndt and Bialek [61].

The representations in the second class, namely, Ramanujan’s formulas for
the coefficients of 1/B(q) and 1/B?(q), are much harder to prove. To establish
the first main result, we need an extension of Hardy and Ramanujan’s theorem
due to Petersson [228]. To prove the second primary result, we need to first
extend work of Poincaré [176], Petersson [228], [229], [230], and Lehner [201]
to functions with double poles, which are not examined in the work of any
of these authors. The contents of the second part of this chapter, wherein
these two remarkable formulas are proved, i.e., beginning with Section 11.7,
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are taken from a paper by Berndt, Bialek, and A.J. Yee [62]. Three further
formulas of Ramanujan follow from one of the two key formulas, and these
are also proved here.

Ramanujan claims that the second set of assertions follow in part from
eight identities for Eisenstein series and theta functions which he states with-
out proofs at the beginning of his letter [74, pp. 189-190]. Indeed, these eight
identities are used in our proofs.

In Section 11.7, we prove the eight identities cited above. Section 11.8
contains a proof of Ramanujan’s formula for the coefficients of 1/B(q). In
Section 11.9, we show that three of Ramanujan’s claims are consequences
of the claim proved in Section 11.8. Lastly, in Section 11.10, we first prove
an analogue for double poles of Hardy and Ramanujan’s chief theorem, after
which we prove Ramanujan’s formula for the coefficients of 1/B?(q).

As we shall see in the sequel, the series found by Hardy and Ramanujan are
very rapidly convergent, even more so than those arising from modular forms
analytic in the upper half-plane, so that truncating a series, even with a small
number of terms, provides a remarkable approximation. Using Mathematica,
we calculated several coefficients and series approximations for the functions
1/B(q) and 1/B?%(g). As will be seen from the first table, the coefficient of
q'° in 1/B(q), for example, has 17 digits, while just two terms of Ramanu-
jan’s infinite series representation calculate this coefficient with an error of
approximately 0.0003. Although we do not provide details, we calculated the
coefficients of 1/B?(q) up to n = 50. To demonstrate the rapid convergence of
Ramanujan’s series, we remark that for n = 20, 30,40, and 50, the coefficients
have, respectively, 29, 43, 57, and 70 digits, while two-term approximations
give, respectively, 29, 42, 55, and 66 of these digits.

One of Ramanujan’s letters to Hardy [244, pp. 97-101] is devoted to estab-
lishing upper and lower bounds for the number of terms in the representation
for the coefficients of 1/R(q) needed to explicitly determine the actual (in-
tegral) coefficients. Although details are given in [244], expanded arguments
can be found in Bialek’s thesis [84] and in Chapter 12 of this book.

Different kinds of formulas for coefficients of modular forms have recently
been established by J.H. Bruinier, W. Kohnen, and K. Ono [96].

We complete the introduction by setting notation. The set of rational
integers is denoted by Z, with Z* denoting the set of positive integers. The
upper half-plane JH is defined by

H={r:Im 7> 0}.

Throughout this chapter, we consider quotients of Eisenstein series that
are not analytic in the upper half-plane. Each quotient is analytic in some
disk, |g| < go < 1, where ¢q is not necessarily the same at each appearance.
The residue of a function f(7) at a pole « is denoted by Res(f, ). The full
modular group is denoted by I'(1), and the modular subgroup I(2) of I'(1)
is defined by



11.2 The Key Theorem 247

ar +b

Ih(2) = {T(T) S o td

We let P; denote the fundamental region

a,b,c,d € Z;ad — be = l;ceven}.

Pi={r:Im7>0, —i<Rer<i, |r|>1}

lz+1|=1 |z|=1

Further fundamental regions are Ps, the region in H bounded by the three
circles |7] = 1, |7+ 1] = 1, and |7 — 1| = 1; Ps, the region in H bounded by
the circles |7 — 1| = 1 and |7 — §| = & and the line Re 7 = ; and Py, the
region in H bounded by the circle |7 + 1| = 1 and the lines Re 7 = —% and
Ret = —%. However, the fundamental region most important for us is the
fundamental region P in H bounded by the circles |7+ 1] = 1 and |7]| = 1

andthelinesReTz—%—eandReTz%—6,where0<6<1.

11.2 The Key Theorem

The principal tool in proving Ramanujan’s formulas is the following theorem,
which is essentially due to Hardy and Ramanujan [177], [242, pp. 312, 316].
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However, we need to modify Hardy and Ramanujan’s theorem slightly (by
refining the estimate of their integral). In particular, in two of our applications,
we examine 1/Q(q), which has a pole at a point on the boundary of P;, and
so we need to work on the fundamental region P instead of P;, both defined
at the end of Section 11.1. For the convenience of readers who may be reading
this chapter while consulting or comparing it with Hardy and Ramanujan’s
paper [177], we have adhered to the notation of [177]. In particular, they set
g = €™ instead of the more customary ¢ = e*™" and therefore consider
functions with arguments ¢2.

Theorem 11.2.1. Suppose that f(q) = f(e™7) = (1) is analytic for ¢ =0,
is meromorphic in the unit circle, and satisfies the functional equation

o(r) =9 (Z:Ig) (et +ad)", (11.2.1)

where a, b, ¢, d € Z; ad —bc = 1; and n € Z*. If o(T) has only one pole in
the fundamental region Py, a simple pole at T = « with residue A, then

1 1
= —2miA , < qo, 11.2.2
f(q) miA) ot ™ 1= (q/qP lq] < qo ( )
and ) 1
0=—2miA) , > 1, 11.2.3
cor 1 wg? 2
where

e ace +b ;
4=xp ca+d ™

and the summation runs over all pairs of coprime integers (c,d) that yield
distinct values for the set {q,—q}. Moreover, for fized ¢ and d, a and b are
any integral solutions of

ad —be = 1. (11.2.4)
Proof. Consider the integral

1
L[ I dz, (11.2.5)
21 Jy, 2 —q
where f is a function that satisfies the conditions specified in the theorem,
H,, is a simple closed contour that is very close to (to be made more precise
in the sequel) and inside (or perhaps touching) the unit circle, and ¢ is fixed
and inside H,,. By Cauchy’s theorem, if |¢| < 1,
1
— &) dz = f(q) + X Res, (11.2.6)
21t Jy,, 2 —q
where X, Res is the sum of the residues of f(z)/(z — ¢) at the poles of f that
are inside H,,. If we can show that the integral tends to zero as m — oo, then
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it will follow that f(q) = —X Res, where the sum is over all residues of poles
in the interior of |z| = 1.

First, we construct a contour H,, that will allow us to easily evaluate the
integral. Our contour H,, is based on Farey fractions of order m. For basic
properties of the Farey fractions of order m, which we denote by F,, see, for
example, [223, pp. 297-300]. For instance, if h'/k' < h/k are two adjacent
Farey fractions in F,,, then

Wk — W'k = 1; (11.2.7)

also,
K +k>m. (11.2.8)

We now construct the desired contour. Suppose h'/k’ < h/k are adja-
cent Farey fractions in F,. Construct the two semicircles in I that have the
segments

K (14260 + 2h (1—2)h+ 2k
BT Egh T d AL e G 11.2.
(k:” (1+26)k’+2k> an <(1—26)k+2k”k> (11.2.9)

on the real axis as their diameters, where € > 0. The inequalities

B h+42n B +2h _h
F o kr2k W12k kK
which follow from (11.2.7), imply that the circles intersect if we choose €
sufficiently small.

Let us say that IV is their intersection point in the upper half-plane, wy, is
the arc from h'/k’ to N, wg is the arc from N to h/k, and w is the union of
wr, and wg.

(11.2.10)

WL N WR

>

h' (1-2eh+2h (1+2e)h'+2h
K 1-2ek+Kk 1+2ek +2k

bl

Repeat the process for each adjacent pair of Farey fractions between 0 and
1. Thus we obtain a path from 0 to 1. Construct the mirror image of this path
on the interval [—1,0], and call the entire contour (from —1 to 1) £2,,.
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If we regard (2, as being in the 7-plane, then the corresponding path in
the g-plane, where ¢ = ™7, is a simple closed contour that starts and ends at
—1 and does not go outside the unit circle. This is our desired contour H,,.
(Eventually, we shall let m go to oo, so that H,, approaches the unit circle,
as will be shown later.)

Now we show that each segment wy, of the path (2, is the preimage of
part of the left-hand boundary of the fundamental region P in H bounded
by the circles |7 + 1| = 1 and |7| = 1 and the lines Re 7 = — — € and
Ret = % — € under some modular transformation, and that each segment
wr is the preimage of the right-hand boundary of P and a short line segment
under some modular transformation. Later we use these properties to estimate
f on the contour §2,,.

If W' /K < h/k are adjacent Farey fractions, then

k/’T o h/ k’r - h
L=y wd D)= g

11.2.11
—kT+h ( )

are modular transformations because hk’ — h'k = 1. These are the modular
transformations to which we referred in the previous paragraph.
We first examine the transformation 77 . Note that under 77, the preimages

of the points ico, % — €, —% — €, 1, and —1 are
ﬁ (1 —2€e)h + 21/ (1+2¢)h — 21/ h+hn and h—n
k> (1—=2e)k+2K" (1+2)k—2K" k+k’ k—k"~

(11.2.12)
respectively. Recall that, in the extended complex plane, modular transfor-
mations map the family of all circles and straight lines onto itself, and note
from the definition of T that T} (7) = T1 (7).

These imply that the preimages of the half-line Re 7 = % —¢ Im7 >0,
the half-line Re 7 = —% —¢€, Im 7 > 0, and the upper half of the unit circle
are the semicircles in the upper half-plane JH{ that have the segments on the

real axis

(1 —2e)h+2h h h (14 2¢)h — 2K J h'—h k' +h
((1 200k + 2K k) ’ (k; (1+2e)k—2k’) o <k:’ K k’+k>
(11.2.13)
as their diameters, respectively. Unless otherwise stated, the semicircles in
this chapter are assumed to be in H with their diameters on the real axis.
Similarly, under the transformation 75, the preimages are the semicircles
that have the segments

h' (1 —2e)h —2h R (1+2¢)h + 2h q W —h B +h

(k” (120K — 2k> <k” 1+ 20K + 2k:) . (k’ B E+k

(11.2.14)

as their diameters, respectively. Also, the preimage of the semicircle centered
at —1 with radius 1 is the semicircle with the segment
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h+20
(m, E) (11.2.15)

as its diameter.

From (11.2.9) and (11.2.14), we see that T» maps wy, into the half-line
ReT = —1 —¢ Im7 > 0. Also, by (11.2.9) and (11.2.13), we see that T}
maps wg into the half-line Re 7 = % —¢ Im72>0.

Under T7, the image of the left semicircle is the semicircle with the segment
(0,2/(1 + 2¢)) as its diameter, while the image of the right semicircle is the

half-line Re 7 = 2 — ¢, Im 7 > 0. The images intersect at the point

2
1 . % — %6 +e? — 263
—(L_ - 11.2.16
T <2 e> +2\/ Ty ; ( )
so 71 must be the image of N. Thus the image of wg is the half-line
1 3 _3c+e?—26
Rer=5-—¢ Im7’>\/4 2;:26 <. (11.2.17)

Similarly, under T, the images of the semicircles are the half-line Re 7 =

—%—¢ Im 7 >0, and the semicircle with the segment (—2/(1 — 2¢),0) as its

diameter. These images intersect at

1 L 343e+e?+268
= —-= - i
i 5~ ¢ 1— 2 :

the image of N. Thus the image of wy, is the half-line

1 3+ 34?4268
ReT=—=—¢ Im7>4/4 2¢T ¢ < (11.2.18)
2 1—2e
The intersection of the line Re 7 = % — ¢ and the upper half of the unit

circle is the point

= (—) +iy/Ere—e2, (11.2.19)

which is the lowermost point on the right-hand boundary of P. Similarly, the
lowermost point on the left-hand boundary of P is

Ty = (—%—e)—}—i %—i—e—eQ.

Note that for € > 0,

3_3 2 3
I 5ete — 2 3 )
— — 11.2.2
\/ T 2e < 4+6 €, ( 0)

because
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—de+e 28 < (B+e—)(1+2e) =3 +3e+e® —26%

3 34 3c4e2+268
\/ = +e—e 4 2 ) 11.2.21
4+e € <\/ T2 ( )

By (11.2.17) and (11.2.18), inequalities (11.2.20) and (11.2.21) imply that T
maps wy, onto part of the left-hand boundary of P, while the transformation
T1 maps wg into the right-hand boundary of P and a line segment below the
right-hand boundary of P. We denote by ¢; the line segment that has 7 and
Ty as its endpoints. Note that by (11.2.16) and (11.2.19), the length of ¢; tends
to 0 as e tends to 0.

Also, if wy,, wgr, and w are curves in the 7-plane, then let Cr, Cg, and C
be the corresponding arcs in the g-plane, where ¢ = e™".

Next we obtain an estimate for the integral of f(z)/(z — q) over Cg, one
segment of H,,. We then use this to obtain an estimate of the integral over all
of H,,. We begin by finding an upper bound for | f| on € (which is equivalent
to finding an upper bound for |¢| on wg).

Recall that f(g) = f(e™") = ¢(7) is analytic at ¢ = 0. So lim,_o f(q)
exists and lim,_;~, ¢(7) exists. Recall also that ¢ has only one pole in each
fundamental region. So ¢ has only one pole in P; and one pole in P,. Thus we
see that by our choice of € we can avoid having a pole on the left- or right-hand
boundary of P. Since lim,_, ;o ¢(7) exists, we know that |p(7)| is bounded
on the right- and left-hand boundaries of P.

Now consider the line segment ¢;. If € is sufficiently small, then ¢ is in
at most two fundamental regions, P, and Ps. Since each of these regions has
only one pole of ¢, we can avoid having a pole on ¢; by choosing e carefully.
Thus, |o(7)| is bounded on ¢; as well. So we can say that

L[

Similarly,

lp] <M (11.2.22)
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on /1 and the right- and left-hand boundaries of P, where M is some absolute
constant. Note that M is independent of m, where m is the order of F,,.
By the functional equation (11.2.1),

KT —hn
—kT+h

lo(T)] = ‘w( >’|—k:7-+h|". (11.2.23)

If 7 is on wg, then, by (11.2.22) and (11.2.23),
lo(T)| < M| — kT + h|" = ME"|T — h/E|", (11.2.24)

because 77 maps wpr onto ¢ and the right-hand boundary of P. For 7 on
wpg,, the quantity |7 — h/k| is maximized when 7 = N. We need to estimate
|N —h/k|. By (11.2.16), N is the preimage of 71 under the transformation 77,
and so

_ hr + 1
N=T7'(r)= —.
GV P
Thus, by (11.2.7) and (11.2.16),
AT
k|l kK + K r|
B 1
1 3 _3et+e2 26
’ 2 [+ 22, (4" 2
kk' + k (2 e>+zk\/ o
1

3 3 2 3
T —5e+e€ — 2
Kk + k2L — ) 4kt (L2

1
< 2
VG + 3i)7 +
2
- (11.2.25)
for e sufficiently small.
On wg, by (11.2.24) and (11.2.25),
. 2 ! o M
()| < ME =—5————>— . (11.2.26)
kK2 + kK + k'2 (k? + kK + K%/
Thus, we have obtained a bound for |f| on Cg.
If q is fixed and inside H,,, then
f(2) M,
z—q|  (k®+ kK + K22 (11.2.27)
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for z on Cgr, where M, is some constant that depends on ¢ and n.

Now we estimate the length of Cr. We first calculate the arc length of wg,
then make the change of variable ¢ = exp(mi7), and lastly estimate Cr. From
(11.2.9) and (11.2.10), we see that the length of wg is less than

1 (h_ WY_1 (1
2" \E T ®) T 2" ek

by (11.2.7). Because

d .
’d?“ = |wie™"| = |mig| < 7
on this arc, the length of Cg is less than
2
w1
A (11.2.28)
Thus, by (11.2.27) and (11.2.28),
M.
e éf(—Z)q dz’ kK (k% + kzkj—i— K2z (11.229)
R

where M is some constant that depends on ¢ and n. Using the transformation
T5, we can obtain an identical result for the integral over Cp, .

So far we have examined only the portion of (2,, in the right half-plane
and the portion of H,, in the upper half-plane. Because §2,, is symmetric
about 0, it follows that H,, is symmetric about the real axis. By applying the
reasoning above to the interval [—h/k, —h'/k'], we obtain identical results for
the arcs in the lower half-plane that are mirror images of the arcs €y, and Cg
in the upper half-plane, which we have just analyzed.

We are ready to estimate the integral over H,,. Using (11.2.29), we obtain
the inequality

1
< 4M, :
’ H, %~ ’ Z k' (k2 +kk/ k/2)n/2

(i)

where the summation runs over all adjacent pairs of Farey fractions in Fj,,
and My is, of course, independent of m. We want to show that the right-hand
side tends to zero as m tends to oo.

To that end, observe that

(11.2.30)

1 1
> <Y — (11.2.31)
/(1.2 / 12\n/2 ’
(}l,h>kk(k + kk' + k'?) o kk’(kgk)
Kk Kk
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Therefore, by (11.2.30) and (11.2.31),

= 0. (11.2.32)

Note that for a typical arc €, the maximum distance from the arc to the
unit circle is less than the length of €. From our calculation of the maximum
possible length of Cp in (11.2.28), we see that the length of € is less than

2 72 n?

A k(m—Fk) — m—1

if £ < m, and it is less than

2 72

kK~ m
if kK = m. So as m tends to co, H,, approaches the unit circle uniformly from
the inside. Therefore all the poles of f(z) that are inside the unit circle are

eventually inside H,,. By (11.2.6) and (11.2.32),

fl@) == Res, (11.2.33)

where X' Res is the sum of the residues of f(z)/(z — q) at the poles of f that
are inside the unit circle. We next determine these poles.

Recall that ¢(7) has only one pole in P;, a simple pole at 7 = «a, with
residue A. By the functional equation (11.2.1), the only poles of ¢(7) in the
upper half-plane are at the points 7 = (aav+ b)/(ca + d), where a, b, ¢, d € Z
and ad — bc = 1.

If ¢ and d are fixed, and (a, b) is one solution to ad — be = 1, then the com-
plete set of solutions is {(a + me, b+ md) : m € Z}. Each of these solutions
produces a distinct pole of (7). However, this set yields only two distinct
poles of f(g), namely,

ac+b
=4+ ] 11.2.34
q exp (ﬂzca—i—d) , ( 34)
because
(a+mc)a+ (b+md)\ m .ac+b
exp <7rz ot d = (—1)"exp T a)

If we let (¢, d) range over all pairs of coprime integers, then the two expressions
in (11.2.34) will eventually take on as their values each of the poles of f inside
the unit circle.

However, as we will see later when applying the theorem, it is possible that
different pairs (¢, d) may produce the same poles of f(g). In our applications,
we need to be careful when calculating the sum X' Res so that we do not count
a residue of the same pole twice.
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We now calculate the residues of f(q) at its poles. If we let T :=
(at + b)/(cT + d), then 7 = (dT — b)/(—cT + a). When we substitute T
for 7 and find a common denominator, we find that

A= Reslp(r), ) = i er + )" (227 ) (7 =)

cT+d
dl'—b
— A" i el
(ca+d) TI—IEXSD( (—cT—|—a )
:(ca+d) lim < (ca+d)T aa+b))
(aa+b)/(oa+d) —cT'+a
_aa+ b
_ d lim ca+d d
(cor+d)" T—>(aa+b)/(ca+d) aa + b u (ca+d)
ca + d
= (ca+ d)"+? lim T) _aath (11.2.35)
T—»(aa+b)/(ca+d) ca+d

Note that the right-hand side of (11.2.35) is (ca + d)™*2 times the residue of
o(1) at 7 = (aa +b)/(cae + d). Hence,

ac+0b A
Res = . 11.2.36
s (SO(T)’ ca + d) (ca + d)n+2 ( )
Using (11.2.36) and the fact that
dq i ex aa +b
— =7
dr|,_aatd P ca +d

“catd

we find that

1Ae p( iaa—i—b)

miAexp | 7 .

aa+b ca+d TiAq

Res ,+ + =+ =

€5 (f(Q) €exXp (7” o+ d)) (COé +d)n+2 (ca—|— d)n+2
(11.2.37)

where

— exn (1% +b
I=SP ™0 rd)
When we use (11.2.37) to evaluate the sum — ) Res in (11.2.33), we find that
(11.2.33) becomes

miAq 1 —miAq 1
f(q)__Z((ca+d)n+2g_q+ (Ca+d)n+2 _g_q)

: 1 1
= —2miAY " o T P T W (11.2.38)
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where the summation runs over all pairs of coprime integers (¢, d) that yield
distinct values for +¢ (the poles of f(q)), and for fixed (c,d), (a,b) is any
integral solution to ad — bec = 1. Thus the proof of the theorem is complete
for |¢| < 1.

If |g| > 1, the proof is the same except that now there is not a pole of f(q)
inside the unit circle. Thus, the term f(g) in (11.2.2) does not appear, and so
we arrive at (11.2.3) instead. O

11.3 The Coefficients of 1/Q(q)

As we noted earlier, Hardy and Ramanujan used Theorem 11.2.1 to prove
a formula for the coefficients in the power series expansion of the recipro-
cal of the Eisenstein series Eg(7) = R(q). In this section we prove one of
the analogous results found with the publication of the lost notebook [244,
pp. 102-104], [74, pp. 179-182]. These three pages are apparently taken from
one of Ramanujan’s letters to Hardy in 1918, but the pages are undated and
bear no salutation.

Let K = Q(v/=3). The algebraic integral domain Ox = Z[(] = Z & (Z,
where ¢ = exp(27i/3), is a principal ideal domain. If (¢, d) is a pair of coprime
integers that is a solution to the equation

AN=c*—cd+d? (11.3.1)
where ) is a certain fixed positive integer, then

+ (¢,d), =£(d,c¢), =(c—d,c), =£(c,c—d), =*(d,d—c), =H(c—d,—d)
(11.3.2)
are solutions as well. To see this, set & = ¢+ d¢ and let 2 = (¢ + d¢) be an
ideal. Then, if N denotes the norm of 2, we see that

A= NE) =2AA = (c+d¢)(c+d(),
where ¢ = ¢2. The unit group in O is U := {£1, £, £¢?}. Tt follows that
A= (o) = (—a) = () = (—a() = (al?) = (—a?),
A= (a) = (~a) = () = (~a() = (a¢®) = (—ac?).
Hence, one solution generates twelve solutions. For example, if
A= (a) = (¢ +d¢?) = (¢ +d(=1 =) = (=d + (¢ — d)C),
then (—d,c — d) is a solution if (c,d) is a solution. Note that if \ is a prime,

then the twelve solutions are the only solutions, but if A\ is composite, there
may be many solutions.
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Definition 11.3.1. We say that two solutions (c¢1,dy) and (cq, dz2) to the equa-
tion (11.3.1) are distinct if they do not simultaneously belong to the same set
of solutions in (11.3.2).

Note that each of the solutions in (11.3.2) has an element from two of the
three sets {£c}, {+d}, and {£(c — d)}. Thus if two solutions simultaneously
belong to (11.3.2), then they have an element in common at least in absolute
value. It follows that (c1,d;) and (c2,dz) are distinct solutions to (11.3.1) if
and only if

Co, dg ¢ {:l:Cl7 :tdl} (11.3.3)

It is well known, see, e.g., the text by Niven, Zuckerman, and Montgomery
[223, p. 176], that the integers A\ that can be represented in the form of A\ =

c? — cd + d?, with ¢ and d coprime, are integers of the form

A=3T]py, (11.3.4)
j=1

where a = 0 or 1, p; is a prime of the form 6m + 1, and a; is a nonnegative
integer, 1 < j <.

Entry 11.3.1 (p. 103). Recall that Q(q) and R(q) are defined by (11.1.2)
and (11.1.3), respectively. Let

1 oo
== Bd™  ldl <,
) n=0

and

5
G := R(e¥™*) 5042 . f )k o =2.8815..., (11.3.5)
™3 _(—1

where p := —1/2 +i\/3/2. Then

2
nrv3/3  2C08 <7;n —6 arctan(S\/§)>

B = (_1)n% emr\/g _ € 7 + = enwx/§/7
6
2 cos (;T: - 6arctan(—2\/§)> enmV3/13
133 _|_ . e
3 nwx/g/)\
2 Z . (11.3.6)
)

Here X runs over the integers of the form (11.3.4),
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hi(n) =1, hs(n) = —1, (11.3.7)
and, for A > 17,
nm V3
hx(n) =2 (z:d)cos ((ad—i— be — 2ac — 2bd + )\)7 — 6arctan <2d — c)) ,
(11.3.8)

where the sum is over all pairs (c,d), where (c,d) is a distinct solution to
A = c? —cd+d? and, for fized (c,d), (a,b) is any solution to ad — bc = 1.
Also, distinct solutions (c,d) to A = ¢* —cd+ d? give rise to distinct terms in
the sum in (11.3.6). Furthermore, if n < 0, the sum on the far right side of
(11.3.6) equals 0.

Proof. We apply Theorem 11.2.1 to the function 1/Q(¢?). Then o(7) =
1/Q(e*™7) = 1/E,(7). Since the Eisenstein series Es;(7) is a modular form
of degree —2j [255, p. 50], ¢(7) satisfies the functional equation (11.2.1) with
n =4, ie.,

ap+b 4
= . 11.3.
o(T) <p<07+d)(c7'+d) (11.3.9)
The function ¢(7) has only one pole in Py, a simple pole at 7 = —% —H"/Tg =:p

[246, p. 198]. Thus, in (11.2.2), we have
a=p. (11.3.10)

Clearly ¢(7) is meromorphic in H, which implies that f(q) is meromorphic in
the unit disk.

We now calculate A = Res(¢, p) by calculating the corresponding residue,
Res(f, e™").

Suppose that a function F(g) has a simple pole at ¢ = ¢;. Expanding F(q)
into its Laurent series about ¢ = ¢, we can easily see that

1
Res(F, q1) = qF @)/, (11.3.11)
By (11.3.11), (11.1.2), and (11.1.8),
. 1 3 q
R s TP = - = —
) = Q@) |y~ 2P~ @) |ne
L3 T 3eme
© 2R(e?ie)  2G

where G is given by (11.3.5).

If we apply (11.2.37) with o = p and (a,b,c,d) = (1,0,0,1), then we
deduce that )
3™

2G

TP _

TiAe
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or

3
A=— . 11.3.12
2miG ( )
By (11.2.2), (11.3.9), (11.3.10), and (11.3.12), we find that
1
11.3.13
GZ cp+d 1—(q/g)2 ( )
where

b
q=exp (m <zz’j_d>) : (11.3.14)

and where the summation runs over all pairs of coprime integers (c,d) that
produce distinct values for the set {q, —¢}, and (a,b) is any integral solution
to ad —bec = 1. -

By (11.2.34), each pair (¢, d) leads to exactly two distinct poles of f in the
unit circle, ¢ and —q, but it is possible that different pairs may lead to the
same poles, so we need to be careful that we do not count the same pole twice
in the summation.

Thus, two tasks remain: find the values of (¢, d) over which the summation
runs, and compare the coefficients of ¢" on both sides of (11.3.13).

First, if A = ¢ — cd + d?, then

ap+b  (ap+Db)(cp* +d)  ac+bd+ (ad—be)p + be(p + p?)

cp+d A A
ac—|—bd—bc—%+§i
3 .

—mV3 e 1 1
_ m ~ lad— = . 11.3.1
q = exp ( o > exp ( 3 (ac+bd 2ad 2bc)) (11.3.15)

If two pairs (c3,d3) and (c4,dy) produce distinct values of A, i.e., 3 —
c3ds + d% =A3F# N = c?l — cydy + di, then those pairs lead to distinct values
for the set {+q}, say {£q¢,} and {£q, }, i.e.,

So,

{£q,} n{£g,} =0. (11.3.16)

We now consider the case in which different values of (¢, d) produce the
same values of \. As we saw in (11.3.2), each solution (¢, d) to A = ¢® — cd + d?
generates a total of twelve solutions. If A = 1 or A = 3, then only six of
these twelve are different solutions. If A > 7, then the twelve solutions are all
different.

Suppose that the solution (¢, d) leads to {:I:qS}, say. Then (—c¢,—d) also
leads to {+g,}, while (d, ¢) and (¢,c—d) both lead to {£g,}. Since these three
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basic transformations lead to either {+g } or {+g_}, it follows that (c,d) and
the eleven corresponding solutions of (11.3.2) yield a set of only four different
poles, namely,

{*q,. +q.}- (11.3.17)

This would be a set of only two poles if g were real or purely imaginary. We
prove in Lemmas 11.3.1, 11.3.2, and 11.3.3 at the end of this section that ¢
can never be real, and that it is purely imaginary only when A =1 or X\ = 3.
Thus, (11.3.17) is valid only for A > 7. If A = 1 or A = 3, then the solutions
of (11.3.2) produce a set of only two poles (for each value of \),

{+q}. (11.3.18)

Lastly, suppose that (c1,d;) and (co, ds) are distinct solutions to equation
(11.3.1). In Lemma 11.3.4 at the end of the section, we prove that each distinct
solution (together with its eleven corresponding solutions in (11.3.2)) yields
four distinct poles, i.e.,

{igl’ igl} N {igg’ iQQ} = (Z)v (11319)

where the bracketed sets correspond to (c1,d1) and (c2,ds), respectively.

We can now express the right-hand side of (11.3.13) not as a sum over
pairs (¢, d), but as a sum over A\ and over distinct pairs (¢, d).

From (11.3.13) and (11.3.16)—(11.3.19),

3 1 1
0=\ 2 v ar 1=t )

A<3

iyt Lo, 1
T \(p+d)® 1-(g/9*  (dp+0° 1-(a/7)* ) [

A>3

where A runs over all integers of the form (11.3.4), and where, for each fixed
A, the sum is also over all distinct pairs (¢, d).
For \ = 1, with (a,b,c,d) = (1,0,0,1), by (11.3.15),

q = exp (—W\/§/2) exp(—mi/2) = e ™V3/2

Thus,
1 I 1
(cp+d)°® 1—(q/q)® 14382

Similarly, for A = 3, with (a,b,¢,d) = (1,1,1,2), by (11.3.15),

—on (58 o (5 (3)) = oo (572).

(11.3.21)

IS



262 11 Coefficients of Eisenstein Series

Thus,

1 1 1 1
S — (11.3.22)

(cp+d) 1—(a/a)* 27 14 ¢nVB3/3g2
By (11.3.21) and (11.3.22), equality (11.3.20) becomes

@)= 28—y —
in 1+eﬂ\/§q2 271+em/§/3q2

oyt Lo, 1
5 \(ep+d)® 1=(q/9)*  (dp+0)° 1-(a/q)’

A>3
3{ Z n n‘n’f 2n i i(_l)nenﬂ'\/g/San
A 27 2

n=0

00
(z:(cp+d62 —2n 2n dp+c Zg 2n 2n>}
A>

=3 Bud™, (11.3.23)

n=0

where |g| < e=™V3/2 and

3 ( 1 —2n 1 —Qn)
2y (s ——T ") (11.3.24)
G > (cp+d) (dp+c)

A>3

We now show that

1 1
(cp+d)° - ((dp+c)6>’ (11.3.25)

and then we use this to express the sum in (11.3.24) more explicitly. By an
elementary calculation, we find that

1 1 3
—— = — exp | —67arctan cV3 , 11.3.26
(cp+d)° N 2d

cp —c

and similarly,

(di)G = % exp (—Gi arctan <260i\/§d>> . (11.3.27)
p+e -
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Note, however, that

V3 dv3
tan <arctan <2d — c) —+ arctan <2c — d))

V3 . dv3
_ 2d—c  2c—d -3
1 3 dv3
2d —c¢ 2c—d
Hence,
d
arctan <22\i§c> + arctan (20{2) =mm — g , (11.3.28)
where m is some integer. Thus from (11.3.26), (11.3.27), and (11.3.28),
1 1 1 0 1
= — —61 —=)) == 11.3.29
(co+d)° (dp+c)°  N° exp (=6i (mm - 7)) 20’ ( )

which is, of course, real. Since {(cp+d)%(dp+c)®} 1 is real, (11.3.25) follows.
From (11.3.15),

TLT(\/g

¢ " = (—1)"exp ( ) exp (n;\m (ad + bc — 2ac — 2bd + )\)) .

(11.3.30)
Thus, by (11.3.29), (11.3.26), and (11.3.30), each summand in the sum of
(11.3.24) is

—2n
2Re g . _ 2(_1)nen7r\/§/)\
(cp +d)

exp (le\”(ad + bc — 2ac — 2bd + )\)) exp (—62' arctan (22\/3 ))
—c

)\3

x Re

_1 n
= ( )\3) 2 cos ((ad + bc — 2ac — 2bd + /\)% — Garctan (23/5 enmV3/A

—C

(11.3.31)

From (11.3.24) and (11.3.31), the coefficient of ¢*" in the power series expan-
sion of f(q) is
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nﬂ\/§/3
n nmwy/< ¢
Bn = (-1) enmVE — 3

Qe

3
2 cos <(ad + be — 2ac — 2bd + )\)% — G arctan (22\fc>>
B TV3/\
+ Z A3 e" K
3
A>

Z ) g3/ : (11.3.32)
)
where hy(n) is defined in (11.3.7) and (11.3.8). This proves (11.3.6).
To obtain the displayed terms in the expansion (11.3.6), we choose
(a,b,c,d) = (1,0,3,1) for A =7 and (a,b,c,d) = (1,0,4,1) for A = 13.
Lastly, we consider the case for n < 0. Up until (11.3.23), we did not use
the fact that |g| < 1, except that if |¢| > 1, by Theorem 11.2.1, the left side of
(11.3.23) would equal 0. Instead of expanding the summands on the left side

mw

of (11.3.23) in powers of ¢, we expand the summands in powers of ¢=! when
lg| > 1. We thus find that, for |g| > e™V3/2,
n e T 3 —2n 1 = n_—nm\/3/3 —2n
s —;72<—1>e :
n=1 n=1
4 2n 72n —2n 72n

>3
=> B
n=1

This then completes the proof of the entry for n < 0.
Thus the proof of Entry 11.3.1 is complete apart from several technical
lemmas. ad

Lemma 11.3.1. Given a coprime pair of integers (¢, d), we can always choose
integers a and b such that ad —bc =1 and

lac +bd — %(ad + be)| < 3(c® — ed + d?). (11.3.33)

Proof. Let (a1,b1) be a solution to ad — bc = 1. Then the complete set of
solutions is {(a1 + me, by + md) : m € Z}. Substituting this expression into
the left side of (11.3.33), we see that
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|(a1 +me)e+ (by + md)d — 3 (a1 + me)d — 5 (by + md)c|
= ’alc + bid — %ald — %blc +m(c® —cd + d2)| .

For some unique integer m,, we have
aic+ bid — %ald — %blc—i— ml(c2 —cd+ d2) <0
and
aic+ bid — %ald — %blc + (mq +1)(¢* — ed +d*) > 0,
since ¢? — cd + d?> > 0. Thus one of the two pairs
a=ai+mic, b=bi+mid and a=a+(mi+1)c, b=0b+(mi+1)d
is our desired solution. ad

Lemma 11.3.2. If ad — bc = 1, where a, b, ¢, d € Z, then the quantity

—mV3 _ ac+bd—%(ad+bc))>
- A A— 11.3.34
g=ep (2(8 “ed d2)> P <7” ( E_cdt & ( )

cannot be real.

Proof. By (11.2.34), if ¢ and d are fixed and (a, b) is a solution to ad —bc = 1
that leads to ¢, then other solutions to ad — bc = 1 will lead to either ¢ or —q.
Therefore if ¢ is real for some solution (a, b), then it is real for all solutions.

Suppose that a certain pair (¢, d) leads to a value of ¢ that is real. We can
assume without loss of generality that (a, b) satisfies (11.3.33). Since q is real,
we have, by (11.3.34), -

ac+bd — 1(ad + be) = 0 (mod (¢* — ed + d?)),

and so, by (11.3.33), ac + bd — % (ad + bc) = 0. Adding the equations 0 =
(ac+bd — $(ad + bc))? and 1 = (ad — be)? gives
1=dad%? + d’d® + VP 4+ b*d® — a’cd — abc® — abd® — bcd
+ 1(ad® + 2abed 4 b°c?)
= (¢® —cd+d*)(a® — ab+ b*) + L(ad — bc)?
=(* —cd+d*)(a® —ab+b*) + 1
Hence,
3 = (- cd+d*)(a® —ab+ 1),

which is impossible since the variables are integers. Thus g cannot be real. O
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Lemma 11.3.3. Under the conditions of Lemma 11.3.2, the quantity q is
purely imaginary only when X =1 or A = 3, where A = ¢ — cd + d>.

Proof. Suppose that a certain pair (¢, d) leads to a value of g that is purely
imaginary. We can assume without loss of generality that (a,b) satisfies
(11.3.33). Since q is purely imaginary, we have, by (11.3.34),

2|ac+bd — §(ad + be)| = ¢ — cd + d°. (11.3.35)
Thus, by (11.3.35) and the equality ad — bc = 1,

(Jac + bd — L(ad + be)| — (a® —ab+b2))2
= (ac+ bd — % (ad + be) ) —2ac+ bd — 3(ad + be)| (a® — ab+b?)
+ (a® — ab + b*)?
= (ac+bd — 3(ad + bc))2 — (¢ —cd + d?)(a® — ab+b*) + (a® — ab + b*)?
= (a® — ab+b%)* — 3(ad — be)?

=A%2-3 (11.3.36)

A:=a® — ab+ b

Since A € Z,
lac 4+ bd — %(ad + be)| =

where W is odd and positive. Therefore, by (11

iw, (11.3.37)
3.3

6) and (11.3.37),
2
(4 - 2" = 42— 3
or
W (AW —4) = -3

Hence, the quantity 4VV A is negative. Clearly, its absolute value is at least

1 . Since
S=w (W =4)| > [3W],

we deduce that W =1 or W = 3. But by (11.3.37) and (11.3.35),

W = 2|ac+bd — 2(ad + be)| = ¢ —ed + d* = \.
We conclude that if g is purely imaginary, then A can be only 1 or 3. When
A=1and (¢,d) = (1,0), say, we have, from (11.3.34),

q= ie—m/ﬁ/zem‘/z _ iie_’“/g/z.

When A =3 and (¢,d) = (2, 1), say, we have

g = e/ VB =mi/2 _ o=/ (V).

Soif A =1 or A = 3, the quantity ¢ is indeed purely imaginary. O
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In Lemma 11.3.4 we establish (11.3.19) by proving the contrapositive
statement, namely, that if two different solutions (¢,d) to the equation
A = ¢ — cd + d? lead to the same set of poles, then the solutions are not
distinct.

Lemma 11.3.4. If (¢g,ds) and (c7,d7) are two pairs of coprime integers such
that
g — codg + d2 = c2 — crdy +dE = ), (11.3.38)

and if
{#g,+8,} = {+a;, +2.}, (11.3.39)

where q is defined in (11.3.15), then the two solutions of (11.3.38) are not
distinct. In other words,

{67, d7} N {iCG, idﬁ} 7'5 @ (11.3.40)

Proof. From (11.2.34), we see that for fixed (c;,d;), the set {:I:gj,:lzgj} is

not affected by our choice of (a;,b;). Thus we can assume without loss of
generality that (a;,b;) satisfies (11.3.33) for j = 6 and 7. In other words, if
we define e; by

€j = a;Cj + bjdj - %ajdj — %bjCj, (11341)

then we can assume that
lejl < 3A, 7 =6,T. (11.3.42)

We show that (11.3.39) implies that eg = de7 by considering four different
cases.

If g, = g, then by (11.3.15) and (11.3.41), mieg /A = mier/A+2mim, where
m is some integer. In other words,

eg = er (mod 2)). (11.3.43)

If, however, ¢, = g, then, by (11.3.15) and (11.3.41), mieg/A = —mie7 /A +
2mimy, where my is some integer. Thus,

es = —er (mod 2)). (11.3.44)

If g, = —q., then, by (11.3.15) and (11.3.41), mieg/A = mier/A + mi +
2mime , where mo is some integer, or in other words,

es = e7 + A (mod 2)). (11.3.45)

Similarly, if ¢, = —g,, then mieg/\ = —mier /X + wi + 2mwimsg , where mg is
some integer, which implies that

eg = —er + A (mod 2)). (11.3.46)
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From (11.3.43)—(11.3.46), we see that the set equality {:N:QG,:I:Qﬁ} =
{£q,,+q,} implies that e = ez (mod A), which implies that, by (11.3.42),

e¢ = *ey. (11.3.47)
Observe that, by (11.2.4) and (11.3.41),
6? —+ 1= 632- + (ajdj — bjCj)2 = (C? — dej =+ d?)(a? — (ljbj + b?) + %
Therefore since €2 = €2 and ¢ — cgdg + d2 = ¢2 — crdy + d%, we deduce that

a% — agbg + bg = a% — arby + b% (11.3.48)

Later we use this observation.
We now prove (11.3.40) using matrices. We consider two cases.

Case 1. Assume that eg = e7. If we let, for j = 1,2,
¢; — d; B2d;
M; = , (11.3.49)
a; — 3b; L2,

then
C? — dej + d? a;Cj + bjdj — %(Ljdj - %bjCj
M;M]" =
a;Cj + bjdj - %ajdj — %bjCj a? - Cljbj + b]2
(11.3.50)
Observe that
MgM{ = M, M7, (11.3.51)

by (11.3.38), (11.3.41), (11.3.48), and the assumption that eg = e7. After mul-
tiplying both sides of (11.3.51) by M- on the left side and then by (M{)~!
on the right side, we obtain

U:=M;"'Msg=MI'(MI)"' = Mz ' M) = W0 HT. (11.3.52)

We want to determine the entries of U, because these may give us infor-
mation about the entries of the matrices Mg and M7. We start by calculating
the values of the determinants |M;| and |U|. From the definition of M; in
(11.3.49), a straightforward calculation gives

|M;| = J/;, (11.3.53)

by (11.2.4). Thus, by (11.3.52) and (11.3.53),

U] = <—%> (-?) _1 (11.3.54)
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If

U= E j] , (11.3.55)

then, by (11.3.54) and (11.3.52), we find that
wz| |z —y
yz| |-z owl|’

U= [_wx ﬂ . (11.3.56)

Thus, U is of the form

By (11.3.52), (11.3.53), and a straightforward calculation (in the notation
(11.3.55)),

w = —b7(66 — %dﬁ) + d7(a6 - %b@),
xr = —§b7d6 + §b6d7,

11.3.57
y = Jlar — 5b7)(ce — 5ds) — 5 (as — 5b6)(cr — 5dv), ( )
z = dg(a7 — *b7) — b6(67 — *d7)
Thus, we see that U has the form
3P PQ
U= , (11.3.58)
1 1
a2 s

where P, Q, R, S € Z. By (11.3.56) and (11.3.58), we conclude that U is of
the form

R
U= , (11.3.59)
£ Q3P
where P, Q € Z.
By (11.3.54) and (11.3.59), we deduce that
1 3
- P2 e 2 -1
Pt e ;
so either P, @ € {£1} or P = £2 and Q = 0.
If P=42and Q =0, then
10
U=+ [0 J . (11.3.60)

But by (11.3.52), we deduce that

Mg = £My, (11.3.61)
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which implies that dg = +d7. Thus, the statement we wanted to prove,
(11.3.40), holds.
If, however, P, Q € {£1}, then U is of the form

L 4 T
U= or U= . (11.3.62)

We consider two subcases.

Case 1A. Assume the first case in (11.3.62). By the definition of U in
(11.3.52),

Cg — %dﬁ ?d@ Cr — %d7 §d7 i% ?
= . (11.3.63)
ag — %bﬁ @b@ a7 — %b7 §b7 —73 i%

The entry in the first row and second column of the matrix on the left-hand
side of the equation is
V3 \/5(67_1d7> Vi, V3 ( Vi V3
2

i B if = —t — 11.3.64
5 dg B) dr 2C7+ 4 ) 7 ( 36)

If we choose the plus sign in the first matrix of (11.3.62) (and hence in
(11.3.64)), then we conclude that d¢ = c7, from which (11.3.40) follows. If,
however, we choose the minus sign in (11.3.62), then we conclude that dg =
c7 — d7. We show that this implies that cg = ¢7 or ¢g = —d7, from which
(11.3.40) follows.

The pairs (cg, dg) and (c7, d7) are solutions to the equation A = ¢ —cd+d?.
Note that if A and dg are fixed, then there are at most two solutions cg to
the equation. If we set dg = ¢7 — d7, then it follows from (11.3.2) that two
solutions for ¢g (indeed, the only two possible solutions for c¢g) are ¢g = ¢y
and ¢g = —d7. It follows that (11.3.40) holds, and the proof for Case 1A is
complete.

Case 1B. The proof for Case 1B is very similar to that for Case 1A. Assume
that the second case in (11.3.62) holds. Note that

1 3 1 3
+1 - T3 £
U: = — s
3 1
% ii f :Fz

which is the matrix in Case 1A multiplied by the scalar —1. Thus, by (11.3.63),

or (11.3.64),
? dg = — (?07 " <—‘4[ + ‘{) d7> , (11.3.65)
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which implies that dg = —c;7 or d¢ = —c7 + d7. But note that dg = d7 — c7
would imply that ¢ = —c¢7 or ¢g = d7 by (11.3.2). Hence, (11.3.40) follows,
and the proof for Case 1B is complete.

Case 2. The proof of Case 2 is very similar to that of Case 1. Assume that

€g = —€7. (11366)
If we let
B C7 — %d7 —?d'r
M7 = , (11.3.67)
— (a7 — 3br) Bbr
then a brief calculation gives
o C% — crdy + d% —aycr — bydy + %a7d7 + %b767
MM =
—QarCr — b7d7 + %a7d7 + %6707 a% — CL7b7 + b%

Note that the definition of My is the same as that of My in (11.3.49), except
that the entries along one diagonal are multiplied by —1. A straightforward
calculation gives

V3

|M| = -5 (11.3.68)

By (11.3.50), (11.3.38), (11.3.48), and (11.3.66), MgMZ = M, MY or
U:= M; Mg = (Mg " M;)T. (11.3.69)

Then, from the definitions of Mg in (11.3.49) and My in (11.3.67) and the
value of |M7| from (11.3.68) we find that, after multiplying the requisite ma-

trices, if
~ ab
U= [c d] ’

a = —br(cs — 3ds) — dr(ag — 3bs),

b=—Lbds — Lbedy,

c= —%(07 — 2b7)(ce — 3dg) — %(% — 2b6)(cr — 3d7),

d = —dg(a7 — %b’r) — b6(07 — %dq)

then

Thus, U has the shape

P

h

I
[N
o
fa)

(11.3.70)

‘H

R

N}

S
[
e

where P, Q, R, S € Z.
As in Case 1, where (11.3.51) implies (11.3.52) and thus (11.3.53), the
condition (11.3.69) implies that U = (U~1)7 so that U is of the form
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U= [w ”f} . (11.3.71)
—Z W
By (11.3.70) and (11.3.71), we see that U is of the form
| P %@
U= : (11.3.72)
—$ Q3P

where P, Q € Z. But note that, by (11.3.68) and (11.3.53),

1= a7 vl = (-2 (—*f) ~1,

which implies that
1 - 3~
—PP+ Q=1
4 * 4Q

If P =+£2and @ = 0, then, by (11.3.60) and (11.3.61), dg = +d. If,
however, P, Q € {£1}, then U has the form

e | E Y
U= or U= . (11.3.73)
~f 4y g+
If the first case of (11.3.73) holds, then, by (11.3.69),
Ce — %dﬁ @dﬁ Cr — *d7 _7d7 :E% §
- . (11.3.74)
o=t Fon| |- o= or) B | |- 23

The entry in the first row and second column of the matrix on the left-hand
side of the equation is
SO VA . . ;Y
— - = — — d 11.3.75
2d6 - <C7 2d7 d? st |\ F )4 ( )
which implies (11.3.40), because (11.3.75) is identical to equation (11.3.64),
which ultimately implied (11.3.40).
If, however, the second option in (11.3.73) holds, then by a similar argu-
ment,
V3 V3 1 V3 V3 f f
o= (- g0r) P =+ (7 &, (11.3:76)
which implies (11.3.40), because (11.3.76) is identical to equation (11.3.65),
which ultimately implied (11.3.40).
Thus, (11.3.40) holds in both Case 1 and Case 2, and the lemma is proved.
O
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11.4 The Coefficients of Q(q)/R(q)

In a letter to Hardy written from Matlock House, an English sanitarium,
Ramanujan [244, p. 117] communicated a result that is very similar to formula
(11.3.6) in Entry 11.3.1. We prove the result in this section.
Suppose that (¢, d) is a pair of coprime integers that is a solution to the
equation
p=c’+d, (11.4.1)

where 1 is fixed. Let K = Q(v/—1). Then O = Z[/~1] = Z® Zi is a principal
ideal domain. Thus, from (11.4.1), A = N(2) = A, where & = (c+di) =: (@)
and 2 = (@). The group of units in Ok is then given by U = {£1, £i}. Thus,

2
I
B
I
n
8\/
I
-
=
I
N
S
Ql

Hence one solution generates a total of eight solutions, namely,
+ (¢,d), =£(¢,—d), =*(d,c¢), =£(d,—c). (11.4.2)

Definition 11.4.1. We say that two solutions (¢1,d1) and (c2,ds) to the equa-
tion (11.4.1) are distinct if they do not simultaneously belong to the same set
of solutions in (11.4.2).

Note that (¢1,dy) and (co, ds2) are distinct solutions to (11.4.1) if and only
if
C2 ¢ {:l:Cl,:l:dl}. (1143)

Recall that [223, p. 164] the integers p that can be represented in the form
i = c? +d?, with ¢ and d coprime, are integers of the form

p=2"T]ry, (11.4.4)
j=1

where @ = 0 or 1, p; is a prime of the form 4m + 1, and a; is a nonnegative
integer, 1 < j <.

Entry 11.4.1 (p. 117). Let

Q(q2) = 2
=) 0ng™", lg| < qo, (11.4.5)
R(¢?) ,;
and
2 — &
J = Ty =14 240 ———— = 1.45576.... 11.4.6
Q(e ) ; 627Tk‘ o 1 ( )

Then, if n > 0,
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4
2 cos (gn + 4 arctan 2)

2 2nm/5
Op = i g © + = e/
3
2 cos <m + 4 arctan 3>
+ 3 e2n7r/10 4o
10°
2
==Y Y1) pon i, (11.4.7)
w M
Here, u runs over the integers of the form (11.4.4),
vi(n) =1, va(n) = (—=1)"T1, (11.4.8)
and, for p >5,
2
vu(n) =2 Z cos ((ac + bd)% + 4 arctan cci) , (11.4.9)

c,d

where the sum is over all pairs (c,d), where (¢,d) is a distinct solution to
pw=c*+d? and (a,b) is any solution to ad — bc = 1. Also, distinct solutions
(¢,d) to u = c*>+d? give rise to distinct terms in the sum in (11.4.7). Ifn < 0,
then the sum on the far right side of (11.4.7) equals 0.

Proof. Let |q| < 1. We apply Theorem 11.2.1 to the function f(q)
= Q(¢?)/R(¢?). Then (1) = E4(7)/Es(7). Since Ey4(7) and Fg(7) are mod-
ular forms of degrees —4 and —6, respectively, ¢(7) satisfies the functional
equation (11.2.1) with n = 2. The only zero of Eg(7) in Py is at

T=i (11.4.10)

(Rankin [246, p. 198]), while by (11.3.10), E4(7) does not have a zero at 7 = 1.
Thus, in the notation of Theorem 11.2.1,

=i (11.4.11)

Lastly, because 1/Eg(7) is meromorphic in the upper half-plane [255,
p. 50], we see that ¢(7) is also meromorphic there and that f(g) is mero-
morphic inside the unit circle.

We now calculate A = Res(p,4). By (11.1.9), (11.3.11), and (11.4.6),

os(f o= — Q) _ —4Q(¢*)
Res(2e™) = SR @) /g e Q@) = P(@*)R(@) | f—er
_ —quégj) - %ﬂr (11.4.12)




11.4 The Coeflicients of Q(q)/R(q) 275

Thus, by (11.4.12) and (11.2.37),

) Res(f,e™™ -1

By (11.2.2), (11.4.11), and (11.4.13), we deduce that

2 1 1
S , 11.4.14
I0=5 2 v ar 1= A

where oy
q=exp <m' <ZZId)> (11.4.15)

and the conditions on a, b, ¢, and d are the same as in (11.3.13) and (11.3.14).
We need to explicitly determine the values over which (¢, d) runs.

The analysis used to determine which pairs (¢, d) are counted in the sum-
mation is very similar to that in Entry 11.3.1. Now,

q=exp <7ri (W)) — exp (J) exp <7Z(ac + bd)) . (11.4.16)

where 1 = ¢® + d%. As in (11.3.16), we can show that if the two pairs (c1,d;)
and (¢, ds) produce distinct values of p, then they lead to distinct values for
the set {£q}, i.e.,

{£q,} n{£g,} = 0. (11.4.17)

When g = 1 or u = 2, then only four of the eight pairs in (11.4.2) are
distinct in this case. Each value of p corresponds to only two values of ¢, say,
{#q,}. When p > 5, all eight pairs in (11.4.2) are distinct. However, if (c,d)
leads to {£g, }, say, then (—c,d) and (d, c) each lead to {£g,}. It follows that
the eight pairs of solutions in (11.4.2) lead to only four different poles, namely,

{£a,+7,}- (11.4.18)

These four poles are indeed distinct, because as we show in Lemmas 11.4.1—
11.4.3 at the end of the section, ¢ is real only for = 1, and ¢ is purely
imaginary only for pu = 2. ; ;

Lastly, in Lemma 11.4.4, we prove that if 4 > 5 and (¢1,d1) and (c2,ds),
say, are distinct solutions to equation (11.4.1), then each solution, taken to-
gether with the seven corresponding solutions in (11.4.2), yields four distinct
poles, i.e.,

{iﬂ1’ig1}m{iﬂz’ig2} =0. (11.4.19)

In summary, we have so far shown, by (11.4.14) and (11.4.17)—(11.4.19),
that

2 1 1
fla) = J{ % CEImAE (11.4.20)

H<2
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1 1 1
JFZ(cz—i—d‘ll—(q/q) + Ci+d)41_(CI/Q)2>}’

where p runs over all integers of the form (11.4.4), and where, for each fixed
i, the sum is also over all distinct pairs (¢, d) satisfying (11.4.1).

For p = 1 and, say, (a,b,¢,d) = (1,0,0,1), we find that, by (11.4.16),
q = e~ 7, so that the summand in (11.4.20) is

1

—_—. 11.4.21
1— q2627r ( )

For p = 2 and, say, (a,b,¢,d) = (1,0,1,1), we find that ¢ = ie=™/2, so
that the summand in (11.4.20) is

1 1

S — (11.4.22)
21+ q°e™

Thus, by (11.4.21) and (11.4.22), we can rewrite (11.4.20) as

2 1 1 1
f(Q)_J{que”r _27214*1126“

+Z<cz+d41—<1q/q> +<—cz'1+d>41—<2/q>2>}

u>2

2
j {Z 62n7r 2n 22 Z n enm 2n
+Z ( CZ+d4Z —2n 2n CZ+d4Z——2n 2n>}

n=0

/L>2

(oo}
= ong™", (11.4.23)
n=0

where |¢| < e™™ and

(\}

5. == 62’rL7r _ (_1)" enT 4 Z ( 1 q—2n + 1 q—2n>
" 22 o7 \(ci+ d)*= (—ci+d)*=*

n>2

n

2nm (_1) nm
e — Te + Z
(1)

n>2

2
2 cos <(ac + bd)ﬂ + 4 arctan C)
W

eQ’rLTI’/;L

2

Sl

W
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62n‘n’/,u

2 vu(n)
= jZ‘T (11.4.24)
(1)

where v,,(n) is defined in (11.4.8) and (11.4.9). To obtain the displayed terms
in (11.4.7), we choose (a,b,c¢,d) = (1,0,2,1) for p = 5 and (a,b,c,d) =
(1,0,3,1) for u = 10.

Thus, apart from the lemmas below, the proof of Entry 11.4.1 is complete
for n > 0. For n < 0, we repeat the argument above but with |¢| > 1. Then,
by Theorem 11.2.1, the left side of (11.4.23) equals 0 instead of f(g). We
now expand the series on the left side of (11.4.23) in powers of 1/¢ instead of
powers of ¢q. We complete the argument as in the proof of Entry 11.3.1. O

The following four lemmas are analogous to Lemmas 11.3.1-11.3.4, and
their proofs are very similar. Lemmas 11.4.1-11.4.3 show that the poles of
(11.4.18) are distinct. Lemma 11.4.4 is used in the proof of (11.4.19).

Lemma 11.4.1. Given a pair of coprime integers (¢, d), we can always choose
integers a and b such that ad — bc =1 and

lac + bd| < L(* + d?). (11.4.25)
Proof. The proof is virtually identical to that of Lemma 11.3.1. O

Lemma 11.4.2. If ad — bc = 1, where a, b, ¢, d € Z, then the quantity

—m m

is real only when ¢ + d? = 1.

Proof. Suppose that a certain pair (¢, d) leads to a value of ¢ that is real. As
in the proof of Lemma 11.3.2, we can assume without loss of generality that
(a,b) satisfies (11.4.25).

Since ¢ is real, we see that, by (11.4.26) and (11.4.25), ac+bd = 0. Adding
the equations 0 = (ac + bd)? and 1 = (ad — be)? gives

1 = (ac)* + (bd)? + (ad)? + (bc)?® = (a® 4 b*)(c* + d?), (11.4.27)
which implies that ¢ + d? = 1. a
Lemma 11.4.3. The quantity q is imaginary only when A+d>=2.

Proof. Suppose that a certain pair (c, d) leads to a value of g that is imaginary.
We can assume without loss of generality that (a,b) satisfies (11.4.25).
Since ¢ is purely imaginary, we find that, by (11.4.26) and (11.4.25),

2|lac + bd| = ¢ + d?, (11.4.28)
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and so

(lac + bd| — (a® + %)) = (ac + bd)* — (¢ + d®)(a® + V) + (a® + b?)?
= —a?d* — b*c* + 2abcd + (a® + b?)?
= —(ad — be)* + (a® + b%)?
=1+ (a® + %)%
The only squares that differ by 1 are 0 and 1. Thus, |ac+bd|—(a®>+b%) = 0 and

a? +b* =1, so that |ac + bd| = 1. By (11.4.28), this implies that ¢ + d* = 2.
O

In Lemma 11.4.4 we establish (11.4.19) by proving that if two different
solutions (c,d) to the equation u = ¢ + d? lead to the same set of poles, then
the solutions are not distinct.

Lemma 11.4.4. If (¢1,d1) and (¢, ds), say, are two pairs of coprime integers
such that
A4+di=ci+di =y, (11.4.29)

and if
{£q,.+7,} = {£q,.£3,}. (11.4.30)

where q is defined in (11.4.16), then the two solutions of (11.4.29) are not
distinct. In other words,
Cco € {:l:cl,ﬂ:dl}. (11431)

Proof. As in the proof of Lemma 11.3.4, we can assume that (aq,b;) and
(ag,be) satisfy (11.4.25), so that

—tu<gi=ajei+bid; <ip j=1,2 (11.4.32)
As in Lemma 11.3.4, (11.4.30) and (11.4.32) imply that
g1 = tgo. (11.4.33)
Since ad — be = 1, by (11.4.32), we find that, for j = 1,2,
93 +1= g7+ (a;d; — bjc;)? = (a2 + b3)(c? + d3), (11.4.34)
so that by (11.4.33) and (11.4.29), we deduce that
a? +b? = a2 + 2. (11.4.35)

We now prove (11.4.31) by considering two cases.

a; b;
L. = J ]:| ,
! [Cj d;

Case 1. g1 = go. If we let
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then a simple calculation shows that
LiL{ = L, L],

by (11.4.29), (11.4.35), and the assumption that g; = go. This implies that

Vi=Ly'L, = LThH™ =wvhHT. (11.4.36)
Therefore, as in (11.3.56),
V= {w ﬂ 7 (11.4.37)
—Trw

for some integers w, . Since ad — bc = 1, we know that |L;| = 1, and so, by
(11.4.36),

V| =1. (11.4.38)
Clearly, V has integral entries, so that (11.4.37) and (11.4.38) imply that
+1 0 0 #+1
V= {0 11} o V= {ﬂ 0} . (11.4.39)

By (11.4.36) and (11.4.39),
aq bl - :EOQ :|:b2 . aq b1 - :Fbg :tCLQ
C1 d1 - :tCQ :l:dg o C1 d1 - :ng :tCQ ’

either of which implies (11.4.31).

Case 2. g1 = —g». This case is very similar to that above. We define
F o | a2 —ba
fo= [_02 L } |

Then, by a brief calculation,
L LT = L,LT.

If we define V by o
V =1L,"L, (11.4.40)

then, as in Case 1,

~ +£1 0 ~ 0 +£1
V= {O :l:l} or V= L:l 0} . (11.4.41)

Because Ly = LoV, (11.4.41) implies (11.4.31).
Thus, (11.4.31) holds in Case 1 and Case 2, and the lemma is proved. O
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11.5 The Coefficients of (wP(q)/3)/R(q) and
(mP(q)/3)*/R(q)

The following theorem is from the fragment published with the “lost note-
book” [244, pp. 102-104] and is similar to the previous theorems. However,
since this result involves a function that is not a modular form, we need to
modify Theorem 11.2.1 in order to prove the result.

Entry 11.5.1 (p. 102). Let

™
gp((f) 3 2 11.5.1
- n n’ < ) -J.
R(qz) TLZ_O/OL q |q| q0 ( )
and 5
™
w = i% ¢*" la| < qo- (11.5.2)
R(q?) frr S
If
o0 k’7
C:= 1+4802m, (11.5.3)
k=1

then, if n > 0,

4
" 2 cos (m + 8arctan 2)
2 2nm (_1) nm o 627171'/5

ma=g e T T 53

2 cos (375m + 8 arctan 3)

2n7w /10 | .
+ 108 e +
2 Wuln) onr
=5 > #e% /n (11.5.4)
(r)
and ) -
M =G > @62"”/“ : (11.5.5)
w

where p runs over the integers of the form (11.4.4). Here,
Wi(n) =1, Wy(n) = —(-1)", (11.5.6)

and, for u >5,
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2
Wy(n) =2 E cos ((ac—i— bd)ﬂ + 8arctan 2) ) (11.5.7)
W
c,d

where the sum is over all pairs (c,d), where (¢,d) is a distinct solution of
w=c®+d>?. Also, distinct solutions (c,d) to u = c® + d* give rise to distinct
terms in the sums in (11.5.4) and (11.5.5). If n < 0, then the sums on the
right sides of (11.5.4) and (11.5.5) are both equal to 0.

Note that the definition of W),(n) is almost identical to that of v,(n)
in Entry 11.4.1. Recall that the definition of distinct solutions is given in
Definition 11.4.1 and that a and b are any integral solutions of ad — be = 1.

Proof. For j = 1 or 2, let f;j(¢) denote the quotients on the left sides of
(11.5.1) and (11.5.2), respectively. Define ¢;(7) = f;(€™7). Then, by (11.1.5)
and (11.1.4),

wE3(7)/3

_ (TE3(7)/3)?
pi(r) = T(T) 0 N

) (11.5.8)

and wa(T) =

Recall that F5(7), defined by (11.1.6), satisfies the functional equation
By (V1) = Eao(7)(cr +d)? (11.5.9)

for any modular transformation V7 = (a7 + b)/(ct 4+ d). Although E3(7) is
not a modular form, we see from Ramanujan’s work [53, p. 320] that it does
satisfy a modified functional equation:

6ci

E; (V1) = E3(1)(cr +d)? — - (et + d). (11.5.10)
Since Fjg is a modular form of weight 6,
Es (V1) = Eg(1)(cr +d)° . (11.5.11)

Taking (11.5.10) and (11.5.11) together, we find that

2ct
E6 (VT)

e1(1) =1 (V7) (er + d)* + (et +d)° (11.5.12)

and, after squaring both sides of (11.5.10),

2
p2(7) = oa(Vr) (er +d)? +Aciep (V) (er +d)° — —o (7 +d)t. (115.13)
E6(VT)
We now prove that modified versions of Theorem 11.2.1 hold when the
functional equation (11.2.1) is replaced by either (11.5.12) or (11.5.13).
When we replace (11.2.1) by either (11.5.12) or (11.5.13), the parts of
the proof that are affected are the estimation of the integral (11.2.5) and the
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calculation of the residues of ¢;. The only resulting change in the statement
of the theorem itself is a slight modification of (11.2.2).

When we replace (11.2.1) by (11.5.12) or (11.5.13), the function ¢;(7)
satisfies the conditions of Theorem 11.2.1 for 7 = 1 or 2 with o = ¢, because
P(q) is analytic in the unit circle.

We now estimate the integral (11.2.5). Using the notation in the paragraph
surrounding (11.2.11), we let

Vir=(k't—h)/(=kT + h). (11.5.14)

By (11.5.12) and (11.5.13), our estimates for ¢ in (11.2.24) are replaced by,
respectively,

2k

< V)| —kr +hl*4+ ————
lo1(T)] < |1 (V*T)[| = kT + A +|E6(V*T)‘

| — kT + A (11.5.15)

and

lp2(7)| <2 (V*T)|| — k7 + h|* + 4k |01 (V*7)|| — kT + h?
4k?

+ | — kT + h|*. 11.5.16
B (V7] | (11510

As we have seen, Theorem 11.2.1 can be applied to the function 1/Es(7) (as
Hardy and Ramanujan [177] did). Thus, on the boundary of P,

M, (11.5.17)

’ E61(T )

for some positive constant M. By (11.5.15), (11.5.17), (11.2.22), and (11.2.25),
lp1(T)| < M| — k7 4 h|* + 2kM| — k7 + h|®
= kM |7 — h/k|* + 2k°M |7 — h/k|
16M 64k M
kQ —i—k‘k/ +k/2)2 + (k‘2 —‘rkk‘/ +k/2)5/2
M
k2 4 kk/ 4 k/2)2 ?

=7

< (11.5.18)

(
where M is some positive constant.

Similarly,

My

< 2 / 127

k™ + kE + K
where My is some positive constant. Note that the inequalities (11.5.18) and
(11.5.19) are similar to (11.2.26). The remainder of the argument is the same
as before, and so the integral in (11.2.5) approaches 0 as m approaches oo in
the cases of 1 and p,.

Next we evaluate Res(¢;,4) using the following lemma.

lp2(7)] (11.5.19)
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Lemma 11.5.1. Let V7 = (ar+b)/(cT +d), where a, b, ¢, and d are integers
satisfying ad — bc = 1. Then

gEg(w) - gp(f) =+, (11.5.20)

Cex fai+b
q=exp (mi Gt d )

Proof. Consider the function Es(7) defined in (11.1.6). From [51, p. 159], [53,
p. 256],

where

: — k
By(i) =1-24) i (11.5.21)
k=1

™

By (11.5.21), (11.1.6), and the definition of ¢ above,

e’} k/,q2k 3 o0 kq2k 3
0=Fy(Vi)=1-24 = — =1-24 = —=(+d*
2( Z) Zl*qzk xIm (VZ) Zltik W(C + )’
k=1 4 k=1 4
and hence we obtain (11.5.20). O

By (11.2.36), or more precisely the sentence preceding (11.2.36), and
(11.4.13),

1 N\  Res(1/Es(r),i)  —1/(J°mi)  —1/(Cmi)
RGS(EGWW)‘ Ci+df  ~ (citdf  (citd)®

by a result of Ramanujan [240, Table I, Entry 4], [242, p. 141], where .J is
defined in (11.4.6) and C'is defined in (11.5.3). By (11.2.37) and the calculation

above,
R ( ! ) 1 (11.5.22)
es| =5.q)=——"=. 5.
R(q?) 2 C(ci+ d)®
It follows from (11.5.20) and (11.5.22) that

q

Res (f;(q),q) = —(* + d®)) ———. 11.5.23
s (f(0).0) = (4 Y g (11.5.23
When we replace (11.2.37) with (11.5.23), the analogue of (11.2.38) becomes,

or, alternatively, (11.2.33) becomes,

s i 1
fild) = &7 (Z:d) (ci+d)®*1—(q/q)*’

(11.5.24)

where 1 = ¢ + d>.
Thus, the conclusion of Theorem 11.2.1 is valid for ¢, if we replace (11.2.2)
by (11.5.24).
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Since the quantity g is the same for ¢; as for ¢ in Entry 11.4.1, the analysis
involving the values of (¢,d) counted in the summation in (11.4.14) is valid
for ¢, as well. So by (11.4.20), (11.4.23), and (11.4.24), we find that

o 2 7 1
fild) = & Z(chrd) *1-(q/a)°

i 1 w 1
' (ZH): ((Ci TAF 1 (q/g” | (—i+d1- (q/q)2> }

n
n>2
(o]
= Z ’rlj,nq2na
n=0
where, for j = 1,2
2 2nm — e —2n :uj —2n)
in=—=1e€ _ + +—_—
W C Z ( ci+d)® (—cz—|—d)8g
u>2
2 d
5 (—1)" 2 cos ((ac + bd)ﬂ + 8arctan )
_“ 2nmw _ \ nm H 2nm/
AN 917 ¢ + AT et
(1)
n>2
27’7,71‘/;1.
—Z Wa(me ™7 (11.5.25)

by (11.5.7). In (11.5.25), as in (11.4.20), p runs over all integers of the form
(11.4.4), and for each fixed pu, the sum is also over all distinct pairs (¢, d).
Thus, the proof of (11.5.4) is complete. a

11.6 The Coefficients of (wP(q)/2v3)/Q(q)

The theorem in this section is from the same fragment [244, pp. 102-104] as
the previous theorem, and the proof is very similar.
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Entry 11.6.1 (p. 103). Let

WP(QQ) - 2
fla)=—F7—"5-=) ta", lal <. (11.6.1)
2v/3Q(¢%) z:%
Then, if n > 0,
n 3 h)\(n) nwvV/3/\
0, = (—1) 5%76 , (11.6.2)

where X runs over the integers of the form (11.3.4), and G and hx(n) are
defined in (11.3.5) and (11.3.8), respectively. Also, distinct solutions (c,d) to
A = — cd + d?, which were defined before Entry 11.3.1, give rise to distinct
terms in the sum in (11.6.2). If n < 0, the sum on the right side of (11.6.2)
equals 0.

Proof. By (11.6.1), (11.1.2), (11.1.4), and (11.1.5),

TE5(T)
T)=—F——"".
#(1) 2V/3E,(7)
By (11.5.10) and (11.3.9) (note that in (11.3.9), ¢(7) = 1/E4(7)), we obtain
the functional equation

\/gci

3
Ea(V7) (et +d)°, (11.6.3)

(1) = (V1) (e +d)* +

where V7 = (ar + b)/(cT 4 b) is a modular transformation, that is to say,
a,b,c,d € Z and ad — bc = 1. Recall the notation (11.5.14). The analogue of
the estimate of ¢y in (11.5.15) is thus

V3k

< * — 24 Y7
[l < lo (Vo) = b + R+ s

| — kT + A%, (11.6.4)

As with ¢;(7), the function ¢(7) satisfies the conditions of a modified
form of Theorem 11.2.1; here (11.2.1) is replaced by (11.6.3), and o = p =
~1/2+iV3/2.

In Entry 11.3.1, we applied Theorem 11.2.1 to the modular form 1/E, (7).
Thus, we can apply (11.2.22) to both ¢ and 1/E4(7), with M replaced by
the positive constant M in the latter application, to obtain, by (11.6.3) and
(11.2.25),

(1) < M| — kT + h|* + V3kM| — kr + h®
= k2M|r — h/k|* + V3k*M|r — h/k|?

- 4M N 8V/3kM
k2 +kk/+k/2 (kZ +kkl+k/2>3/2
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M
< 2 / 129
k*+kk' +k

where M and M, are certain positive constants. This implies that the integral
in (11.2.5) approaches 0 as m approaches co.
We now determine the residues of ¢(7) using the following lemma.

Lemma 11.6.1. For p = —1/2 +iv/3/2,

T ™
——F3(Vp) = —=P(¢%*) = ¢ — ed + d?, 11.6.5
S5 B Vp) = = Pe) (11.6.5)

where VT = (at +b)/(cm + d), with a, b, ¢, and d being integers satisfying

ad —bc =1 and
=exp | ™ ap+b
=P ecp+d))

Proof. From (11.1.6) and a result of Berndt [51, p. 159],

kke*ﬂf’“ 23
— 924 . —0.
Z 1 _(_ 6 Wfk T

Thus,

2V/3

0= E>(Vp)=P(¢*) — :P(g2)77(c2—cd+d2).

wlm (Vp)
This proves (11.6.5). O

We now return to the proof of Entry 11.6.1. By (11.3.12),

1 3
- 11.6.
Res (E4(T)’p) 2miG’ (11.6.6)
and so, by (11.2.37),
1 3q
Res(=——,q)|=——" . 11.6.7
(Q(qQ) q) 2G(cp +d)° —
It follows from (11.6.5) and (11.6.7) that
3q 3gA\
R q) = (2 —cd+d? ( = > = , (11.6.8
o (f(q) Q) (" —e ) 2G(cp + d)° 2G(cp + d)° ( )
where A\ = ¢? — cd + d?. By (11.2.38), we then deduce that
Z ! (11.6.9)
G cp+d lf(q/g)2 o
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Since ¢ is the same as in Entry 11.3.1, we have, by (11.3.20) and (11.3.23),
for |q| < e~ ™V3/2,

@)= g
q) = G 1+€7r\/§q2 331+e7r\/§/3q2

1 A 1
+§ < (o d 1—(afa? (dp+c)61—(q/q)2>}

A>3

o0

_ Z enq2n
n=0

where
3 n_nmw (_1)71 nmw
en:G{(_l) e \/g—?e \/5/3
+) A < g 152”) : (11.6.10)
> (cp+d)° (dp+c)°=
A>3

n (11.6.10), A runs over all integers of the form (11.3.4), and, for each fixed
A, the sum is also over all distinct pairs (¢, d).

Apart from the factor of A, the summands in (11.6.10) are the same as
those in (11.3.24), and so by (11.3.29), (11.3.31), and (11.3.32), we conclude

that
nTr\/?:/)\
b = (-1 37 ) v,
(A)

where hy(n) is defined in (11.3.8). This completes the proof of Entry 11.6.1
for n > 0.
For n < 0, assume |g| > 1 and proceed as in the previous proofs. a

11.7 Eight Identities for Eisenstein Series and Theta
Functions

Two of the identities considered here involve the classical theta functions (in
Ramanujan’s notation)

ST and  w(g) =Y gD (11.7.1)
k=0

k=—o00

To establish the eight identities, we need to use evaluations of theta functions
and Eisenstein series from Chapter 17 of Ramanujan’s second notebook [243],
54, pp. 122-138)]. If
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F l, l; 1;1—=x
q:—exp<—7r2 1(221 )>, O0<z<l,
2F1(2a 2 l,l‘)

where o F} denotes the ordinary hypergeometric function, these evaluations
are given in terms of, in Ramanujan’s notation,

z:= oF1(3, 315 m), 0<z<l, (11.7.2)

and x.

Entry 11.7.1 (pp. 116-117). Recall that Q(q) and R(q) are defined by
(11.1.2) and (11.1.3), respectively, that B(q) is defined by (11.1.10), and that
©(q) and ¥ (q) are defined in (11.7.1). Then

(i) B(v4) + B(=v4) = 2B(q),
(i) B(Va)B(=v4)B(q) = R(q),
(iif) ( ) +4Q(¢%) = 5B%(q),
(iv) R(q) + 83( ?)=1B%q)
2/ 1 _ Q)

v 3(3( ¢@> = Rl
(vi) 1 ( 1 Q(q*)

24 \ B(\/q \/6) 12B R(q) ’
(vii) —Q(q) +16Q(q ) = 15¢%(~q),
(vii) Q(q) — Q(q*) = 240q¢"(q).
Proof of (i). The proof is straightforward, with only the definition of B(q)
n (11.1.10) needed in the proof. O

Proof of (ii). By Part (i), with the replacement of /g by ¢, we can rewrite
(ii) in the form

B(q){2B(¢*) - B(¢)} B(¢*) = R(¢*). (11.7.3)
By (11.1.10), we easily see that
2P(¢?) - P(q) = Bla). (11.7.4)

From Entries 13(viii), 13(ix), and 13(ii) in Chapter 17 of Ramanujan’s
second notebook [54, pp. 126-127],

B(q) = 2P( 3~ Pq) = 2°(1 + ), (11.7.5)
B(¢*) = 2P(¢") - P(¢%) = 2°(1 — 3u), (11.7.6)
R(¢*) =21+ 2)(1 — Lz)(1 — 22), (11.7.7)

where z is defined in (11.7.2). Using the evaluations (11.7.5)—(11.7.7) in
(11.7.3), we find that each side of (11.7.3) equals

21+ 2)(1 - ix)(1 - 22),
which completes the proof of (ii). O
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Proof of (iii). By Entries 13(iii) and 13(i) in Ramanujan’s second notebook
(54, pp. 126-127),

Qq) = 2*(1 + 14z +2%) and Q(¢?) = z*(1 — x4+ 2?). (11.7.8)
Using (11.7.5) and (11.7.8) in (iii), we find that each side of (iii) reduces to
24(5 + 10z + 52?),
thus establishing the truth of (iii). O

Proof of (iv). By Ramanujan’s work in Chapter 17 of his second notebook
[54, p. 127, Entry 13(iv)],

R(q) = 2°(1 + 2)(1 — 34z + 2?). (11.7.9)

Thus, by (11.7.9), (11.7.5), and (11.7.7), each side of (iv) can be written in
the form
725(1 + x)3.

This completes the proof of (iv). O
Proof of (v). Replacing /g by ¢ and using (i), we can rewrite (v) in the
form o)
2/ 1 1 1 q
= + - = . (11.7.10)
3 (B(Q) 2B(q%) - B(q)) 3B(¢°)  R(¢%)
By (11.7.5) and (11.7.6),

L 1 I
B(q)  2B(¢*) - Blg) 2*(1+z)  22(1-2x)

(11.7.11)

Utilizing (11.7.11) and (11.7.6) and employing a heavy dose of elementary
algebra, we find that the left side of (11.7.10) reduces to

1—2+a2?

2(1+2)(1—22)(1— Lz) (11.7.12)

On the other hand, by (11.7.7) and (11.7.8), the right side of (11.7.10) also
reduces to (11.7.12). This completes then the proof of (11.7.10), and hence of
(V). O

Proof of (vi). Replacing /g by ¢ and using (i), we can rewrite (vi) in the
form

oy L 1 Q")
24 <B(Q) + QB(QQ) — B(q)) + 123(q2) - R(qz)' (11.7.13)

Using (11.7.11) and (11.7.6), we find that the left side of (11.7.13) takes the
shape
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1.2
1_17+T65“

Z2(1+2)(1—22)(1— i) (11.7.14)
Again, from Ramanujan’s work [54, p. 127, Entry 13(v)],

Qlg") =21 -2+ £27), (11.7.15)
so that, by (11.7.15) and (11.7.7), the right side of (11.7.13) also reduces to
(11.7.14). This completes the proof of (vi). O

Proof of (vii). By Entry 10(ii) in Chapter 17 of Ramanujan’s second note-
book [54, p. 122],

o(—q) = vz(1 — z)/4, (11.7.16)

Thus the left side of (vii) takes the shape
15241 — 2)?%, (11.7.17)
while by (11.7.8) the right side of (vii) also equals (11.7.17). O

Proof of (viil). Appealing again to Chapter 17 of Ramanujan’s second note-
book [54, p. 123, Entry 11(i)], we have

1
(q) = \/;(Js/q)”g. (11.7.18)
Thus, by (11.7.18), the left side of (viii) equals

240(2"2) = 152"z, (11.7.19)
while, by (11.7.8), the right side of (viii) equals (11.7.19) as well. O

11.8 The Coefficients of 1/B(q)

Define the coefficients b,, by

1 oo
=S bqn 11.8.1
B~ 2 (11.8.1)

where |q| < go < 1, for g sufficiently small.

We are now ready to state the first main theorem about B(g), which
establishes an assertion of Ramanujan from his letter to Hardy containing
Entry 11.4.1 [244, p. 117], [74, p. 190]. For the sake of brevity, we write

On =Y Vu(n), (11.8.2)
(n)
where )
Vi(n) = j”“g”) e2nml/n, (11.8.3)
"

where v, (n) is defined by (11.4.8) and (11.4.9).
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Entry 11.8.1 (p. 117). Recall that the coefficients b,, are defined by (11.8.1).
Then, with V,,(n) defined by (11.8.3),

by =—3Y V.. (n), (11.8.4)
(pe)

where p Tuns over the even wvalues of p. In other words, pe runs over the
even integers of the form (11.4.4).

Set 3(7) = B(q), where ¢ = exp(2mit). Then ((7) is a modular form on
I'h(2), as we show in the next lemma. We remark that §(7) is not a modular
form on I'(1), because the dimension of the space of modular forms of weight
2 with multiplier system identically equal to 1 on I'(1) is zero [246, p. 103].

Lemma 11.8.1. The function 3(7) is a modular form of weight 2 and multi-
plier system identically equal to 1 on the group I'y(2). That is,

5(2E2) = (e + a2t

where a, b, ¢, d € Z; ad — bc = 1; and c is even.
Proof. Recall that E3(7) is defined by (11.1.5). Thus, by (11.7.4),
2FE3(27) — E5 (1) = B(7). (11.8.5)

Recall [255, pp. 50, 68] that for any modular transformation (a7 +b)/(ct +d),

ar +b 9 6ci
B —— ) = E3 - — 11.8.
() =er P - Lerva) (1180)
and so
B (2‘”“’):@ R A _ (rra)2Ey2n) =2 (ertd), (11.87)
ct+d 5(27)+d T

for ¢ even. Thus, by (11.8.6) and (11.8.7),

at +b at +0b
2F: (2 — E: = d)? (2E:(27) — EX . (11.8.
; (220 ) - 1 (S0]) = fer+dP @B3n) ~ By (1188)

By (11.8.8) and (11.8.5), we complete the proof. O

Lemma 11.8.2. The function 1/3(r) has a simple pole at T = (1 +1), and
this is the only pole in a fundamental region of IH(2).

By Lemmas 11.8.1 and 11.8.2, it follows that 1/3(7) has poles at the points
7 = (a3(1+14) +b)/(ci(1 + i) + d), where a, b, and d are integers, c is an
even integer, and ad — bc = 1. By the valence formula [246, p. 98], there are
no further poles of 1/8(7) in a fundamental region of I(2).
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Proof of Lemma 11.8.2. By (11.8.5) and (11.1.6), we easily see that
1 1
B(r)  2E2(27) — Ex(1)

We show that both functions in the denominator of (11.8.9) vanish at 7 =
1(1+14). First, by (11.5.21),

(11.8.9)

Es(i) = 0. (11.8.10)
Thus, by periodicity,

o (21‘2”> — By(1414) = Bs(i) =0,

and, since F(7) satisfies the functional equation of a modular form of weight

1+i\ i\ (0NN
E2< D) )—E2<1+i>—EQ<1+1i>—(1+2) EQ(Z)—O.

Thus, both terms in the denominator of (11.8.9) vanish, and the proof of the
lemma is therefore complete. O

The main theorem of Hardy and Ramanujan, Theorem 11.2.1, is there-
fore inapplicable. However, Poincaré [176, pp. 210-215, 432-462, 606—614,
618 (paragraph 2)], Lehner [201], and particularly Petersson [228, pp. 460
461, Satz 3], [229], [230] have extensively generalized Hardy and Ramanujan’s
theorem. We only need the special case for the subgroup Iy(2), which we state
below.

Theorem 11.8.1. Suppose that f(q) = f(e™7) = ¢(7) is analytic for ¢ = 0,
is meromorphic in the unit circle, and satisfies the functional equation

o(r) =¢ (Z:IZ) (T +ad)", (11.8.11)

where a, b, ¢, d € Z; ad — be = 1; ¢ is even; and n € ZV. If ¢(7) has only one
pole in a fundamental region for I'h(2), a simple pole at T = « with residue
A, then

_ 1 1
flg) = —2miA> CET la| < qo, (11.8.12)

ac+b\ .
q = exp ((ca T d> m) ) (11.8.13)

and the summation runs over all pairs of coprime integers (c,d) (with ¢ even)
that yield distinct values for the set {q,—q}, and a and b are any integral
solutions of

where

ad —be = 1. (11.8.14)
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We are now prepared to prove Entry 11.8.1.
Proof of Entry 11.8.1. Using (11.7.4) and (11.1.7), we find that
B'(q) = 44P'(¢*) — P'(q)

_P2@®) - Q(¢?)  P*(a) - Qq)
3q 12¢q

= %q (2P(¢%) — P(q)) (2P(¢*) + P(q)) — 4Q(¢*) + Q(q) }
- %q {B(a) (2P(¢*) + P()) - 4Q(¢*) + Q(a)} (11.8.15)

By Lemma 11.8.2, B(—e™ ™) = 0, and therefore from Entry 11.7.1 (iii), we
deduce that

Q(—e ™) = —4Q(e ). (11.8.16)
Hence, setting ¢ = —e~™ in (11.8.15), we find that
! -7 1 —2m 2 ™ —2m
B (—6 ) = m {-8@(6 2 )} = §€ Q(@ 2 ), (11817)

which is explicitly calculated in Proposition 11.8.2 below.
We now apply Theorem 11.8.1 to ¢(7) = f(q) := 1/B(q¢?), where ¢ = ™"
and « := (1 +4)/2. By the chain rule,

_ Res(f, emie)

A=n = oo 11.8.18
es(d,2) TieTio ( )
and, by (11.8.17),
Res(f,e™) = Res ( 1 e‘n’ia) B 1
) B(QQ)’ dB(qQ)/dq yerin
1 1 3e T
T 24B'(¢?) = Soria 30(e=27)" 11.8.19
QQB’(QZ) g—eni 2emi 2@(6_27") ( )
Hence, combining (11.8.18) and (11.8.19), we deduce that
211 -
~wmid= - o = ’ (11.8.20)

TieTia 4e7riaQ(6727r) 2Q(6727T) :

We next calculate ¢g. Recall that ad — be = 1 with ¢ even. Thus, d is odd.

Hence,
ac+b ca—+2b+ai
=exp | ™ =exp | TMI——-—
4 P co+d P c+2d+ci

e 7”,(a—&—2b—|—ai)(c—|—2d—ci)
- P 2+ ded + Ad? + 2
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_ (a+Db)(c+d)+bd+i
= exp (m (c+d)2 > )

Let p = ¢’ 4+ d?, where ¢ = c+d, and let @’ = a + b. Note that a'd — bc’ =1
and that p is even. Thus,

/N bd . 1./ bd
¢ = exp (H) ~ exp (_) exp (W+) C(11.8.21)
- H Iz Iz
Next,

1
d=c=(14+1i)+d=
co + 62( +1i)+ T

(ci +d+di) =

1 i(C’L )a ( )
where ¢’ = c+d.

The requisite calculations have now been made in order to apply Theorem
11.8.1. By (11.8.1), (11.8.20), and (11.8.22), we deduce that

—~, on_ 1 3 1 1
,;b”q - B(¢?)  2Q(e™™) @Z;) (L +d)~4 i+ d)t 1 = (a/9)

6 1 1
Qe ) (C,Z’d) (¢i+d)*1—(q/q)? (11.8.23)

where the sum is over all pairs ¢/, d with a’d — b¢’ =1 and ¢’ odd (since c is
even and d is odd), and where ¢ is given by (11.8.21). Now from (11.4.14),

s oo Q) 2 1 )
nz::o(an - R(q2) B Q(e—zﬂ) g:d) (C’L + d)4 1— (q/g)27 (11824)

where the sum is over all pairs ¢, d with ad — bc = 1, and where

< ,ai+b> < 7T> ( _ac+bd>
q=-exp | mi— =exp|—— )exp | mi .
= ca+d I I

A comparison of (11.8.23) and (11.8.24) shows that the right sides of (11.8.23)
and (11.8.24) are identical except in two respects. First, in (11.8.23), there is
an extra factor of —3 on the right side. Second, upon expanding the summands
in geometric series on the right sides of (11.8.23) and (11.8.24), we see that
the sum in (11.8.23) is over only even . In other words,

bp=-3» V, (n),
(ke)

where V), (n) is defined by (11.8.3). This completes the proof. O
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The series in (11.8.4) converges very rapidly to b,,. Using Mathematica, we
calculated b, 1 < n < 10, and the first two terms of (11.8.4). As the following
table shows, only two terms of the series give extraordinary approximations.

n by, —3(V2(n) + V10(n))
1 —24 —23.971586
2 552 551.992987
3 —12,768 —12,768.016604
4 295,464 295,463.973727
5 —6,837,264 —6,837,264.003874
6 158,219,040 158,219,040.077478
7 —3,661,298,112 —3,661,298,112.002170
8 84,724,974,120 84,724,974,119.926326
9 —1,960,594,584,504 —1,960,594,584,504.044556
10 45,369,516,658,032 45,369,516,658,031.999703

Using Entry 11.7.1 (v), we can easily establish a formula for §,, in terms
of b, but we were unable to use this relation to prove Entry 11.8.1.

Proposition 11.8.1. For each positive integer n,

4
Op =
3

,an —

1
=bn.
3

Proof. By Entry 11.7.1(v), (11.4.5), and (11.8.1),

Q(q) 1

§(<

g
S

B(va)

(q)

Za
n=0

oo\)p OJ\[\.’)

_§Z

n=0

+Zb

- 3B(q)
le—, .,
n=0
bnq".

O

In our previous attempts to prove Entry 11.8.1, we showed that V,(n), for

w1 odd, is a multiple of V,,(2n) when p is
use this result in our goal, we think the
and so prove it now.

even. Although we were not able to
formula is very interesting by itself

Theorem 11.8.2. For each positive integer n,

V,

Ho

(n) =

—4Va,, (2n),

(11.8.25)

where p, is an odd integer of the form (11.4.4).
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Proof. We first easily establish the case p, = 1. From (11.8.3) and (11.4.8),
we see that

2
Vvl(n) — 7e2n7r,

while ( )2 o
-8 (=)™ 4nm/2 2 2nm

Now we assume that p, > 1. Suppose that (a1, b1, ¢1, di) satisfies
ad —be =1, (11.8.26)

with ¢? 4 d? = p,. We can assume, without loss of generality, that a; > b; > 0
and that a; and by are odd. Since

(c1+d1)? + (e1 — d1)? = 2u,,

we find that if we let

Cy =cC1 + d1 and d2 =C1 — d17 (11827)
then (c2,ds) satisfies
A+ d* = 2u,.
Similarly, if we let
1 1
ag = —§(a1 + bl) and by = —§(a1 — bl), (11.8.28)

then (ag,ba,co,ds) satisfies (11.8.26). By (11.8.3) and (11.4.9), in order to
prove (11.8.25), it suffices to prove that

2
2 cos {(a101 + b1dy) nr +4tan~? c_l}
z Ho dl 2"7'77/:“'0
J 3
4
2 cos {(a202 + bads) i + 4tan~? C_Q}
__8 210 d2 ] jnm /(o)
J (2N0)2 7
or equivalently that
2nm 1
cos < (ajcy + bidy) +4tan” " —
Ho dl
2
— —cos {(ach +bods) 2T 4 4tan~! 2—2} . (11.8.29)
o 2

By the identities (11.8.27) and (11.8.28), we can rewrite the right-hand side
as
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1 1 2nm
—cos< | —==(a1 +b1)(c1 +dy) — =(a1 — b1)(e1 — dy)
2 2 Lo
+4tan! atdi }
C1 — dl
2 d
= —cos {(alcl —bidy) nr +4tan~ ! Ml} ) (11.8.30)
Ho ¢ —dy
Note that J L
Arctan & i_di = Zﬁ — Arctan ccll (11.8.31)

where k = 3 (mod4). Using (11.8.31), we can rewrite the latter expression in
(11.8.30) as

2
— COS {(alcl + bldl) nr

— 4tan~? a + k’]T}
Ho dl

2
= COS {(alcl + bldl) nr + 4tan~? Cl} .
Ho dl

Thus, (11.8.29) has been proved, and hence (11.8.25) as well. O

We close this section by showing that Q(e~2™) in Entry 11.4.1 can be
evaluated in closed form. Then in a corollary, we evaluate another interesting
series.

Proposition 11.8.2. We have

372
)

Qe™?™) = (11.8.32)

Proof. We apply Entry 13(i) in Chapter 17 of Ramanujan’s second notebook
[54, p. 126]. In [54], M(q) = Q(q), in the present notation. Set y = 7 there,
and note that = = % We find immediately that

32
—2my _ 1 1.9.1

Q(e )*72F1(§ 5 5) 41—‘8(%)

where we have employed a special case of a well-known theorem of Gauss,
rediscovered by Ramanujan [53, p. 42, Entry 34]. (See also [54, p. 103, equation
(6.15)].) Hence, (11.8.32) has been shown. O

Corollary 11.8.1. We have

oo

(2n +1)? o ox?
z:%cosh2{(2n+ Dr/2}  12I8(3)
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Proof. From the definition of B(g) in (11.1.10), we easily find that

22n

(2n+1
_242 iy 2n+1

Setting ¢ = —e~™ and using (11.8.17), we find that

) . o 2n+1 —(2n+1)7
geQ(e ):B( ) = 24e” Z 1_|_e(2n+1))
n=0
(2n + 1)?
= 6e” Z 2 '
cosh“{(2n + 1) /2}

If we now use (11.8.32) on the left side above and simplify, we complete the
proof. a

Corollary 11.8.1 might be compared with further explicit evaluations of
series containing the hyperbolic function cosh given by Ramanujan in Entry
16 of Chapter 17 in his second notebook [54, p. 134], in Entry 6 of Chapter 18
in his second notebook [54, p. 153], and in two particular results in his first
notebook [57, pp. 398, 402, Entries 76, 78].

11.9 Formulas for the Coefficients of Further Eisenstein
Series

Ramanujan [244, pp. 117-118], [74, pp. 190-191] concludes his letter to Hardy

with three identities that are similar to (11.8.4). We show how each of the

identities follows from (11.8.4), but first we need to make several definitions.
Let, for |q| < qo,

QP . )~ qw
= onq = vpq"”, and n
R 2 TR Tt %Xq

(11.9.1)

Entry 11.9.1 (pp. 117-118). Suppose that (11.8.4) holds. Then

. 11
(i) On = 162 ZVC

(l‘o)
(i) o =2 3 Vi) §Zwm>
(Ho (HE)
cee 1 1
(iii) Xn = 72 Z Vi, (n) + 102 Z Vi (n),

(1o) (pe)

where p, and p. run over the odd and even integers of the form (11.4.4),
respectively.
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Proof of (i). By (11.9.1), Entry 11.7.1(vi), (v), (11.4.5), and (11.8.1),

— L, 1/ 1 1 1
2" =5 (Bw) " B(—ﬁ)) T 12B(y)

SELY L U M TR
16\3\B(va) " B(-v@)) 3Bl)) " 16B(
1Q) 5 1
16 R(q) 16 B(q)
MK, 5=, .,
=16 Ong +sznq .
n=0 n=0
Thus, by (11.8.2) and (11.8.4),

11 5
n — 7,9n 7bn
R TRT:

11
:TGZV +— 32\/6

(r)

11
=52V ZVe

(Ko) (ue
]
Proof of (ii). By (11.9.1), Entry 11.7.1(vii), and (11.4.5),
= 1 Qg)  16Q(q
7 " - 6 e n
;”Lq 15R(q)+15R Z nd” + Z"q
Thus, by (11.8.2) and part (i),
Un = 15%n 15O'n
1 16 [ 11
=—-— Vi — V,
15 2 Ve + g5 | 45 22 Ve Z o
(1) (ko)
2
= g Z ‘/,uo Z ‘/,ue
(NO) (Ne
O

Proof of (iii). By (11.9.1), Entry 11.7.1(viii), and (11.4.5),

1 Qa1 Q) _ 1 ¢
Zan 240 R(q) 240 R(q) *%HZO "o Z""q

n=0
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Thus, by (11.8.2) and part (i),

1 1

Xn = %677, - %Un

1 1 11 1
240 Vu(”)—go EZVM(”)—ZZV&(”)

(k) (10) (2e)

1
= mgzvmwm(z)ve(n).
e

11.10 The Coefficients of 1/B?(q)

In another letter to Hardy [244, pp. 105-109], [74, pp. 185-188], Ramanujan
offers a formula for the coefficients of 1/B2(q). By Lemma 11.8.2, 1/3%(7) has
a double pole at (14 4)/2. To the best of our knowledge, the generalizations
of the principal theorem of Hardy and Ramanujan [177, Theorem 1], [242,
p. 312] that we cited earlier do not consider double poles, mainly because of
calculational difficulties. In fact, after stating his main theorem, Lehner [201,
p. 65, Theorem 1] writes, “Poles of higher order can be treated in an analogous
manner, but the algebraic details, into which we do not enter here, become
rather complicated.” Since 1/3?(7) has only one double pole on a fundamental
region for I(2), we confine ourselves to stating our theorem for I5(2) only
and proving it for modular forms with only one double pole on a fundamental
region for Ij(2).

Theorem 11.10.1. Suppose that f(q) = f(e™7) = ¢(7) is analytic for ¢ = 0,
is meromorphic in the unit circle, and satisfies the functional equation

ar +b
ct+d

o(r)=¢ ( ) (e +d)", (11.10.1)
where a, b, ¢, d € Z; ad — bc = 1; ¢ is even; and n € Z1. Assume that ¢(7)
has only one pole in a fundamental region for I5(2), a double pole at T = a.
Suppose that f(q) and ¢(7) have the Laurent expansions,

l l
(b(T): (Ti2a)2 +7—Tja+: (q_;ﬂ’ia)2 +q_;7ria +:f(q)
(11.10.2)

Then

. cra(n + 2) "1 1
o) =2 Zd: { (ca+d)™3  (ca+d)"+? } 1-(a/q)’
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1 (¢/q)?
— 4’ = 11.10.3
T2 ; (CO{ + d)n+4 (1 _ (q/g)2)27 ‘q| < qo, ( )
where .
ao +
= ] 11.10.4
a exp(<ca+d> m>, (11.10.4)

and the summation runs over all pairs of coprime integers (c,d) (with ¢ even)
that yield distinct values for the set {g, —g}, and a and b are any integral
solutions of

ad —bc=1. (11.10.5)
Furthermore,
B ’L[l iZQ o 52
=t and 2= e (11.10.6)
Proof. For brevity, set
at +b ac+b
T:=T(7):= d Z = . 11.10.7
(7) ct+d an ca+d ( )

We want to calculate the Laurent expansion of ¢ as a function of 7" in a
neighborhood of Z. Since

dl —b
= — 11.10.8
4 —cl'+a’ ( )
we easily find that
aa+b
_T(d+ca)—(b+ao) ~  ca+d
e —cI'+a - —cT+a (ca+d)
T—-7 T—-7

= — d) = d). 11.10.9
—cT+a(Ca+ ) —cZ+a—c(T—Z)(Ca+ ) ( )

However, by (11.10.7) and (11.10.5), we easily find that

—cZ = . 11.10.10
cota co+d ( )
Employing (11.10.10) in (11.10.9), we find that
T-7
_ — d 2
T 1—c(co¢—&—d)(T—Z)(CaJr )
or
1 1—clca+d)(T—Z) (11.10.11)

T—a (T —2Z)(ca+d)?

and
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L _1-2ecatd)(T - 2) +P(ca+dP(T -2

(r—a)2 (T - Z) (cat+d) (11.10.12)

We next seek the expansion of (¢7+d)™ in powers of (T'— Z). By (11.10.8),
(11.10.5), and (11.10.10),

(cr+d)"=(—cT+a)™"
={(=cZ+a)—c(T—-2))"

1 —n
- <0a+d_C(T_Z)>
=(ca+d)"(1—=clca+d)(T—-2))"". (11.10.13)

Thus, from (11.10.2), (11.10.11)~(11.10.13), and (11.10.1),

1 2c 2
P() = ((ca+d)4(T— Z)2 N (ca+d)3(T - Z) * (ca+d)2> "

1 c
+ <(ca+d)2(T—Z) B ca—l—d> mbe
= (er +d)"¢(T)

=(ca+d)" (1 —clca+d)(T—-2))"" (

T—zp t1—2"
(11.10.14)

B )

where R; and Ry are the coefficients in the principal part of ¢(T) about Z.
Thus, rearranging (11.10.14), we easily find that

R R
(T Z

=(ca+d) ™" (1 —=cn(ca+d)(T—-2)+---)

(( ca 1 d) T—Z)2 - (ca+d)23C(T— 7 (cacjd)2> "

c

+<(ca+d) (T_Z)Ca+d>7“1+"'>- (11.10.15)
It follows from above that
- 2cro enrg -

N 9 - - 11.10.16
Ry = (ca+d) ( (ca+d)3  (ca+d)? ' (ca +d)2> ( )

and .
B = (ca+ dyn+t” (11.10.17)

We now proceed as in [177, Theorem 1], [242, p. 312], or as in the proof of
Theorem 11.2.1. Recall that the definition of g is given in (11.8.13). Accord-

ingly,
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f@) == Res (%,ig) (11.10.18)

where the sum is over all poles +¢. If

1
then, by Taylor’s theorem,
()= L _GFg+ (11.10.19)
g9(z) = - Z2Fq)+ . .10.
+q—-q (+¢—9q?* =
Let us write f(z) as
P Py
1(z) = (z — 29)? i z— 2
Then
1y 1
Res ( 1) ,z0> — P, < ) +p (11.10.20)
qu qu Z=Zz0 7q zZ=Zz0

We need to find P, and P, for zy = +gq.

Next, we take the Laurent expansion (11.10.15) and convert it into a Lau-
rent expansion in powers of (z — ¢). Observe that e™(Z+1) — _g4. Thus, the
Laurent expansion in powers of (z 4 ¢) arises from (11.10.15) with Z replaced
by Z + 1. Since the arguments in the two cases +q and —q are identical, we
T™TT

consider only the poles +¢. Set z = €™ and recall that ¢ = €™ . Also, put

h(z) = log z — log g,

where the principal branch of log is chosen. Then, by Taylor’s theorem,

1 2
O O I G R
and so ) )
q
= = 14 —(z—
") z—q<+2g(z 0+
and
1 g ( 1( )
= — I+-(z—q) + )
h2(z) (2 —q)? g -
Hence,
Ry Ry Rym? Rymi

(t—2)2 +T—Z+.”:_(10gz—logg)2+logz—logg
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R7r2q2 1

(-9 ¢ -
Rymiq 1
b (1+—(zq)+~~~) +---
2—4q 2~
Rom?q? 1 ,
= — (Z — q_)2 —+ P (—R27T22+ Rl’ﬂ"ég) +
- - (11.10.21)
Therefore, by (11.10.20), (11.10.19), and (11.10.21),
1 Rom2¢?
Res ( f(2) ,g) = (—R27T22+ leg) + 2_ 22. (11.10.22)
z—q q—q (¢—q)
By a similar calculation,
1 R 7.(.2 2
Res (M —g) = (Rem®q — Rymiq) + % (11.10.23)
z—q —q—q (—¢—q)

Hence, by (11.10.18), (11.10.22), (11.10.23), (11.10.16), and (11.10.17),

—m2qry mirec(n + 2)q mirLq 1
S =-2, <<(0a T {catrdr  (eatd)i?) g—q

c,d
rym2q?
+ n+4_ 2
(ca+d)"t4 (g —q)
m2qry mirgc(n + 2)q TiT1q 1
(ca + d)nt4 (ca+ d)n+3 (ca+d)"t2 | —q—q

. romeq
(ca+d)" (g + )
_ cra(n+2) 1 1
= Z { (ca+d) o (ca + d)n+2 } 1= (/)

1 1
+ 27%r
" Ed: (ca+d)"+1 1= (g/q)?

) 1 1+(/e”
e Z (ca+d)" 1 (1= (a/a)?)?

cra(n + 2) 1 1
=9 —
i Z { (ca+d)"3  (ca+ d)n+? } 1— (q/q)

2 1 1 B 1+ (q/q)?
+ 27 7”2; (ca+d)"+4 {1 _ (q/g)2 (1 _ (q/g)2)2}
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cra(n+2) 1 1
— 2 —
MZ{ ca+d"+3 (coz+d)”+2}1—(q/q)2

2 1 (Q/Q)Q
S Z (ca+ )™+ (1= (a/0)*)*

where the sum on ¢, d is as stated in Entry 11.10.1. This proves (11.10.3).
We next prove (11.10.6). From (11.10.2), since g = €™,

_ 42 él
fla) = e2mio(gri(r—a) _ 1)2 T emio(gritr—a) _ 1) +
EQ el
- 2 o oo
e?mi(mi(t — o) + 5(mi)2 (1 — )2 4+ )2 em(mi(t —a) +---)
o 2 . b
erian2(r —a)2(1 4+ 7i(T —a)+---)  emo(mi(T — a))
ly ly 4y

= ——= — . . <o+, (11.10.24
e2rian2(r —a)?  e?mami(t — ) i ememi(T — ) - ( )

If we now compare the far right side of (11.10.24) with the right side of
(11.10.2), we deduce (11.10.6). O

Lemma 11.10.1. As in the general setting (11.10.2), put

B(q) = (q—g)Q +q_g+'~' , (11.10.25)
where g = €™, and where now o = 1+ 1i. Then
h=-2W g - 1 (11.10.26)
(B'(a))? (B'())?
Proof. Since B(q) = 0,
1 1
B0 {B(@)a—q) +1B"(@a- 0+ }
1 B"(q) ?
- {B'@(q —g B }
"
_ B’(g)z(lq —7 B,@gg) R (11.10.27)
The values (11.10.26) now follow from (11.10.25) and (11.10.27). O

The coefficients of 1/B?(q) are closely related to those for 1/R(q), which
were established in Hardy and Ramanujan’s paper [177, Theorem 3], [242,
p. 319).
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Entry 11.10.1 (pp. 97, 105, 114, 119, 123). Define the coefficients p,, by

=3 pd® < a (11.10.28)

Then, for n >0,
Po=_Tu(n), (11.10.29)

where p runs over all integers of the form (11.4.4), and where

2 2nm
Ty (n) = QQ(e—Qﬂ)e , (11.10.30)
2 (_1)71 nmw
Ta(n) = Q) 2 e (11.10.31)
and, for > 2
2 enm/m 2mn i c
T,(n) = mT;QCOS ((ac+bd)u+8tan d) , (11.10.32)

where the sum is over all pairs (c,d), where (c,d) is a distinct solution to
pu=c?+d? and (a,b) is any solution to ad — bc = 1. Also, distinct solutions
(e,d) to p=c*+d? give rise to distinct terms in the sum in (11.10.32).

We are now ready to state Ramanujan’s theorem on the coefficients of
1/B%(q).
Entry 11.10.2 (p. 119). Define the coefficients bl, by
1 o0

b/ 2n .
B2(q2) nzo |Q| < qo

Then,

_182( 3”") T,.(n), (11.10.33)

where the sum is over all even integers u of the form (11.4.4), and where
T,.(n) is defined by (11.10.30), (11.10.31), and (11.10.32).

Proof. Throughout the proof we frequently and tacitly use the equalities
P(—e™™) =2P(e™*"), Q(-e ") =—4Q(e™*"), R(-e ") =R(e ") =0,

where the first equality follows from (11.7.4) and the equality B(—e™~ ™) = 0;
the second comes from Entry 11.7.1 (iii) (or (11.8.16)); and the third arises
from Entry 11.7.1 (ii), the equality B(—e~™) = 0, and the fact that e 72" is a
zero of R(q) [246, p. 198].
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By (11.7.4) and (11.1.7),

P*(¢*) = Q(¢*) P2(q) - Q(g)
3q 12¢q

2@(6—277)
n 36—_71-.
(11.10.34)

g=—e""

Next, by (11.10.34), (11.1.7), (11.1.8), and (11.8.10),

B'(—e™") = 121q2 {(16qP(q2)P ¢ 1)2;262((1 ) _ SqP(q )Q(gql — R(g%)

P?(q) = Qq) , P(¢)Q(q) — R(Q)) .

—2P(q)

12¢q + 3q

—4P%*(¢?) + 4Q(¢*) + P(¢*) — Q(Q)}

g=—e" T

! {—4P(q2)62(q2) P | 8Q(q2)}

1242 2 -
1 —27 —27 —27
= 12¢—27 {—8P(e : )Q(e 2 ) +8Q(e ’ )}
2 -2
_ 20 ™) (13 (11.10.35)
3e—2m T
By the chain rule and (11.10.34) and (11.10.35), respectively, it follows that
B(q*) o2 _ 4iQ(e™?")
dg P =2qB (q )’q:ie*“/2 T 3e—7/2
and
d’B(q*)
— 2B/ 2 4 QB// 2 )
7yl N (@*) +44*B"(¢*)| ;oo
Q) 8eTQEe) (3
- 3e T 3e—2m T
Qe (5
 3e T T ’
It follows from (11.10.26) that
0y ="
2= 16Q2(e—27)

and



308 11 Coefficients of Eisenstein Series

o 2T Qe (6 N 9™ (6
LT 64Q3(e ) 3e T 16Q%(e27) '

T T
Using the calculations above in (11.10.6), we further find that
) (11.10.36)
2T 16m2Q2 (e 2 ) o
and
1 9e™ ™ 9 6 271
="\ T1602(0—2 + 2( -2 — -l =sar oy
me ™ 16Q?(e—2m) 16mQ?(e=27) \ 7 8m2Q)?(e=2m)
(11.10.37)

We now apply Theorem 11.10.1 to 1/B?(¢?). Note that n = 4 and that q
is defined by (11.8.13). Accordingly,

1 o 6cra B T 1
B > {(c% +d)7 (L +d)6} 1—(q/9)?

C(ngde)n
1 (¢/q)*
— 47?ry - = .
(C% (e +d)8 (1—(q/9)%)?

c even

We use the calculations (11.8.21) and (11.8.22) with ¢ = ¢+ d. Since ¢ is even
and d is odd, then ¢ is odd and p = ¢/ + d? is even. Replacing ¢’ by ¢, we
find that

. (144)76(c —d)ra (1 414)%r; 1
= 2mi Z { } T

B2(¢?) (ci+ d)7 "~ (ci+d)S (a/q)?

(¢,d)

c?+d? even

A Dk (4/9)”

2 T+ dp - o/
c?+d? even

Using (11.10.36) and (11.10.37), we deduce that

1
B2(q?)
L 8 6-9(c—d)(1+i)  27i(ci+d)
-2 (v (Ciomaiem ~ seaiem) )
c2—0—d2 even
1 36 1 (¢/q)?
- 1—(q/g)2+Q2(e‘2”) 2 (ci+d)* (1 —(q/q)?)?

(e,d)

c2+d? even

16 1 ~ 27(ci — d) 1
- Qe ) (Xd:) (ci+d)T < 8 ) 1-(q/9)?

c¢?+d? even
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36 1 (¢/a)?
e (Zd) (ci+d)* (1 —(q/q)?)?

c2+d? even

B 54 (ci—d)(ci+d) 1
= 7TQ2( —27r) Z (C’L + d)S 1— (q/g)2

(c7d)
c +d2 even

36 1 (¢/9)?
* Q*(e~27) (z:d) (ci+d)® (1—(q/q9)%)?

c2+d? even

B 54 L 1
- Q2 (e727) (zd:) (ci+d)®1—(q/q)*
c?+d? even
1 (¢/a)°

36
P L @ - W

c? +d2 even

Hence, as in the proof in [177, Theorem 3|, [242, p. 319] or Entry 11.4.1, we
separate the terms for positive and negative ¢ and observe that if ¢ is replaced
by —c in g, then g is replaced by g. From above, we then deduce that

1 54 11
B2(q2) - WQ2(6727r) 241 4+ e”qQ

1 " 1
+ Z { ci+d)®1—(q/q)? * (—ci+d)*1—(q/7)? }>

36 1 _eﬂ'qQ
+ Q2(e27) (2_4 1+ emg?
(¢/9)° 1 (¢/9)?
' (zd: { i+ dF (1= (a/aPP * (—ei+ ) (1 (a/2°)? })
w>2

ES 7TQ2 —5 (24 Z n e™ 2n
+Z{cz+d g —2n 2n Cl+d82—72n 2n}>

(C7d)
n>2
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1 )
—2n 2n ——2n 2n
+Z{cz—I—d an cz'—l—d)szng ! })
(e,d) n=0

n>2

Equating coefficients of ¢°*,n > 0, on both sides and proceeding as in the
proof in [177, Theorem 3], [242, p. 319] or Entry 11.4.1, we find that

54 — Le€
/o 7rn
bn - 7TQ2(6—2”) < 24 + Z Z
(pe) (c,d) He
fe>2

2
X 2 cos ( 7m(ac—l— bd) + 8tan~* c)
He d

36 (— nezﬂ-n/ue
+ orie= ( e+ Y > i
—27 24
Q*(e=?m) L
pe>2

2
X COS ( m (ac+ bd) + 8tan™! c))
He d
27

= =D weTu (n) + 180 Ty, (n)
(He) (Ne)

18 (%4 0) 7500,

(ke)

where the sums on p. and c¢,d are as given in the statement of Theorem
11.10.2. 0

27N/ e

Using Mathematica, we calculated b,,1 < n < 10, and the first two terms
n (11.10.33). As with b, the accuracy is remarkable:

1 —48 —48.001187
2 1,680 1,679.997897
3 —52,032 —52,031.997988
4 1,508,496 1,508, 496.002778
5 —41,952,672 —41,952,671.998915
6 1,133,840, 832 1,133,840, 831.996875
7 —30,010, 418, 304 —30,010, 418, 304.008563
8 781,761,426,576 781,761,426,576.003783
9 | —20,110,673, 188,848 20,110, 673, 188, 847.986981
10 512,123,093, 263, 584 512,123,093, 263, 584.006307

Ramanujan’s theorem on the coefficients of 1/B2(q) is also closely related
to the power series expansion in Entry 11.5.1. We restate that theorem here
using the notation (11.10.30)—(11.10.32).
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Entry 11.10.3 (p. 102). Define the coefficients n,, by

2

= > ™l < (11.10.38)

Then, for n >0,

= §ZuTu(n), (11.10.39)
Y
(r)

where (1 runs over all integers of the form (11.4.4), and where T,,(n) is defined
by (11.10.30)(11.10.32).

Now observe from (11.10.29) and (11.10.38) that

S (LY Pl S
,;C"q '_q< (q)) R(9) Z Png" + 5 Zrznq, (11.10.40)

and so by (11.10.29) and (11.10.39),

=2 (" + 2”) Tu(n) =: cne + Cno, (11.10.41)
"

where ¢, . and ¢, , are the subseries over the even and odd values of 11, respec-
tively. Equahty (11 10.41) should be compared with (11.10.33); in particular,
note that b}, = 18c¢,, .. Moreover, by (11.1.9),

1\ | Pl _ —P(@R(@)+Q* ) _ Plg)
'(7) * "

2R(q) 2R?(q) 2R(q)
_ (@Y _ 15y
=3 (R(q)) > nzzodnq . (11.10.42)

Defining d,, . and d,, , as we did above for ¢, . and ¢, ,, we see by (11.10.33)
and (11.10.40)(11.10.42) that

dne

)

= 2Cp e, dno = 2Cn 0, and bl = 9dy, .

Using the formula for the coefficients of Q(q)/R(q) given in Entry 11.4.1, we
can obtain a relation between these coefficients and the coefficients d,, above.

Although we have stated Theorem 11.10.1 only for modular forms on I(2)
with a single double pole on a fundamental region, there is an obvious analogue
for modular forms on the full modular group. In fact, as a check on our work,
we applied this analogue to Q?(q?)/R?(¢?) to show that d,, = 2c¢,,, where ¢,
is given by (11.10.41). Also, Lehner’s theorem [201] can also now be obviously
extended for forms with double poles.
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11.11 A Calculation from [176]

On page 104 in his lost notebook [244], Ramanujan offers a calculation from
[176] to illustrate the accuracy of their formula for the coefficients of 1/R(q) by
taking only a small number of terms from their formula. Define the coefficients
Pn, n 20, by

> 1
q" = =, q] < 1.
2 md" =yl

Ramanujan records the first thirteen coefficients. These coefficients are also
recorded by Hardy and Ramanujan in their paper [176], [242, p. 317].

Entry 11.11.1 (p. 104).

po = 1
p1 = 504
Do = 270648
s = 144912096
Ps = 77599626552
ps = 41553943041744
Pe = 22251789971649504
p7r = 11915647845248387520
pg = 6380729991419236488504
P9 = 3416827666558895485479576
P10 = 1829682703808504464920468048
P11 = 979779820147442370107345764512

P12 = 524663917940510191509934144603104

To calculate the coefficient pi2, Ramanujan takes six terms from their
formula (11.10.29) of Entry 11.10.1; these terms are numerically equal to,
respectively,

524663917940510190119197271938395.329
+1390736872662028.140

+2680.418

+0.130

—0.014

—0.003
524663917940510191509934144603104.000

For more details, see Hardy and Ramanujan’s paper [176], [242, pp. 317, 320].
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Two Letters on Eisenstein Series Written from
Matlock House

12.1 Introduction

As we mentioned in Chapter 11, in their last joint paper, G.H. Hardy and
Ramanujan [177], [242, pp. 310-321] established the following remarkable for-
mula for the coefficients of 1/R(q).

Entry 12.1.1 (pp. 97, 105, 114, 119, 123). Let

1 =~
=) ma", lg] < qo-
R(¢%) ,;0
Then,
2 Wﬂ(n) 2nm /1
Yo = 52 e ", (12.1.1)

(1)

where C' is a constant defined in (11.5.3), p runs over the integers of the
form (11.4.4), and W,(n) is defined in (11.5.5) and (11.5.7). Also, distinct
solutions (c,d) to = c? + d? give rise to distinct terms in the sum stated in
(12.1.1).

In another letter to Hardy from the English sanitarium Matlock House,
Ramanujan derives upper and lower bounds for the number of terms in the
formula (12.1.1) required to determine the value of each coefficient, that is, the
number of terms required to produce an approximation that has the actual
coefficient as the nearest integer. This letter was published with Ramanujan’s
“lost notebook” [23, pp. 97-101]. We will present an expanded version with
more details of Ramanujan’s argument in this chapter. In this letter, Ramanu-
jan writes [244, p. 97], “In one of my letters I wrote about the least number
of terms which will give the nearest integer to the actual coefficient in 1/gs3
problem. It will be extremely difficult to prove such a result. But we can prove
this much as follows.” It is uncertain whether the letter to which Ramanujan

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_13, (© Springer Science+Business Media, LLC 2009
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refers still exists. However, pages 123126 of [244] appear to be a portion of
this letter. The beginning of the letter is clearly missing, and the editors label
these pages sheets “from the LOST NOTEBOOK.”

12.2 A Lower Bound

Let
3
-n(l—c¢
U(n) == T , (12.2.1)

log3/2n H <1 — 12)
p

p=1 (mod 4)

where [z] denotes the greatest integer less than or equal to x, 0 < e < 1, and
p runs over the primes congruent to 1 modulo 4.

Let 37 be the sum on the right-hand side of (12.1.1), and let 32 be the
sum of the first £(n) terms of ), where all of the summands corresponding
to one value of i together count as one “term.”

Entry 12.2.1 (pp. 97-101). (A Lower Bound for the Number of Terms Re-

quired) As n tends to oo, there are terms in ) that are not in Zi(n) and
are arbitrarily large.

Proof. Strictly speaking, this theorem does not imply that there is a large gap
between Zfl(") and 7, Rather, it indicates that we cannot have confidence in

Zfl(") as an approximation to -, because subsequent terms in the series )
are quite large.

We define ¢(m) to be the number of integers less than or equal to m
that can be represented as the sum of two coprime squares, i.e., that can be
represented in the form (11.4.4). We obtain an asymptotic formula for ¢(m).

We define r(m) to be the number of integers less than or equal to m that
can be represented as the sum of two squares. Such integers are of the form
[175, p. 299]

T

t=20T] " H q;", (12.2.2)
Jj=t

i=1

where a is a nonnegative integer, p; is a prime of the form 4k +1, g; is a prime
of the form 4k + 3, and a; and b; are positive integers, 1 <7 <r, 1 < j <s.

From (11.4.4) and (12.2.2), we see that the integers that are counted in
r(m) but are not counted in ¢(m) are those that are divisible by 4 or by the
square of a prime of the form 4k + 3. Suppose we choose one of these integers
that is divisible by 4. Then it must be of the form
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4 Z“Hp Hq ;

and therefore, there are r(m/4) such integers less than or equal to m. Similarly,
there are r(m/9) integers divisible by 9 that are counted in r(m) but not in
c(m). Recalling that the integers counted in r(m) but not in ¢(m) are those
that are divisible by 4 or the square of a prime of the form 4k + 3, we use an
inclusion—exclusion argument to deduce that

=t () () 00 (3) -+ (3)-
=Y r ( ) 1)w), (12.2.3)

(9)

where w(g) is the number of prime factors of g, not including multiplicities,
and ¢ runs over integers of the form

g = 2% H 4, (12.2.4)

where ¢ and ¢; are 0 or 1.
E. Landau [198, p. 66] and Ramanujan [56, pp. 60-66] both showed that

B
r(m) = —— + O < o > : (12.2.5)
logm log
where 1
B = . (12.2.6)
1
2 1—-—
_ 11 ( p2>
p=3 (mod 4)

We use this formula for 7(m) to obtain a similar formula for ¢(m).

Lemma 12.2.1. We have
3 1

T (-

p=1 (mod 4)

c(m) =

m
+O0 | —7— ) -
> \/10gm <10g3/2m>

Proof. Throughout the proof, g denotes an integer of the form (12.2.4). Note
that we can rewrite (12.2.3) as

cm)=>r <m> (—1)2@) (12.2.7)



316 12 Letters from Matlock House

because r (%) =0 for g > m. We write (12.2.7) as two sums, namely,
= Y <m> EITONE S (m) (—1)"@) . (12.2.8)

g<m?2/3 g m2/3<g<m g

We estimate each sum separately. For m?/3 < g <m,

r <Tgn) <r <mTZ/S> =r (m1/3) <m!/3, (12.2.9)

Since g runs over integers of the form (12.2.4) and these are all squares, the
number of terms in the second sum in (12.2.8) is less than or equal to \/m.
From this and (12.2.9), we see that the second sum in (12.2.8) is O(m?/9).
Thus from (12.2.8), it follows that

= 3 o(2) s o,

Thus, by (12.2.5),

colm) = Mflw(g) O(m/g)} O(m5/6Y .
m= 2 { osm/a O gy ) O

g<m?2/3
(12.2.10)
We simplify the sum involving the O-term. Note that for g < m?/3,
O D nl
22,108 (mg) 2, 10" m(1 — log g/ log m)*/?
<X T
gemass Jog” = m(1 —logm /3 /logm)3/
= Y
g<m?2/3 10g3/2 m(l - 2/3)3/2
m 1
= O _— -
o 2

m 1
X <log3/2m ; n2>

n

m
:O —_— s
(1og3/2m>

where in the penultimate step we used the fact that g runs over a subset of
the squares. So by (12.2.10),
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clm) = _Bmfg ) e _om
(m) Z{( log(m/g)>( Y }+O(log3/2m>'

g<m?2/3

Now we express the sum above in terms of logm rather than log(m/g).
Using the fact that for g < m?/3,

1 1 1
Vog(m/g) B Vlogm /1 —log g/logm

- 7o (o ()
logm logm

1 1
L o(tme)
logm log/ m

we find that
Bm 1 log g m
c(m) = —1“(9><+0<>>}+O<>
(m) g<zm;/3{ 9 - logm 10g3/2m log3/2m
Bm/g (9) m log g < m )
W40 | —m— —= | +0 | —7—
<z;/3 Vlegm 10g;3/2 m g<§/3 g log?’/2 m
Bm/g (9) ( m )
- @ 4+ 0 ——), 12.2.11
Z T - (12:2.11)

where in the second sum of the penultimate line, we used the fact that g runs
over a subset of the squares.

We now show that (12.2.11) is true even if we remove the condition g <
m?/3 from the sum. Recall that g runs over squares, and so the sum in (12.2.11)
is absolutely convergent. Hence,

c(m) = Z {Bf:gn(_l)T"(g)} _ Z/ { Bf:g/fn<_1)w(g)}

m
ro( ).
log3/2m

However,

Z { Bm/g (_1)11)(g)} ’ — ‘ Bm Z
gom2/s v/ logm \/logm P

Bm 1

< J—

v/logm 92%:/3 g
Bm > 1
< —
IOg n>7§/3 TL2
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=0 (&) , (12.2.12)
and so
w(g) m
c(m) = \/@Z . (log?’/zm) : (12.2.13)

Recall that g runs over integers of the form (12.2.4), where the ¢; are primes
congruent to 3 (mod4). Thus, using the Euler product representation for the
sum in (12.2.13), we find that

Bm 1 1 m
e g 2) L 68 olie)
ogm p=3 (mod 4) p 0g m

Using the definition of B in (12.2.6) with the representation above, we deduce

that
c(m) = 10 1 (112> \/IZ;m (i) nggod@ <1_I>12>

p

p=3 (mod 4)

m
e ()
log3/2m

L C B o)
42\ _. p? logm 10g3/2m .

p=3 (mod 4)

Using the elementary fact

I1(1- Y L _6
p?) <2 7’

P

we obtain our desired result, namely,

N

P

D) I (T

p=1 (mod 4)
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2

3 8 1 m —i—O( m )
4y/2 \ w2 1\ Viegm log®? m
11 1
p=1 (mod 4)

p
3 1 m m
= — O ———¢—1 .
2 1 (1 1 > Viogm + (10g3/2m)
p=1 (mod4) p2
This concludes the proof of the lemma. ]

In the sum Zﬁ(n), the index p runs over the integers of the form (11.4.4),
that is, the integers in the sequence 1, 2, 5, 10, 13.... We denote the integers
in this sequence by 1, p2, g3, . ... Then the value of u corresponding to the
final term of the sum Zfl(n) is f1g(n). Thus,

c(pe(n)) = £(n) . (12.2.14)

We now obtain an asymptotic formula for j,) in terms of n. Then we use
this formula to obtain a lower bound for certain terms of ) that are not in

Ze(n) and in this way prove the theorem.

n

By (12.2.14), Lemma 12.2.1, and (12.2.1),

: t(n)
2m 1\ V108 fe(n)
I1 ==
p=1(mod 4) p
Zn(l —€)
1
log®/% n II <1 — —2)
. p=1 (mod 4) p
- nlgr;o 3 1 He(n)

2 0 (1 B i) V108 f16(n)
AN

p=1(mod 4



320 12 Letters from Matlock House

(1= emn/log®?n

= lim . (12.2.15)
"% 204y /1 /108 o)
Note that if a,, b, — oo, then
lim % =1
n—oo n
implies that
log a,
im =
n—oo log b, ’
because
. logay, log a,, — logb,, + logb,,
lim = lim
n—oo log b, n— o0 log by,
1
i 08(an/bn)
n—oo  logb,
Thus,
log (1 — €) 4 log n — log(log n)*/? 1
| = i 10871 =€) Flogn — log( Ogn)1/2 = lim —2"  (12.2.16)
=00 log 2 4 10g f1¢(n) — 108(10g f1¢(n)) n—00 10g fig(n)
By (12.2.15) and (12.2.16),
o 3/2
1 — lim (1 —¢) n/(logn) 7
nmoe 2 iy /\/logn
so that % )
w(l—¢) n

We let p,, denote the smallest prime of the form 4k + 1 that is greater than
He(n)- Note that
Pn ™~ fhe(n) (12.2.18)

as n tends to oo, by Dirichlet’s theorem for primes in arithmetic progressions.
Consider now the coefficients
Yn> Yn—1,--- and  Yu_p 1.
Because py, is of the form (11.4.4), the series >, , >°, 4,...,and >, 5 |

for these coefficients will contain the terms

9 2 cos {2(0'0 + bd)7f_7r + 8 arctan cgl} e2nm/bn

n

C i ’
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1 )
9 2 cos {Q(ac + bd)(nA—)7T 4 8arctan 2} e2(n=1)7/pn

Il Pn
C i ’
) (12.2.19)
and
—p 1 . .
2 cos 2(ac + bd)w + 8arctan E e?(n—pn-f-l)ﬂ/pn

= Fa d (12.2.20)
c b » (12.2.

respectively. Recall that in our definition of Zﬁ(n), we mentioned that all of
the summands corresponding to one value of p together count as one term, and
recall that since p,, is a prime of the form 4k+1, it has a unique representation
as a sum of two squares. Thus, indeed the terms are of the forms (12.2.19)
and (12.2.20). However, because

Dn > He(n) > He(n—1) > " > He(n—pn+1) »
the truncated series
£(n) l(n—1) L(n—pn+1)
Do Dy 2w
does not contain these terms. For n sufficiently large, at least one of the
expressions

2 cos {2(ac + bd)ﬁ + 8arctan 2} ,

Pn

—1
2 cos {2(ac—|— bcl)(nA—)7T + 8arctan E} yees
Pn d
and N
2 cos {Z(ac + bd)w + 8arctan s}
Pn

will be greater than 1, and at least one will be less than —1. We choose two
such expressions and denote them by

2cos {2(ac—|—bd)(nt—g)7T —|—8arctan§} (12.2.21)
Pn
and h
2cos{2(ac+bd)u +8arctan§} , (12.2.22)
Pn
respectively.

The term arising from (12.2.21), by (12.2.17) and (12.2.18), is, as n — o0,



322 12 Letters from Matlock House

9 2 cos {2(@0 + bd)(niig)7T + 8arctan 2} e2(n=9)7/pn

= pn
C P
2(n—9)m/pn

V

b
e(2n7/Bn) (140(1)

b
e(4(logn)/(1—e))(140(1))

{7T(12_6)1ogn}4

32 4 de/(1—
_ 1 e/(1—€)+o(1) ,
C’/T4(]. o 6)4 (Og ’I’L) n

Qv Qe Qfw

which tends to co as n tends to oco. Similarly, the term that includes the
expression in (12.2.22) tends to —oo as n tends to oo. This concludes the
proof of the theorem. a

Actually, we have proved a bit more, namely, we have proved that there
are also terms in ) that are not in Zfl(") and are arbitrarily close to —oo.

12.3 An Upper Bound

We prove an upper bound for the number of terms in the series ), required
to determine the value of the coefficient ~,,.
Let

n(l+e¢)

1
10g3/2n H (1 — 2)
D

p=1 (mod 4)

where 0 < € < 1 and p runs over the primes congruent to 1 modulo 4. Let
52" be the sum of the first u(n) terms of 37, where all of the summands
corresponding to one value of y together count as one “term.”

Entry 12.3.1 (pp. 97-101). (An Upper Bound for the Number of Terms

Required) The coefficient vy, defined in (12.2.1) is the nearest integer to Zz(n)
for n sufficiently large.

Proof. A typical term of the series ) is of the form

2 {2cos{---}+---+2cos{ - }} 5,0/p
— nn 12.3.1
2 - i (12:3.1)
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where the number of expressions “2cos{---}” in the term is equal to the
number of distinct representations of p as a sum of two coprime squares. The
number of (not necessarily distinct) representations of an integer m as a sum
of two squares is (e.g., see [223, p. 167])

4( o= Y 1).
d|m d|m
d=1 (mod 4) d=3 (mod 4)

Thus the number of expressions “2cos{---}” in the term (12.3.1) is less than
4d(p), where d(u) denotes the number of positive divisors of 1, and the term
(12.3.1) itself is less than

16 d(,u) 2nm
in modulus.

The value of i corresponding to the final term in the series ZZ(") 1S floy(n)-
We now estimate the sum of the terms of ) that are not in Zz(n), that is,
the terms that correspond to values of y greater than fi,(,)-

By the definition of ¢(m),

c(:“’u(m) ) = u(m) .

Using a line of proof that is virtually identical to that for Entry 12.2.1, we
find that

2r(l+¢) n
~ 7 12.3.3
Hu(m) 3 logn ( )
By (12.3.2)7
’Z _Zu(n) <E d(liu(n)+l)e2nﬂ'/pu(n)+1

n n c Hou(n)+1

d u(n
+ (:u4 ( )+2)€2n7"//"u(n)+2 4+ } . (12.3.4)

/J’u(n)+2

By a result of Hardy and Ramanujan (e.g., see [223, p. 396]),
d(m) = meW

as m tends to oo, so that, by (12.3.3), the right-hand side of (12.3.4) is equal
to

1 20T/ P (m 1 2NT [ Py (m,
O o)) e Hu(n)+1 o) e Hu(n)+2 4 ...
'u’u(n)+1 Iu’u(n)Jr2

1 1
= O | &2/ Hue) + 4.
( ((,uu(n) + 1470 () +2)70W
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_0 (e(zlogn/<1+e))<1—o(1>>;)
(n/ log m)® )
0 (n<3o<1>>/<1+e>;>
(n/logn)>—°M

log®n
=0 <n35/(1+e)o(1)> J (12.3.5)
by (12.3.3). Thus, from (12.3.4) and (12.3.3),

DIEDI

=o(1)

as n tends to oo.
Since ), is an integer and the expression

DI DR

is less than one-half for n sufficiently large, we see that -, (which equals ")

is the nearest integer to Zz(n) for n sufficiently large, and thus we have proved
the result. a

In his letter to Hardy [244, pp. 97-101] that includes Entries 12.2.1 and
12.3.1, Ramanujan claims that the terms in (12.2.19) can be written as [244,
p. 97]

2 _
2 cos {ﬁ +8 arctan&} e2n/pn

2 n
2(n—1 .
9 2 cos {u +8 arctan&} e2(n=1)7/pn
c = 5 ; (12.3.7)

etc. In other words, he assumes that there exist integers a, b, ¢, and d such
that ad — be = 1, ¢ + d? = p,,, and ac + bd = +1 (mod p,,). This assumption
does not seem to be correct.

For example, he asserts that the term with © =5 can be written as

2
5 2 cos {% + 8arctan 2} e2nm/5

C 5%

However, this is not true. By (11.5.7), we see that
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2
Ws(n) = 2cos {(ac+ bd)% + Sarctang} )

where a, b, ¢, d € Z, ad — bc = 1, and ¢® + d?> = 5. Note that
(ad — be)* + (ac + bd)? = (a® + b%)(c* + d?).
The right-hand side is divisible by 5, since ¢? + d? = 5. Since ad — bc = 1,
(ac + bd)? = 4 (mod 5),

so that
ac+bd = 2,3 (mod 5).

Thus, it is puzzling why Ramanujan writes
2
2 cos {ZW + 8arctan2}

in his expression for W;(n), because this would imply

ac + bd = +1 (mod 5).
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Eisenstein Series and Modular Equations

13.1 Introduction

Recall that Ramanujan’s three Eisenstein series P(q), Q(q), and R(q) are
defined by

P(q —1—242 1_q (13.1.1)
Q(q) (13.1.2)
and
s ko k
R(g):=1-— 5042 (13.1.3)

where |g| < 1. On pages 44, 50, 51, and 53 in his lost notebook [244], Ramanu-
jan offers 12 formulas for Eisenstein series. All are connected with modular
equations of degree either 5 or 7.

In a wonderful paper [233] devoted to proving identities for Eisenstein se-
ries and incomplete elliptic integrals in Ramanujan’s lost notebook, S. Ragha-
van and S.S. Rangachari employ the theory of modular forms in establishing
proofs for all of Ramanujan’s identities for Eisenstein series. Most of the iden-
tities give representations for certain Eisenstein series in terms of quotients
of Dedekind eta functions, or, more precisely, Hauptmoduls. The very short
proofs by Raghavan and Rangachari depend on the finite dimensions of the
spaces of relevant modular forms, and therefore upon showing that a sufficient
number of coefficients in the expansions about ¢ = 0 of both sides of the pro-
posed identities agree. Ramanujan evidently was unfamiliar with the theory
of modular forms and most likely did not discover the identities by comparing
coefficients.

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_14, (©) Springer Science+Business Media, LLC 2009
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The purpose of this chapter is therefore to construct proofs in the spirit of
Ramanujan’s work. In fact, our proofs depend only on theorems found in Ra-
manujan’s notebooks [243]. Admittedly, some of our algebraic manipulations
are rather laborious, and we resorted at times to Mathematica. It is therefore
clear to us that Ramanujan’s calculations, at least in some cases, were more
elegant than ours. We actually have devised two approaches. In Sections 13.3
and 13.4, we use the two methods, respectively, to prove Ramanujan’s quintic
identities. At the end of Section 13.3, we prove a first-order nonlinear “quin-
tic” differential equation of Ramanujan satisfied by P(g). In Section 13.5, we
use the second approach, which is more constructive, to prove Ramanujan’s
septic identities. The new parameterizations for moduli of degree 7 in Section
13.5 appear to be more useful than those given in [54, Section 19]. In Section
13.6, we briefly describe two new first-order nonlinear “septic” differential
equations for P(q).

The content of this chapter is taken from a paper by Berndt, H.H. Chan,
J. Sohn, and S.H. Son [67].

13.2 Preliminary Results

Define, after Ramanujan,
f(=q9) = (¢;9) 00 =: 6_2”2/2477(2'), q = ¥z, Imz>0, (13.2.1)

where 7 denotes the Dedekind eta function. We shall use the well-known
transformation formula [54, p. 43, Entry 27(iii)]

—1/2) = \/z/i n(z). (13.2.2)

The Eisenstein series Q(¢) and R(q) are modular forms of weights 4 and
6, respectively. In particular, they obey the easily proved and well-known
transformation formulas [246, p. 136]

Q(e2m/2) = AQ(e*™?) (13.2.3)
and ) .
R(e—Qm/z) _ ZGR(€2MZ)~ (13.2.4)
Our proofs below depend on modular equations. As usual, set
I'(a+k)
=T

and

oFy (a,b;¢;2) = Z (a);;( )i , |z < 1.

(k!

Suppose that, for some positive integer n,
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2F1(3,3:1,1 =) 2F1(%,% L1—-a)
2F1(3,1:1;8) Fi(3, 3L a)

A modular equation of degree n is an equation involving « and 3 that is
induced by (13.2.5). We often say that 8 has degree n over a.. Also set

(13.2.5)

21 = 2F1(%7 %; 1;a) and Zp = gFl(%, %; 1;6). (13.2.6)

The multiplier m is defined by

Fi(3, 411 -
mi=2L_2 1(2’12’1’ x), (13.2.7)
Zn 2Fi(5,5; 1)
where the last equality is a consequence of (13.2.6). When
2Fi(3,5: 151 —$)>
q=exp|—m 13.2.8
( 2Fi(3,3; ;@) ( )
and
2= oFi(3, 3 1;2), (13.2.9)
we have the “evaluations”
F=¢*) = V2271 (a1 — ) J) "2, (13.2.10)
Q%) = 2*(1 —x + %), (13.2.11)
and
R(¢®) =251+ 2)(1 — x/2)(1 — 2z). (13.2.12)

These are, respectively, Entries 12(iii), 13(i), and 13(ii) in Chapter 17 of Ra-
manujan’s second notebook [54, pp. 124, 126].

Next, we record some relations from the theory of modular equations of
degree 5. Set

m =1+ 2p, 0<p<2, (13.2.13)
and
p = (m®—2m?+5m)'/2. (13.2.14)
Then [54, p. 284, equations (13.4), (13.5)]
a® 1/8_5p+m2+5m B 1/8_p—m—1 (13.2.15)
6] N 4m? ’ a N 4 ’ o
(1-a)d 1/875p—m2—5m and (1-p)° 1/87p+m+1
1-p3 N 4m? ’ 1—« n 4 '
(13.2.16)

Furthermore [54, p. 288, Entry 14(ii)]
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9 _ 5
da(1 - a) p<1+2];> (13.2.17)
and )
B -p
481 — B) = p° (1 n 2p) . (13.2.18)

Also, from Entry 14(iii) in Chapter 19 of Ramanujan’s second notebook [54,
p. 289,

1 2\ 1/2
+p> . (13.2.19)

1+4+2p

We also need two modular equations of degree 5 from Entry 13(iv) of
Chapter 18 in Ramanujan’s second notebook [54, p. 281], namely,

126(1+pp2)<

5 5 1/24
m =1+ 243 (M) (13.2.20)
and 124
5 5
% — 14243 <O‘ﬁ8_g;> . (13.2.21)

For Section 13.5, we need several modular equations of degree 7 found
in Entries 19(i), (ii), (iii), and (vii) of Ramanujan’s second notebook [54,
pp. 314-315]. Thus, if 8 has degree 7 over & and m is the multiplier of degree
7,

(@)Y +{(1—a)1 -8}/ =1, (13.2.22)
87(1 - B)7 1/24
14 (2220
m=— ( ol o) ) (13.2.23)

(@B)1/® —{(1—a)(1 - B)}/*
1—4 (a7(1 — a)7)1/24

7 pa-—p
m (@B)/5 —{(1—a)(1— 17> (13.2.24)
(1-— 5)7 1/8 /67 1/8
(=) - (%)
(14 @02 (@ - -my7) 2) 7 (s22m)
a™\ /8 (1—a) 1/8
) -(5%)
- % ((1+ @2 + {1 - )1 -B)}'"?) /2)1/2 . (13.2.26)
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and

m— = =2((@)* ~ {1 -a)1 - A})
x (2 + (@)Y +{(1 - a)(1 - ﬁ)}1/4> . (13.2.27)

13.3 Quintic Identities: First Method

Entry 13.3.1 (p. 50). For Q(q) and f(—q) defined by (13.1.2) and (13.2.1),

respectively,
flo( q) 4 4 zflo( 7°)
Qq) = =) +250qf*(—q) f*(—¢°) + 3125¢ NEy (13.3.1)
and
sy_ 1(=4) " s 2 f10(=0")
Q(¢°) = ) +10¢f*(=q) f*(=¢°) + 5q e (13.3.2)

Proof. Tt is slightly advantageous to first prove (13.3.2) with ¢ replaced by
q?. To prove (13.3.2), we first write the right side of (13.3.2) as a function of
p, where p is defined by (13.2.13).

By (13.2.10),
A1) 43271 (50 -9)/¢")""°
A (=4?) 21272/3 (a(l—a)/q)1/6
1/6
2_8/3§ (ﬂ:ﬁ :535) : (13.3.3)

where 3 has degree 5 over a, z; and z; are defined by (13.2.6), and m is
the multiplier defined by (13.2.7). Using (13.2.15), (13.2.16), (13.2.14), and
(13.2.13) in (13.3.3), we find that

4/3
q4f10(_q1o) _ 2_8/327?; (pz —(m+ 1)2) /

f(=a?) m 16
dm—1)4 dpt
_slm-1T_ mp (13.3.4)
28m 24(1+ 2p)

Similarly, from (13.2.10), (13.2.7), (13.2.17), (13.2.18), and (13.2.13),

) s (a(l - a))“
2f5(=q) B(1-5)
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s 2-p ' _ (22— p)
_ (( )) _ Copl o (13.35)

p(1+2p P

Thus, from (13.3.4) and (13.3.5),
F10(_gl0 F12(_g2 £6(—q?
¢ f2é—g2)) <q4f12((—qq1)0) - 1O(J2J‘6((—qq1)0) +5)
2t (142p)?*(2—p)* (1+2p)(2—p)?
B 24(15+ 2p) ( p? 10 p? * 5>

4

Z
= 1 2 4
11+ 3p )(6+3p 8p° + 4p°)
5

<2+m>
— 14 =—= 17
T ( 1T +2p)
= z(1 - (1~ 0))
= Q(q"),
where in the penultimate step we used (13.2.18), and in the last step we
utilized (13.2.11). This completes the proof of (13.3.2).

To prove (13.3.1), we first rewrite (13.3.2) in terms of the Dedekind eta
function, defined in (13.2.1). Accordingly,

5. n°02) (((nlz) n(2) "
Q(q°) = 702 ((n(52)> + 10 (n(5z)) +5>. (13.3.6)

We now transform (13.3.6) by means of (13.2.2) and (13.2.3) to deduce that

i s 1CYG2) (/)
(527 )= G PR

ey VT n=1/2) i\
(( i n<—1/<5z>>> “°< Vi n<—1/<5z>>> +5>’

Q(6727ri/(5z))

n(=1/62) (s (n(=1/2) )P n=1/2) \°
~ TR (5 i) = () “)
_ 55 7710(—1/2) + 250”4(_1/(52))774(_1/2) + 7710(_1/(52))

n?(=1/(52)) n*(=1/2)

If we set ¢ = e~ 27/(%) and use (13.2.1), the last equality takes the shape
(13.3.1), and so this completes the proof of (13.3.1). O

or
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Entry 13.3.2 (p. 51). For f(—q) and R(q) defined by (13.2.1) and (13.1.3),
respectively,

15
R(q) = (f 9 500q09(- >f3<—q5>—15625q2f3<—q>f9<—q5>)

)
£ o )
\/1 —|—22q 15 (13.3.7)
and
1) = (558 4 108 o ) - P o ()
fO(=4°) o [1(=d")
x\/l 22T 125 (13.3.8)

Proof. Our procedure is similar to that of the previous entry. We establish
(13.3.8) first, but with ¢ replaced by ¢>.
By (13.2.10), (13.2.7), (13.2.17), and (13.2.18),

=) _ %" <a5(1 - a)5>1/4 _ Am?? ( 2-p >6 (13.3.9)
fA(=¢") 16237 \ B D) 64 \1+2p) -
Hence, from (13.3.9), (13.3.5), (13.2.7), and (13.2.13),

g L) )
F@) =5, ><”4 PCd TR ))

x\/1+22q2f6( ) gl 0

f5(=¢?) f12(=¢?)

28 m3/2 6
B <1 +2p>

p? p*
. <”4<1+2p><2—p>2 B <1+2p>2<2—p>4)

p4

p2
X\/l TRarme - P T e

6

= sm 237 (44 8p —6p° — 6p* + 9p* — 5p° + p°)

X /44 8p + 12p2 + 12p3 + 9p* + 4pd + pb
6

z
= L+ p—p*) (A +4p — 6p + 4p° — p')
x/(1+p?)(4 + 8p+ 8p +4p? + p?). (13.3.10)

Using (13.2.19) and (13.2.13), we can write (13.3.10) in the form
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44 4p — 6p® + 4p3 —p

F(q) = 28(1 —23) S0 T 2) /4 + 8p + 8p2 + 4p3 + pt
B (44 4p — 6p? + 4p* — p*)(2 4 2p + p?)
= 28(1-20) 8(1+ 2p)
B 8—|—16p+2p5—p6
_ p’(2-p)
= 41-20) (1+ <1+2p>>
= 25(1-28) (1 +38(1 - 9))
=201 -208)(1 - 38)(1 + B)
= R(q"), (13.3.11)

where in the antepenultimate line we used (13.2.18), and in the last line we
used (13.2.12). Combining (13.3.10) and (13.3.11), we deduce (13.3.8), but
with ¢ replaced by ¢2.

The proof of (13.3.7) is almost exactly like the proof of (13.3.1), but of
course, we use (13.2.4) instead of (13.2.3). O

The next two results are algebraic combinations of the pairs of represen-
tations in Entries 13.3.1 and 13.3.2.

Entry 13.3.3 (p. 51). Let A= Q(q) and B = Q(q°). Then

VA2 + 94AB + 62582

_12f<f10 D 1 260" (—0) £ (~) + 1252 L q))>. (13..12)

%) f*(=q
Proof. Set
f°(=q) 4 405 f5(=4°)
C= , D=qf*(—=q)f*(-¢’), and F =g¢—=. 13.3.13
f(=a®) Far=a) f(=a) ( )
Note that
CE =D. (13.3.14)
Equalities (13.3.1) and (13.3.2) now take the shapes
A=C?*+250D +3125E* and B =C?+10D +5E? (13.3.15)
respectively, and the proposed equality (13.3.12) has the form
VA2 4 94AB + 62582 = 12V/5 (02 + 26D + 125E2) . (13.3.16)

Substitute (13.3.15) into (13.3.16), square both sides, use (13.3.14), and with
just elementary algebra, (13.3.16) is then verified. O
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Entry 13.3.4 (p. 51). Let A = R(q) and B = R(q®). Then
V/5(A +125B)2 — (126)2AB

_ flo( q) 4 4 2f10( q°)
—252( )+62f( Q) f*(—q )+125q f(—q))

f(—q
x\/ "(=g )+22 qaf*(—q)f*(—¢°) + 125¢2
2 (=4°)

1=
. 13.3.17
fH-a) ( )
Proof. We employ the notation (13.3.13). Equalities (13.3.7) and (13.3.8)

then may be written as, respectively,

A= (C*—500CD —5°DE) \/1+22E2/D + 125E* /D2 (13.3.18)

and

= (C*+4CD — DE) \/1+ 22E%/D + 125E* /D2, (13.3.19)
and the proposed equality (13.3.17) has the form

V/5(A +125B)2 — (126)2AB = 252(C* 4 62D + 125E2)
x\/C? + 22D + 125E2. (13.3.20)

Square (13.3.20), use (13.3.18), (13.3.19), and (13.3.14), and simplify to verify
the truth of (13.3.20). O

Our next goal is to establish a differential equation satisfied by P(q), de-
fined by (13.1.1). We need two lemmas.

Lemma 13.3.1. Recall that Q(q) and R(q) are defined by (13.1.2) and (13.1.3),
respectively. Let

5\ 6
wmdfard) =g () assa
Then
Q(g) = u* (i +250 + 55A) (13.3.22)

and

1 1
R(q) = u® (A — 500 — 56>\> \/ 3 22+ 125 (13.3.23)

Proof. Identities (13.3.22) and (13.3.23) are obtained from (13.3.1) and
(13.3.7), respectively. For example, by (13.3.1) and (13.3.21),

o s a) ()
Q) = af* (—a) F q>( T 250+ 31250 q))

1
=t (A +250+55/\) .
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Lemma 13.3.2. Recall that f(—q) is defined by (13.2.1). Then

> qu x kq5k
1+6 — 30

_ [P0 +220/5(=0) fO(=0°) + 125¢°F 2 (=¢°)
=0 (=)
Lemma 13.3.2 is part of Entry 4(i) in Chapter 21 of Ramanujan’s second

notebook, and a proof is given in [54, p. 463]. We give here a new short proof,
based on Lemma 13.3.1.

Proof. Using Ramanujan’s differential equations [240, equation 30|, [242,
p. 142]

dQQ PQ—-R dR PR—-Q?
T 3 and ¢ i 5 (13.3.24)
we deduce that 0 iR
3~ R? =3¢R— — 2qQ—. 13.3.25
Q R qQ a7 ( )
From (13.3.22) and (13.3.23), we find that
3 2 u'?
dQ 31 5.\ du 4 1 5\ dA
— =4 —+ 250+ 5%\ ) — ——+5 | — 13.3.27
a0 u ()\+ + >dq+u /\2+ i ( )

and

dR s (1 6 \/l—du
ale _ = 500550 ) 4/~ 22+ 125028 13.3.2
= o (A 500 — 5 > N2+ (13.3.28)

~ 3uS(1 — 152X 4 52500% 4 2500001* + 1953125)*) dX

1 dq’
205 + 22+ 1257 7

Using (13.3.22), (13.3.23), (13.3.27), and (13.3.28) to simplify the right-hand
side of (13.3.25), we deduce that

Q*—-R?= 3qR@ — qud—R = 1728
dgq dgq

!0 d\

q—.
1 d
N[5 22+ 1250 1

Combining this last equation with (13.3.26) yields
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Ay [
= u2\/ < + 22 + 125 13.3.2
4y = Uy + 224125 (13.3.29)

On the other hand, by straightforward logarithmic differentiation,

X o~ kd*
4y = (1 —302 o +62 ) (13.3.30)
If we combine (13.3.29) and (13.3.30), we deduce Lemma 13.3.2. O

Entry 13.3.5 (p. 44). Let P(q) be defined by (13.1.1). Then

P(q) = f g (\/1 22X + 125X2 — 30F(\ ) (13.3.31)
and f5( )
_J \=q _
P(¢°) = e (\/1 + 22\ + 125)2 6F(/\)) , (13.3.32)

where A is defined in (13.3.21), and where F'(X\) satisfies the nonlinear first-
order differential equation

1+ —5/\ + 25)\F2(>\) F/(N)V1 4220 4 125)2. (13.3.33)
Proof. Assume that F(\) is defined by (13.3.31), so that (13.3.31) is trivially
true. By (13.1.1) and Lemma 13.3.2, we have

5P(q5)4— P(q) ﬁ(q ;\/m (13.3.34)

with A defined by (13.3.21). If we substitute (13.3.31) into (13.3.34) and solve
for P(g°), we deduce (13.3.32). It remains to prove that F()) satisfies the
differential equation (13.3.33).

From (13.3.24), (13.3.22), (13.3.23), and (13.3.29), we find that, with the
prime / denoting differentiation with respect to g,

/ 2

u u
P(q) = 12¢— — 2—— /1 + 22X\ + 125)2. 13.3.35
(q) riiviy ( )

Differentiating (13.3.35) with the help of (13.3.29), we deduce that

P 12502 — 1 2 ' A
d _u4L a4 <q“> 1422\ 4+ 12502 4+ 12¢ (qu)
U u

Taq A VA
(13.3.36)

Next, using another differential equation of Ramanujan [240, equation (30)],
242, p. 142],
dP P2 —Q
dq 12 7

(13.3.37)
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(13.3.22), (13.3.35), and (13.3.36), we conclude that

N/ I\ 2 4
3
12¢ (qu ) —12 (qZ) = —S5 (1412507 +18)). (13.3.38)

u

We now identify Ramanujan’s function F(A). Comparing (13.3.31) and
(13.3.35), we conclude that

2 o 1
POy = 2042 L L A e, (13.3.39)

57w T 0
Rewriting (13.3.39) in the form

F()N) 1 \/— 2 u 1
—— - —— V14222 + 1252 = ——g——, 13.3.40
VA 10V 570w ( )
and differentiating with respect to ¢, we deduce that
1 u? [1422)+125)\2 1 dF(A 2125X% -1
- up()\)+7q (A) _ w125
2\ A VA dg 20 A

2 W\ 12 P
=-Z —) === (q=) 5. 13.3.41
5{q(qu) R (qu> } (13.3.41)

Using (13.3.38) and (13.3.40), we may rewrite the right-hand side of (13.3.41)
and deduce that

1 w2 /14 22X+ 125)\2 1 dF(\ 212502 -1
- ip(/\ﬂ_iq KW _ v
2\ A VA dg 20 A
LH18A+12502 5 ,F2()) 14 22X + 1252
_ 2t T HLOA T LAIAT D g 2
- 40\ Tttt 400
1
—u? —F(A)V1+ 22X + 125)2, (13.3.42)

2

Simplifying (13.3.42) with the use of (13.3.29), we deduce Ramanujan’s dif-
ferential equation (13.3.33). O

13.4 Quintic Identities: Second Method

The alternative method to proving Entries 13.3.1, 13.3.2, and 13.3.5 that
we present in this section is more constructive than that in Section 13.3, but
although no less elementary, is perhaps slightly more removed from procedures
that Ramanujan might have employed. On the other hand, the method here
is more amenable to proving further theorems of this sort, especially if one
does not know their formulations beforehand.
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We begin by introducing some simplifying notation and making some use-
ful preliminary calculations. Set

1/24
55(1 _ 5)5
= 13.4.1
b1 ( a(l —a) ’ ( )
&5(1 — a)5)1/24
P2 =\ (7 ) 13.4.2
G = 1542
and
C %
= . 13.4.3
Observe that, by (13.2.20) and (13.2.21), respectively,
m—1
and 5
—m
It follows that
5 5
s m—1/(5-m\"  (m—1)(m—25)
ol —a)=pip; = YVl <m> =- 162m? (13.4.6)
and
5 5
o5 (m=1\"5-m  (m—-1)°(m—5)
B = p) =pip2 = ( 7 ) YEN & . (13.4.7)
We also note that, by (13.4.3),
4 4 5
“1 “ <5 2
— = =C 13.4.8
162m°  16%(21/25)° 1622 ( )
and . . 5
BB B (13.4.9)
16°m  16%(21/25) 16°%
Since, by (13.4.3),
3 — A4 1 4
1634/ 23 16% \/(21/25)3  16"my/m
we find that . .
2 5 Gdpym (13.4.10)
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We shall use (13.4.8)—(13.4.10) in our alternative proofs of Entries 13.3.1 and
13.3.2.

In view of (13.3.1), it is natural to introduce abbreviated notation for
certain quotients of eta functions. Our goal is to represent these quotients as
polynomials in the multiplier m. First, by (13.2.10), (13.4.3), (13.4.2), and
(13.4.5),

L=

- \/,:§2’5/3(a(1 —a)/q)®/1?
F(=a")  VE2 R0 - B) /4"
e (a5(1 a)5)1/12
BREENGT AN

16C 4, 16C 3(5—m)2

oa73"" P2 = ™
= Cm(m —5)2, (13.4.11)

and, by (13.2.10), (13.4.3), (13.4.1), and (13.4.4),

(=gl \/72 5/3(8(1 — B)/q°)*/ 12

e f<—q2> LV el - a)/g)
G L
B 24/3\/71( ol —a) )
16C , 16C (m—1\"
= 517301 7 Ga3 ( o1/3 >
=C(m—1)2 (13.4.12)

Hence, by (13.4.11) and (13.4.12),
rire = ¢ fH(=¢*) fH(—¢*°) = C?*m(m — 5)*(m — 1)°. (13.4.13)

The following lemma will be very useful.

6
=C? <Z ckmk> .
k=0

If furthermore, we set, for some numbers x1,x2, and xs3,

Lemma 13.4.1. Let

2 2
g(m) = xyr] + xorire + X375,

then
r1 =cg, T =c5+20cs, and x3=cp.
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Proof. Since, by (13.4.11)—(13.4.13),

:clr% —+ xor1T9 + xgrg
= C*(z3 + m(25x2 — 4z3) + m* (62521 — 6022 + 6x3)
+m3(=500x1 + 46z9 — 4x3) +m* (1502, — 1225 + x3)
+m®(—=20x; + z2) + m6:1:1),

by matching the coefficients of m*, k = 0,...,6, we find that

Co = I3,
c1 = 2bxg — 4xs,
co = 62527 — 604 + 623,
c3 = —500x1 + 4629 — 4x3,
cqy = 15027 — 1229 + 23,
c; = —20x1 + 29,
cg = T1.
Therefore, if the system above is not overdetermined, then g(m) can be ex-

pressed as a linear combination of r7, 172, and r3. By solving the linear system
of equations

Co = T3,
cs = —20x1 + x9,
Ce = T1,

for x1, x2, and x3, and noting that ¢, co, c3, and ¢4 are then uniquely deter-
mined, we complete the proof. O

We are now ready for our second proof of Entry 13.3.1.

Proof of Entry 13.3.1. By (13.2.11), (13.4.6), and (13.4.8),

162 = (16m® 4+ (m — 1)(m — 5)°)
= 02(m +230m° + -+ + 5°)
=72 +2.5% 1y + 557"2,
upon the use of Lemma 13.4.1. Replacing ¢? by ¢, we complete the proof of

(13.3.1).
By (13.2.11), (13.4.7), and (13.4.9),
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Q(q") =z (1- 51 - 5))
-1)°(m -5
REYEUEL R

16%m
Z?f 2 5
= 1@ (16°m + (m — 1)°(m — 5))

=C?*(m® —10m® + - +5)
= r% + 10r17rg + 57‘%,

by an application of Lemma 13.4.1. Replacing ¢? by ¢, we complete the proof
of (13.3.2). a

For the proof of Entry 13.3.2, it will be convenient to define

D :=m?—-2m+5,
E :=m?+2m+5,
F :=m?+20m — 25,

and
G:=m?—4m —1.

Solving (13.4.6) and (13.4.7) and using the notation above, we deduce that

(13.4.14)
and

(13.4.15)
(See also [54, p. 289, equation (14.2); p. 290, equation (14.4)].)

Using the notation above and Lemma 13.4.1, we may readily deduce the
following lemma.

Lemma 13.4.2. For D, E, F, and G defined above, for C' defined by (13.4.3),
and for r1 and ro, defined in (13.4.11) and (13.4.12), respectively, we have

C?DE? = r? 4 22r1r9 + 5°r3,
C?F(m* — 540m3 + 1350m? — 14 - 5°m + 5%) = r? — 4 - 537 ry — 5572,
and

C2G(m* — 12m® 4 54m?* — 108m + 1) = r? + dryry — 732
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Proof of Entry 13.3.2. By (13.2.12), (13.4.14), (13.4.10), and Lemma 13.4.2,
R(¢*) =251+ a)(1 — a/2)(1 — 2a)
D/mF
=20 163/ +— (v D/mF —24m*)(\/D/mF + 24m?)
26
ST D/mF((D/m)F?* — 24°m*)
= (C3mm) D/mF (E (m* — 540m® + 1350m”
—14-5°m + 5%) /m)
= VC2DE?(C?F(m* — 540m® + 1350m” — 14 - 5°m + 5%))

= \/rf + 221179 + 5373 - (r7 — 4 - 5%r g — 5°%73)

= \/(r% + 2217 + 5373) /r3 vy (rf — 4 - 530 rg — 5503).

Replacing ¢2 by ¢, we complete the proof of (13.3.7).
By (13.2.12), (13.4.15), (13.4.10), and Lemma 13.4.2,

R(¢") = 23(1 4 B)(1 — B/2)(1 - 2p)
P 6 VD/mG (V/DJmG — 24)(v/D/mG + 24)

16

D/m

163 ((D/m)G? — 247)

= (C®my/m)\/D/mG (E (m* — 12m®
+54m® — 108m + 1) /m)
= VC2DE?(C*G(m* — 12m® + 54m® — 108m + 1))

72+ 22779 + 5373 - (r] 4+ 4riry — 13)

= \/(r% + 227179 + 5372) /17 - o (1] + dryrg — 13).

Replacing ¢2 by ¢, we complete the proof of (13.3.8). ad

We now give an alternative proof of Entry 13.3.5. Recall that X is defined
n (13.3.21). For convenience, define

H:=+/1+22)\ +53)2 (13.4.16)

and f5( )
S 13.4.17
f(=q°) ( )

Then equation (13.3.1) can be written in the form
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Qg) = J*(1+2-5°X + 55)?),
and (13.3.34) takes the shape
5P(¢°) = P(q) +4HJ.

Furthermore, (13.3.29) may be written as

ax _ AHJ

g q
By logarithmic differentiation, we deduce that

1dJ = (—k
S =y G

I
—~
t
T
—~

)
—
|
t
T
—~
)
ot
~—
~—

or

Now define
q dJ
5J%dg
Then, by (13.4.21),
P(q) = J(H — 309)

and
dJ _ 5J°F
dg q
Differentiating (13.4.16) with respect to A, we find that
22 4+2-5%) 11+ 5%\
H'(\) = + _ oA
2v/1 + 22X + 53)2 H

Using this, (13.4.22), (13.4.23), and (13.4.20), we deduce that

(13.4.18)

(13.4.19)

(13.4.20)

(13.4.21)

(13.4.22)

(13.4.23)

)
dJ d\ d
= d—(H 309) + q Jd—a(H—Z%O?)
5J2F AHJ / /
( )(H 30F) + J( p )(H (A) — 305" (\))
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= J3(=5FH + 15052 + 11X\ + 5°A% — 30AF' (\) H). (13.4.24)

On the other hand, by (13.4.22) and (13.4.18),

T12(p2(q) ~Q(9)) (13.4.25)

1
= E(Jz(H —309)% — J2(1+2-5°A +5°)%))

2 2
T (<\/1 + 22\ + 53)\2) — 60F H + 3022 — (1 + 250\ + 55)\2)>

12
= J3(—5FH + 75F% — 19\ — 2 - 53)\?).
Equating (13.4.24) and (13.4.25) by (13.3.37), we arrive at

25 5

’ _ 49 2
FNH =1+ 5A+ 55%,

which is (13.3.33).
By (13.4.19) and (13.4.22), we deduce that

1
P(q") = 2 (P(g) + 4HJ) = %(H — 30F + 4H) = J(H — 69),
which completes the proof of (13.3.32).

13.5 Septic Identities

Entry 13.5.1 (p. 53). For |q| < 1,

7 7

f(—q) f(= q)
f7( q) 3 307 7( q') /
X(f(—m“?’f( D) + 49077 = q>>
and
Qq") = <f7(_q) +5¢f°(=q) f*(—¢") + ¢ f7(_q7)) (13.5.2)
f(=q") f(=q)
f7( q) 3 3/ 7 2f7(—q7) e
><(f( q)+13f( DF (=) + 4% f(—q)>

We shall prove these identities with ¢ replaced by ¢2.
For convenience, define

C’::ﬂ

13.5.
1 (13.5.3)
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7 . 7 1/24
p1 = (%) ; (13.5.4)
and
W7 — )7\ /2

By (13.2.10), (13.2.7), and the definitions above,

_ 7/12
F(—¢%) 2 (a1 - a)/q)
r = =
O N A GO Yo
Y #izded a’(1—a)’ K _ Z%Z$m2 (]2)2
422 B(1—B) 4 4
= C*m?p3. (13.5.6)
Furthermore,
1/4
pip2 = 16(aB(l—a)(1 - 5)) ", (13.5.7)
ro = @ 3= f2(—¢*) = C3pipo, (13.5.8)
and 7 14 2
ryi= gt 00 ) 3Pl (13.5.9)
f(=a%) m
Thus,
74p2
45 TPry + Ty = C3 <m2p§ +5-T*pip2 + —;> (13.5.10)
m
and
3 2 2 4917%
r1+13r2 +49r3 = C° | m"p3 + 13p1p2 + — | . (13.5.11)
m
Now define
T :=(af)/® — (1 — )31 — p)V/8. (13.5.12)
Then, by (13.2.23) and (13.2.24),
1—
=N (13.5.13)
m
and
7T = (1 —po)m. (13.5.14)

Eliminating 7" in (13.5.13) and (13.5.14), we deduce that
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7 7
mps + 2L = m 4+ —. (13.5.15)
m m
By (13.2.22) and (13.5.12),
14T
(aB)/® = +T (13.5.16)
and L
(1—a)31 - p)Ys = _T (13.5.17)
Thus, by (13.5.7),
pips = 16((aB)/3(1 — ) /8(1 — B)/#) = (1 — T?)2. (13.5.18)
By (13.2.27), (13.5.12), (13.5.16), and (13.5.17), we deduce that
2 2
m72T<2+<1+T) +<1_T> )
m 2 2
Rewriting this, we have the following lemma.
Lemma 13.5.1. For the multiplier m, and T defined in (13.5.12),
7 3
m— — =57 + T (13.5.19)
m

Applying Lemma 13.5.1 repeatedly, one can derive the following expres-
sions.

Lemma 13.5.2. If m denotes the multiplier and T is defined in (13.5.12),
then

m? =7+ m(5T +T?),
m?® = (35T + 7T%) + m(7 + 2572 4+ 10T* + T9),
m* = (49 + 175T% + 70T* + 77°)

+m(70T + 13973 + 75T° + 1577 + T7),

1 1, . 1

= = (T3 T) + =

- 7( +5 )+7m,

1 _ 1 2 4 6 1 3
" 749(7+25T + 10T +T)+49m( 5T —1T°).

Lemma 13.5.3. Let m and T be as in the previous two lemmas, and let pq
and po be defined by (13.5.4) and (13.5.5), respectively. Then

49p7
DL 34778 (13.5.20)
m

m?p3 + 13p1pe +
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Proof. By (13.5.15), (13.5.19), and (13.5.18),

49p? 71\ 2
pgl = (mpz + %) — D1p2

m
7\ 2
= (m + —> — p1ip2
m
73\ 2
= (m——) +28 — p1p2
m

= (T° +57)% +28 — (1 - T?)?
= (3+1?%7,

m2p2 4+ 13p1ps +

which completes the proof. ]
By Lemma 13.5.3 and (13.5.11), we find that

4952\ /?
(r1+13ro+49r3)/2 = C <m2p§ + 13p1p2 + pl) = C(3+T?). (13.5.21)

2
By (13.5.14),
mpy =m — 71 (13.5.22)
By Lemma 13.5.3, (13.5.22), and (13.5.18),
49p7 2\3 2 212
L — (34 T2) — (m —7T)% — 13(1 — T?)2. (13.5.23)
m

With the help of Lemma 13.5.2, we can now express each of r, 7y, and 73
in the form

[1(T) +mfa(T).

Lemma 13.5.4. Let 1, ro, and r3 be defined by (13.5.6), (13.5.8), and
(13.5.9), respectively, and let m and T be as in the three previous lemmas.
Then

ry = C? ((497° +7) + m(T® — 97)) ,

ro = C3 (% - 1)?),
C3
s =5 ((7+4T% —AT* + T%) + m(9T — T?)) .

Proof. Use (13.5.6) and (13.5.22) to deduce the formula for ri; use (13.5.8)
and (13.5.18) to prove the formula for ro; and use (13.5.9) and (13.5.23) for
the formula for r3. O

Lemma 13.5.5. For the multiplier m, and T defined in (13.5.12),

1
a= m(l +T)(21 +8m — 21T + 7T% — 7T3) (13.5.24)



13.5 Septic Identities 349

and
8= 1—16(1+T)(8—3m+3mT—mT2+mT3). (13.5.25)
Proof. By (13.5.16) and (13.5.17), we deduce that
(1-5™\""_ 1-3 1
( 1—a ) (- Ba-—pt (1-T7)/2
g\ 3
<E> T @A) +D))2
a™\ V8 o o
(F) T @@ A+1)/2
and

((1 )7>1/8_ 1—a l-a
1-p CQ-a)fa-p)ts o (1-T)/2

Using these identities, (13.5.16), and (13.5.17) in (13.2.26) and (13.2.25),
and then solving the linear equations for « and 3, we obtain (13.5.24) and
(13.5.25). O

Lemma 13.5.6. Let

3 1
g(T) :=C3 (Z T +m) dngT%“) .

k=0 k=0

If

g(T) = @111 + waro + X373,

for some complex numbers x1,xs, and x3, then
r1 =d3+cg, T3 =cq+4cg, and x3=49cg.
Proof. Since
(x171 + @19 + 373)/C3

1 4
= (73}1 + 22 + ?x;),) + <49.T1 — 219 + El‘g) T°

4 " 1 6
+ (1‘2 — E$3) T + Eng

9 1
+m { (9:U1 + El’g) T+ <£C1 — E%) T3} )

by Lemma 13.5.4, we deduce the equalities
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4
Cqy = T2 — Exiiy
1
Ce = 491’3,
1
d3 =X — El’g.

Thus, solving the linear system above for z1,z9, and x3, we complete the
proof. O

We are now ready to prove Entry 13.5.1.
Proof of (13.5.1). By (13.2.11), (13.5.3), (13.5.24), and Lemma 13.5.2,
Q(¢*) = #{(1 -~ a+a?)

- (@)4 (4*'m?)(1 — a+a?)

= C*(3 4 T?)(147 + 64m? + 112mT — 24572 — 112mT*
+49T* + 49T°)

= C(3+T2) - C*(147 + 64(7 + m(5T + T*)) + 112mT
— 245T% — 112mT® + 49T + 49T6)
=C(3+T?) - C*(595 — 245T7% + 49T* 4 49T°
+ m(4327 — 487%)).

Thus, applying Lemma 13.5.6, we find that 21 = 1,29 = 5- 72, and x5 = 7%
Since, by Lemma 13.5.4,

r 45 TPrg + Thrg = C2 (595 — 24572 + 49T* + 49T° + m(432T — 487%)),
we deduce that

Q(g*) =CB+T?) (rn+5 Tra+7'rs)
= (r1 4 13ra +49r3) /3 (ry + 5 721y + Tr),

by (13.5.21). Thus, replacing ¢ by g, we complete the proof of (13.5.1). O
Proof of (13.5.2). By (13.2.11), (13.5.3), (13.5.25), and Lemma 13.5.2,
Q(¢'") =27(1- B+ 6%
4 44
v/ 4
_ ( le7> (1 _5+ﬁ2)

4 m2

64 16
- 04(3—|—T2)(— + (=T +T%) + 3 — 57% + T* +T6>
m m
1

= CY(3+T?) (64( (7 + 2572 + 10T* + T°)

49
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1 1 1
+ 5 m(—5T — T?)) + 16(— (T3 +5T) + 7m)(—T +T3)
+3—5T2+T4+T6>
03
=C(B3+T?- 10 (595 + 191572 + 2417 + T°
+ m(—432T + 48T°)).

Thus, by Lemma 13.5.6, 1 = 1,25 = 5, and x3 = 1.
Since, by Lemma 13.5.4,

03
b4y = oo (595 4 191572 + 241T* + T + m(—432T + 48T°)),

we deduce that
Q(q14) =C(3+ T2) < (r1 4 5ro +13)
= (7“1 + 137y + 497“3)1/3(7“1 + 5rg + 7“3),

by (13.5.21).
Thus, upon replacing ¢> by ¢, we complete the proof of (13.5.2). a

Entry 13.5.2 (p. 53). For |q| <1,

R(q) = <f7( 2 6+ 2VT)af* (—a) f2(=a") = T°(21 + 8VT)¢” f;(—(f))

f(=d") (—q)
f7( )_2 . 3 Ng3/_ T\ _ =3 . 2f7(—q7)
«( P8 26 -2Vl cafca) - e - s LS )
(13.5.26)

and

o (F(-) ()
R(q)—(f ) T+ 2T o)) + 1 sV L )

(75

We shall prove the identities with ¢ replaced by ¢2.
By straightforward calculations, we deduce the following lemma.

(7 — 2D f(~a)f <q7>+<218ﬁ>q2f7(‘q7)>.

Lemma 13.5.7. If

6 4
(St o3 )
k=0

k=0
= (r1 + wory 4+ w373) (11 + Y2r2 + Y3r3),
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for some real numbers xo, 3,2, and ysz, then
6 24
cg = X3 + Y3 + Tay2 — ;(552% +3y2) + Z1L3Y3;

1 8

c10 = ;(@ys + x312) — ﬁf&%y:&,
1

Ci2 = ;9533/37

9 18
dy = —126 — 9(332 + yg) + ?(l‘gyg + 333:(/2) + %xgyg.

Proof of (13.5.26). By (13.2.12), (13.5.3), (13.5.24), and Lemma 13.5.2,

6
1 21

SoR() = 251+ a)(1 - a/2)(1 - 20)

= (T)Gm?’ﬂ(l +a)(1—a/2)(1 - 2a)

= 75411 — 9513072 — 1841T* + 3780T° — 10297® — 20587°
— 34372 4+ m(—82152T — 77344T% — 16816T° — 160T" + 344T7).

If we use Lemma 13.5.7 to find real solutions (x2,x3,ys2,ys) satisfying
ro < yo, we find that

zg = =735+ 2V7), 3= —73(21 +8V7),
y2 = =T (5= 2V7), ys = —7°(21 - 8V7).
By Lemmas 13.5.2 and 13.5.4,

%(h — 725+ 2VT)ry — T3(21 + 8V 7)r3)

x (r1 —72(5 — 2VT)rg — 73(21 — 8VT)r3)
= 75411 — 9513072 — 18417 4 3780T° — 10297 — 20587*°
— 343T"2 4+ m(—82152T — 7734473 — 16816T° — 160T" + 344T7)

1
= ER(’JQ)-

Thus we complete the proof of (13.5.26) after replacing ¢* by gq. O
Proof of (13.5.27). By (13.2.12), (13.5.3), (13.5.25), and Lemma 13.5.2,
1 14 Z?
ER(Q ) = F(l +8)(1 - 5/2)(1 —20)
6 46
Z1% 4
— (YEE) Saesa- a0 -2

4C
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= 75411 + 50589072 + 470713T* + 1576447 + 186457 + 498710
— T2 + m(—82152T — 7734473 — 16816T° — 16077 4 344T7).

If we use Lemma 13.5.7 to find real solutions (x2,x3,y2,ys) satisfying
To > Yo, we find that

Ty =T+ 2V7, x5 =21+8V7,
Yo =7 —2V7, y3 =21 — 8VT.

By Lemmas 13.5.2 and 13.5.4,

L (74 2T + (21 4 8YT)r)

C
x (r1 4+ (7= 2VT)rs + (21 — 8V7)r3)
= 75411 + 50589072 + 470713T* + 157644T° + 18645T° 4 498717
— T2 + m(—82152T — 77344T3 — 16816T° — 16077 + 344T?)
1
= FR((]M)-
Thus we complete the proof of (13.5.27) after replacing ¢* by gq. ad

As we indicated at the close of Section 13.1, the proofs presented here
depend only on theorems recorded by Ramanujan in his notebooks [243] and
lost notebook [244]. S. Cooper and P.C. Toh [142] have also found proofs of
all of Ramanujan’s results in this chapter, and they too have employed only
ideas that Ramanujan would have known. Different proofs of Ramanujan’s
identities for Eisenstein series, depending on the theory of elliptic functions,
have been constructed by Z.-G. Liu [206], [207], [209], [211].

13.6 Septic Differential Equations

Concluding this chapter, we offer two new septic differential equations for
P(q), defined in (13.1.1). Both involve variations of the same variable, but
one is connected with the beautiful identities in Entry 13.5.1, while the other
is connected with an emerging alternative septic theory of elliptic functions,
initially begun in a paper by Chan and Y.L. Ong [112].

Theorem 13.6.1. For |¢| < 1,

2/3
P(q) = (;Z(;‘ﬁ;) ((1+ 13X 4 490%)%/% — 28F())) (13.6.1)

and
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=0\**
P(¢") = ( . ) (14 13X +492%)2/3 —4F(N)), (13.6.2)
f(=a")
where I
A:qJ”Al(*cz)7
[ (=q)
and where F(X\) satisfies the nonlinear first-order differential equation
28 TF2(\) s
I+ A+ — = F'(A\)V1+ 13\ +49)2. (13.6.3)
3 3AV1+ 13X 4 49A2

Connections with the septic theory of elliptic functions are made manifest
in the next theorem.

Theorem 13.6.2. Recall that P(q) is defined in (13.1.1). Let

oo

2 2
5= E qm +mn+2n

m,n=—o0

and define x by

1-z 1 (f(-¢)\"*

Then
P(q) = 2*(1 + 12F(z)) and P(q") = 22(1 + 2F(z)),
where Fy(x) satisfies the differential equation

dFl (l‘)
dx

2>+ 13z 7 x(3+2)

2
1-— F? -F —~
z(1— )+ Fy(z) + 1($)7_x_|_$2 97—z + 22

= 0. (13.6.
. 0. (13.6.5)

The differential equation of Theorem 13.6.1 was discovered by Raghavan
and Rangachari [233] and can be deduced from (13.6.5) by setting

Eﬁ(z):<—gPKA)(?/14—13A—%49A2)72, (13.6.6)

where )\ is given in Theorem 13.6.1. Proofs of Theorem 13.6.1, Theorem 13.6.2,
and the assertion immediately above can be found in the paper by Berndt,
Chan, Sohn, and Son [67].
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Series Representable in Terms of Eisenstein
Series

14.1 Introduction

In his famous paper [240], [242, pp. 136-162], Ramanujan shows, among a
multitude of beautiful theorems and conjectures, that various classes of infinite
series can be represented as polynomials in the Eisenstein series P, @, and R.
In his lost notebook [244, pp. 188, 369], Ramanujan claims that two further
classes of infinite series also can be represented in terms of P, @), and R. Our
task in this chapter is to establish these claims.

On page 188 of his lost notebook, Ramanujan examines the series

Toy = Top(q) := 1+Z(—1)" {(6n —1)%gnGn=D/2 L (6n + 1)2kq”(3”+1)/2} ,
n=1

(14.1.1)
where |¢| < 1. Note that the exponents n(3n+1)/2 are the generalized pentag-
onal numbers. Ramanujan records formulas for Tog, k = 1,2,...,6, in terms
of the Eisenstein series

o0 k
kq
P(g):i=1-24)" — (14.1.2)
=1+ 4
x j3gk
Qg) :=1+240) — (14.1.3)
k=1 q
and
o0 kqu
R(q):=1-504) — (14.1.4)
=1+ 4

where |g| < 1. Ramanujan’s formulations of these formulas are cryptic. The
first is given by Ramanujan in the form

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_15, (©) Springer Science+Business Media, LLC 2009
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1_52 _ 72 2
(-7t 5
1_q_q2+...

In succeeding formulas, only the first two terms of the numerator are given,
and in two instances the denominator is replaced by a dash —. At the bottom
of the page, he gives the first five terms of a general formula for T5;. Details
and proofs for all of Ramanujan’s claims about Th,(g) are given in Section
14.2

On page 369 of his lost notebook [244], Ramanujan briefly considers two
classes of infinite series. One of the classes is considered in more detail on
page 188, as described above. Ramanujan briefly considered the second class
in Entry 35(i) of Chapter 16 in his second notebook [243], [54, pp. 61-62],
where a recurrence relation is given in terms of members of yet a third class
of infinite series. The approach indicated by Ramanujan on page 369 of his
lost notebook, however, is neater and more direct, with the aforementioned
third class of series not arising. In this chapter we also prove the claims about
this second class of series, namely, the series U, (q), which we now define. For
each nonnegative integer n,

Unla) i= 7z D177 (25 = 102 (fq()” (14.15)

In Section 14.3, we establish Ramanujan’s claims about U,(q). Just as the
identities for To(g) can be regarded as generalizations of Euler’s pentagonal
number theorem, the identities for Usy(g) can be considered as generalizations
of Jacobi’s identity [54, p. 39, Entry 24(ii)]

oo

(G =3 > (=1)"(2n+1)g"+H72, (14.1.6)

n—=—oo

14.2 The Series T5x(q)

In this section, we prove each of the seven formulas on page 188 and also
note an interesting corollary. Keys to our proofs are the pentagonal number
theorem [54, p. 36, Entry 22(iii)]

(@G @)oe =1+ > _(-1)" {q"(3"_1)/2 + q”<3”+1)/2} 7 (14.2.1)
n=1
where |¢g| < 1, and Ramanujan’s famous differential equations [240], [242,
p. 142]
P P*-Q dQ PQ-R dR PR- Q2
= o0 and oy

Tog ~ 12 0 Ty 3 Tag = 2
(14.2.2)
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We now state Ramanujan’s six formulas for Ty, followed by a corollary and
his general formula. Another proof of Entry 14.2.1 can be found in Z.-G. Liu’s
paper [208, pp. 9-12].

Entry 14.2.1 (p. 188). If Ty, is defined by (14.1.1) and P, Q, and R are
defined by (14.1.2)—(14.1.4), then

T
© 29 _p
(4 @)oo
. Tu(q) 2
ii =3P* —2Q,
(1) (¢ @)oo
T
(i) (q?;;’) — 15P3 — 30PQ + 16R,
T
(iv) (qéé)q) = 105P* — 420P?Q + 448PR — 132Q?,
T ,
v) (ql_‘;()q = 945P% — 6300P%Q + 10080P>R — 5940PQ> + 1216QR,
T
(vi) (q?q()q = 10395P% — 103950P*Q + 221760P> R — 196020 P2 Q*

+ 80256 PQR — 2712Q° — 9728 R?.
The first formula has an interesting arithmetic interpretation.

Corollary 14.2.1. Forn > 1, let o(n) = >_,,, d, and define o(0) = —57- Let
n denote a nonnegative integer. Then

(=) (6r —1)2, ifn=1r(3r-1)/2,
—24 S (=DRo() =< (1) (6r+1)%, ifn=r(3r+1)/2,

j+k(3_k];t>13/2=n 0, otherwise.
JHR=Z

(14.2.3)

Since o(j) is multiplicative, we note that o(j) is even except when j is
a square or twice a square. Thus, from Corollary 14.2.1, we see that, unless
n = r(3r £1)/2, the number of representations of n as a sum of a square or
twice a square and a generalized pentagonal number k(3k 4 1)/2 is even. For
example, if n = 20, then 20 =8 + 12 = 18 + 2.

Corollary 14.2.1 is, in fact, called Euler’s identity and is usually stated in
a slightly different form. For a combinatorial proof of (14.2.3), see a paper by
I. Pak [226, pp. 59-60], and for a bijective proof of an equivalent formulation,
see S. Kim’s paper [192].

Entry 14.2.2 (p. 188). Define the polynomials for,(P,Q, R),k > 1, by

Tor(q) .

f2k(PaQ7R) = (qq)

(14.2.4)
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Then, for k > 1,

for(P,Q,R) =1-3---(2k — 1) {Pk B k/’(k‘g— 1)Pk_2Q
8k(k—1)(k—2) 45, 1k(k—1)(k—2)(k-3) ,_
+ T‘Pk SR — 510 PE4Q2
152K(5 — 1)k — 2)(k — 3)(k — 4
* 14175

PstR+~~~}.
(14.2.5)

The statement of Entry 14.2.2 is admittedly incomplete. The missing terms
represented by + - - - contain all products P*Q°R¢ such that 2a+4b+6¢ = 2k.
It would be extremely difficult to find a general formula for for (P, @, R) that
would give explicit representations for each coefficient of P2*@Q* RS¢.

Important in our proofs are the simple identities

n(3n £1)

5 L (14.2.6)

(6n+1)? =24

Proof of Entry 14.2.1. Observe that
P(q )—1+24q Zlog 1—q")

d
=1+ 24qd— log(q; q) oo

dq ((] Q)
(G D)oo

Thus, using (14.2.1) and (14.2.6), we find that

d — n(on
(40050 P(2) = (4 9)oc + 240, <1 + Z " {q"(?’" D24 gn@® “)/2}>

n=1

=1+ 24q (14.2.7)

= nfn@Bn—=1)  a._ n@Bn+1) ,an
Do+ 24 Z(—l) {%q 3 1)/2+¥q 3 +1)/2}

o + Z ) {((6n = 1)2 = 1) gnCr-0/2
+ ((Gn + 1)2 _ 1) qn(3n+1)/2}
q)oo + Z(_l)n {(67’L— 1)2qn(3n—1)/2 (6n—|— )2 n(3n+1)/2}

—(¢:9) +1
= Tu(q). (14.2.8)
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This completes the proof of (i).

In the proofs of the remaining identities of Entry 14.2.1, in each case, we
apply the operator 24qdiq to the preceding identity. In each proof we also use
the identities

d
24QIqT2k(Q) = Tak+2(q) — Tar(q), (14.2.9)
which follows from differentiation and the use of (14.2.6), and
d
2475 (a:9)o0 = To(4) = (4:9)oer (14.2.10)

which arose in the proof of (14.2.8).
We now prove (ii). Applying the operator 24qd% to (14.2.8) and using
(14.2.9) and (14.2.10), we deduce that
d
P(q) (T2(q) = (4:9)se) + (45 q)oo24qdfqP(Q) = Tu(q) — T2(q)-
Employing (i) to simplify and using the first differential equation in (14.2.2),

we arrive at

P (q)(q;0)o0 +2 (P?(q) — Q(a)) (¢: )0 = Tu(q),

or
Ty = (3P% = 2Q)(4; ¢)oo> (14.2.11)
as desired.
To prove (iii), we apply the operator 24qd% to (14.2.11) and use (14.2.9)
and (14.2.10) to deduce that
dP d
Ts — Ty = 24 <6quq - 2qd§> (¢; @)oo + (3P = 2Q) (T2 — (¢; ¢)oo)

= (12P(P* - Q) — 16(PQ — R)) (4; @) + (3P = 2Q)(P — 1)(¢; ¢)

where we used (14.2.2) and (i). If we now employ (14.2.11) and simplify, we
conclude that
Ts = (15P° — 30PQ + 16R) (¢ ¢) .-

In general, by applying the operator 24‘10%1 to Ty, and using (14.2.9) and
(14.2.10), we find that

Togyo — Top, = 24qd%f2k(P, Q,R) (¢:9) 0 + for(P,Q,R)(P —1)(¢; ¢) >

where we have used the notation (14.2.4). Then proceeding by induction while
using the formula (14.2.4) for Ty, we find that

(?5:0 _ 24qdiq fax(P.Q, R) + Pfor(P,Q, R).
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Thus, in the notation (14.2.4),

foey2(P,Q, R) = 24qdiqf2k-(P7 Q, R) + Pfar(P,Q, R). (14.2.12)

With the use of (14.2.12) and the differential equations (14.2.2), it should
now be clear how to prove the remaining identities, (iv)—(vi), and so we omit
further details. O

Proof of Corollary 14.2.1. By expanding the summands of P(g) in (14.1.2)
in geometric series and collecting the coefficients of ¢™ for each positive integer
n, we find that

P(q)=1-24) o(n)q" =24 a(n)q",
n=1 n=0

upon using the definition ¢(0) = —5;. Thus, by (14.2.1), Entry 14.2.1 (i) can
be written in the form

—24% 0(j)d’ - (1 + 3 (-1 {qk<3k71>/2 n qk<3k+1>/z}>
J=0 k=1

n=1
(14.2.13)

Equating coefficients of ¢, n > 1, on both sides of (14.2.13), we complete the
proof. a

Proof of Entry 14.2.2. We apply induction on k. For k = 1, 2, the assertion
(14.2.5) is true by Entry 14.2.1(i), (ii). Assume therefore that (14.2.5) is valid;
we shall prove (14.2.5) for k replaced by k 4+ 1. Our proof employs (14.2.12).

The terms involving P¥~%, which are not displayed on the right side of

(14.2.5), are of the forms ¢; PP~ R2, co P*=6Q3 and c3 P*~5RQ?, for certain
constants ¢y, co, and cg. If we differentiate each of these expressions and use
the differential equations (14.2.2), we can easily check that no terms like the
five displayed forms in (14.2.5) arise. Thus, when applying (14.2.12) along
with induction on k, we need only concern ourselves with the derivatives of
the five displayed terms in (14.2.5); no further contributions are made by the
derivatives of undisplayed terms to the five coefficients with k replaced by
k+1.

By (14.2.12), (14.2.2), and induction, we find that

rsa(P.QR) = 132k = D{KP* 2P - Q)

MBS D62 g g
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— @pkﬁ -8(PQ — R)
8k(k — 1)(k —2)(k — 3)
+ 45
Sk(k —1)(k—2) . 5 )
TP’“ “12(PR — Q%)
11k(k —1)(k — 2)(k — 3)(k — 4)
a 210
11k(k —1)(k —2)(k—3) _,_
— 510 P*%.2Q -8(PQ — R)
152k(k — 1)(k — 2)(k — 3)(k — 4)(k — 5)
+ 14175
x PP 5QR-2(P? - Q)

| 152k(k = 1)(k — 2)(k = 3)(k — 4)

PF1R.2(P? - Q)

Pk—5Q2 . 2<P2 _ Q)

P*5R.8(PQ — R)

14175

152k(k — (k- 2)(k = 3)(k—4)
* 14175 PF2Q

X 12(PR—Q2)+...}
+1-3---(2k—1) {pkﬂ _ k(kg_ 1)Pk*1Q

S0k = 1062
_Uk(k = D=2k =3) s

210

152k(k — 1)(k — 2)(k — 3)(k —4)

N 14175 P 4QR+"'}'

The remaining task is to collect coefficients of the five terms PF+1, PF=1Q,
PF2R, P*=3Q?% and P*~*QR. Upon completing this routine, but admittedly
tedious, task, we complete the proof of the entry as stated by Ramanujan in
244]. O

Beginning with his paper [240] and notebooks [243], Ramanujan devoted
considerable attention to Eisenstein series, most notably to P, @, and R,
defined by (14.1.2)—(14.1.4). In particular, see [53, pp. 318-333], [54, Chap-
ters 16, 17], and [57, Chapter 33]. The identities in [54, pp. 59, 61-65] are
particularly related to the ones proved above.

The functions @ and R can be represented or evaluated in terms of pa-
rameters prominent in the the theory of elliptic functions [54, pp. 126-127].
The function P does have one representation in terms of elliptic function
parameters [54, p. 120, Entry 9 (iv)], but it is in terms of dz/dx, where
z = z(z) = oFi(%,%;1;2), and where ¢ := exp(—72(1 — z)/2(x)). Eval-
uations of () and R can be given in terms of z and z; dz/dx does not appear.
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Perhaps the representation of P given in Entry 14.2.1(i) will prove to be more
useful than the aforementioned representation for P.

Besides Corollary 14.2.1, other identities of Ramanujan can be reformu-
lated in terms of divisor sums og(n) := Zd|n d*. In particular, see [53,
pp. 326-329] and the references cited there. By far, the most comprehensive
study of identities of this sort has been undertaken by J.G. Huard, Z.M. Ou,
B.K. Spearman, and K.S. Williams [181], where many references to the litera-
ture can also be found. On the other hand, R.A. Rankin [245] used elementary
identities for divisor sums to establish relations between Eisenstein series. In
particular, he proved Ramanujan’s differential equations (14.2.2) along these
lines.

14.3 The Series U,(q)

Recall that the series Uy, (q) is defined in (14.1.5). As in the previous section,
we use Ramanujan’s differential equations (14.2.2) and (14.2.7).

The key to Ramanujan’s work on U,(q) is the following differential-
recurrence relation [244, p. 369].

Entry 14.3.1 (p. 369). For each nonnegative integer n,
Un+2(q) = P(q)Un(q) + 84Uy (q). (14.3.1)
Proof. By the definition of U, (q) in (14.1.5),

F1(0)(0: @)oo — 3Fula) g (0 @)
(@:0)%

U, (q) =

9

so that, by (14.2.7),

d%(q; Do\ F,(q)
(D | (G0)3

8¢, (0)(¢; @)oo — 24Fn(Q)qd%(q; 7)o

P(q)Un(q) + 8qU,(q) = [ 1+ 24¢

(¢ 9)%
F, 8qF)
_ n(qzqfq)g n (@) (143.9)
On the other hand, by a simple calculation,
8qFy () =D (=171 (2 = )" (4% 4+ 1) = 1) V7D
j=1
= n+2(q) - FH(Q) (1433)

Substituting (14.3.3) into (14.3.2) and simplifying, we complete the proof. O
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Entry 14.3.2 (p. 369). If U,(q) is defined by (14.1.5), then

Uo(q) =1, (14.3.4)
Us(q) = P, (14.3.5)
4(q) % (5P% -2Q), (14.3.6)
é (35P° — 42PQ + 16R) , (14.3.7)

% (35P* — 84P?Q — 12Q* + 64PR) , (14.3.8)

Uro(q _1 (385P5 — 1540P%Q — 660PQ* + 1760P°R + 64QR) .  (14.3.9)

Proof. The trivial equality (14.3.4) follows immediately from (14.1.5) and
Jacobi’s identity (14.1.6).

Setting n = 0 in (14.3.1) and using (14.3.4), we deduce (14.3.5).

Next, setting n = 2 in (14.3.1), employing (14.3.5), and then using the
first equation in (14.2.2), we easily complete the proof of (14.3.6).

Fourthly, apply the differential operator qd% to (14.3.6), use (14.3.1), and
then employ the first two equations of (14.2.2) to find that

2

40 2P<P Q>_16PQ R.

—_pU,==—.
Us = PUL= 3 12 3 3

The desired result (14.3.7) now follows from (14.3.6) and simplification.
Fifthly, apply the differential operator qd% to (14.3.7), use (14.3.1), and
then employ all the equations of (14.2.2) to find that
P2_Q 5 P?-Q PQ—-R PRQQ)
12 '

1
12 3 16 2

8
Ug—PUg = 5 <105P2

If we use (14.3.7) on the left side above, collect terms with like powers, and
simplify, we obtain (14.3.8).

Lastly, apply the differential operator qd—dl’] to (14.3.8), use (14.3.1), and
then employ all the equations of (14.2.2) to find that

-Q ’-Q PQ—-R
2 2

8 P
Uy — PUg = 3 (140P3

_ 2 _
—24QPQ3 R g =9

PR —Q?
ap—t < ).
O 2 )

Using (14.3.8) on the left side above and then simplifying, we arrive at (14.3.9)
to complete the proof. O

It is easy to see from our calculations above that we can deduce the fol-
lowing general theorem stated by Ramanujan [244, p. 369].
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Entry 14.3.3 (p. 369). For any positive integer s,
Use = Y Kimn P'QMR", (14.3.10)

where the sum is over all nonnegative triples of integers £, m,n such that
{4+2m+3n =s.

Although one can find formulas for some of the coefficients Kp ,, , in
(14.3.10), it seems extremely difficult to find a general formula for all K ,, .

The identity (14.3.5) arose in a proof of Berndt, S.H. Chan, Liu, and
H. Yesilyurt [70] of the identity

1+3§: ng" _27502 ng™ (%)L
—l-qn 1= (0)%(a% %)%

which was used by these four authors to establish a new identity for (¢; ).

The proofs in Section 14.2 first appeared in a paper by Berndt and A.J. Yee
[77], while those in Section 14.3 are taken from [70]. Also see the monograph
by K. Venkatachaliengar [272, pp. 31-32]. Another approach to the identities
proved in this chapter has been devised by H.H. Chan [102]. These ideas of
Ramanujan have been extended in a beautiful way by Chan, S. Cooper, and
P.C. Toh [105], [106]. They have found infinite classes of identities wherein the
roles of (¢;¢)s and (g;q)3, are replaced by (g;q)%, n = 2,4,6,8,10, 14, 26.
In other words, Chan, Cooper, and Toh evaluate certain classes of infinite
series in terms of one of the three aforementioned powers times a polynomial
in the Eisenstein series P, @, and R. Z.-G. Liu [210] has also found beautiful
expansions for (¢;q)% for n = 2,6,8,10. An equivalent formulation of the
forgoing identities for n = 8 has also been derived by Z. Cao [97]. On the other
hand, H. Hahn [171] has established an analogue of Entry 14.2.1 involving
Eisenstein series on I(2). Further generalizations can be found in T. Huber’s
doctoral dissertation [182, Chapter 4].

In closing this chapter, we remark that recently there have been several
new approaches to Ramanujan’s differential equations (14.1.2)—(14.1.4), with
many providing connections with Riccati differential equations and other dif-
ferential equations. For example, see papers by Chan [102], J.M. Hill, Berndst,
and Huber [180], Huber [183], P. Guha and D. Mayer [162], Hahn [171],
M.J. Ablowitz, S. Chakravarty, and Hahn [1], and R.S. Maier [219].
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Eisenstein Series and Approximations to 7

15.1 Introduction

On page 211 in his lost notebook, in the pagination of [244], Ramanujan listed
eight integers, 11, 19, 27, 43, 67, 163, 35, and 51 at the left margin. To the
right of each integer, Ramanujan recorded a linear equation in Q3 and R2.
Although Ramanujan did not indicate the definitions of @) and R, we can
easily (and correctly) ascertain that () and R are the Eisenstein series

> n3qn
Qg) :=1+240) T
n=1

and

e n5qn
R(q):=1 504;1 =

where |g| < 1. To the right of each equation in @3 and R?, Ramanujan en-
tered an equality involving 7w and square roots. (For the integer 51, the linear
equation and the equality involving 7 are not in fact, recorded by Ramanujan.)

The equations in Q? and R? cannot possibly hold for all values of ¢ with
lg] < 1. Thus, the first task was to find the correct value of ¢ for each equation.
After trial and error with the aid of S.H. Son, we found that ¢ = — exp(—m+/n),
where n is the integer at the left margin. (We later read that K. Venkat-
achaliengar [272, p. 135] had also discovered that ¢ = —exp(—m+/n).) The
equalities in the third column lead to approximations to 7 that are reminis-
cent of approximations given by Ramanujan in his famous paper on modular
equations and approximations to m [239], [242, p. 33] and studied extensively
by J.M. and P.B. Borwein [86, Chapter 5]. This page in the lost notebook is
also closely connected with theorems connected with the modular j-invariant
stated by Ramanujan on the last two pages of his third notebook [244] and
proved by Berndt and H.H. Chan [63], [57, pp. 309-322].

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_16, (©) Springer Science+Business Media, LLC 2009
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In Section 15.2, we prove a very simple general theorem from which the
linear equations in @3 and R? in the second column follow as corollaries. In
Sections 15.3 and 15.4, we offer two methods for proving the equalities in
the third column and show how they lead to approximations to 7. In Section
15.6, we prove a general series formula for 1/7 that is equivalent to a formula
found by D.V. and G.V. Chudnovsky [132] and the Borweins [91]. The first
series representations for 1/7 of this type were found by Ramanujan [239],
[242, pp. 23-39] and first proved in print by the Borweins [86], [88]. Three of
the series from [239] are found on page 370 in the lost notebook [244]. We
use Ramanujan’s ideas that are briefly sketched in [239], [242, pp. 23-39] to
establish these three series representations for 1/7. One of Ramanujan’s series
for 1/7 from [239] yields 8 digits of 7 per term, while one of the Borweins [87]
gives 50 digits of 7 per term. The method of Berndt and Chan gives a series
for 1/ that yields about 73 or 74 digits of 7 per term [64].

15.2 Eisenstein Series and the Modular j-Invariant

Recall the definition of the modular j-invariant j(7),

3 .
Fa—m 1O mree )

In particular, if n is a positive integer,

3+ V-n\ Q;
j (2) = 1728Q§L oy (15.2.2)

j(r) = 1728

where, for brevity, we set
Qn:=Q(—e"™") and R, := R(—e ™", (15.2.3)

In his third notebook, at the top of page 392 in the pagination of [244],
Ramanujan defined a certain function J,, of singular moduli, which, as Berndt
and Chan [63] easily showed, has the representation

1 .,/ . /3++V—n
=—— . 15.2.4
Tn=—531/J ( 5 ) (15.2.4)
Hence, from (15.2.2) and (15.2.4),
3 Q.
—32J,)° = 1728——"—. 15.2.5

After a simple manipulation of (15.2.5), we deduce the following theorem.
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Theorem 15.2.1. For each positive integer n,

8 \* 8 \*
((3Jn> +1> i—<3Jn> R? =0, (15.2.6)

where Jy, is defined by (15.2.4), and Q,, and R,, are defined by (15.2.3)
Entry 15.2.1 (p. 211). We have
539Q%, — 512R3, = 0,
(8° +1)QYy — 8°Riy =0,
(40° +9)Q3; — 40°R3; = 0,
(80° + 1)Qj; — 80°R3; = 0,
(440° +1)Q3, — 440°R2, = 0,
(53360% + 1)Q35 — 53360° Ris5 = 0,
((60 + 28v/5)% + 27)Q3, — (60 + 28v/5)>R2, = 0,
and
(44 +VID*P(5 4+ VIT) + 1)Q% — (4(4 + VIT)**(5 + VIT)) RS, = 0.

Proof. In [63], [57, pp. 310-311], it was shown that

Ju =1, Jig = 3,
Jor = 5-31/3, Juz = 30,
Jo7 = 165, Jigz = 20,010, (15.2.7)
4
5417
o (5 st v (217,

Using (15.2.7) in (15.2.6), we readily deduce all eight equations in @, and
R,. O

15.3 Eisenstein Series and Equations in 7: First Method

Recall that

& n
P(g)=1-24) %, gl < 1, (15.3.1)
n=1
and put
P, = P(—e™ ™), (15.3.2)

Next, set
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e ()
by = {n(1728 — j,,)}"/?, (15.3.3)
ST A N S

The numbers a,, and b,, arise in series representations for 1/ proved by the
Chudnovskys [132] and the Borweins [88], namely,

_ o~ (6k)! an + kb,
_J—Tn,;(:ak)!(mp G (15.3.5)

where (¢)g = 1,(¢)y = ¢(c+1)---(c+ k — 1), for k > 1. These authors have
calculated a,, and b,, for several values of n. We show how (15.3.3) and (15.3.4)
lead to a formula from which Ramanujan’s equalities in the third column on
page 211 follow.

From (15.2.6), we easily see that

8713 ~1/2
Qu_ 1 ((5]n) ol , (15.3.6)
Rn VQn \ (81,
and from (15.3.4), we find that
g" ( — /nP, ) = 6\/52—" — . (15.3.7)

The substitution of (15.3.6) into (15.3.7) leads to the following theorem.

Theorem 15.3.1. If P,,b,,a,, and J,, are defined by (15.3.2)=(15.3.4) and
(15.2.4), respectively, then

\/@ <fP ) —n (1 — 6Z:> (W)UZ. (15.3.8)

Entry 15.3.1 (p. 211). We have

m(fpn—(s) V2,
m(xf}%—)m@

Q (\FPW—) 3\/?
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VﬂQZ’ (x/fag > ::Gx/g,

(%}%T—> 19/ 3

\/Qs 55’

6 3
V163Pig3 — — 3624/ ——
VQ163 ( 10 > 3335’

vﬁééf (\/}gs ) = (2 +\/5)N/\§57

(rpm - ) _

\/Q51

Ramanujan’s formulation of the first example of Entry 15.3.1 is apparently
given by

viT- 8.
™

13
12@(€MH”>

(The denominator with 13 in the numerator is unreadable.) Further equalities
are even briefer, with 1/@,, replaced by +/-. Note that P, is replaced by “1 +

-7 in Ramanujan’s examples. Also observe that Ramanujan did not record
the right side when n = 51. Because it is unwieldy, we also have not recorded
it. However, readers can readily complete the equality, since J51 is given in
(15.2.7), and as; and bs; are given in the next table.

=V2.

Proof. The first six values of a,, and b,, were calculated by the Borweins [88,
pp. 371-372]. The values for n = 35 and 51 were calculated by Berndt and
Chan [64]. We record all eight pairs of values for a,, and b,, in the following
table:

n an by,

11 60 616

19 300 4104

27 1116 18216

43 9468 195048

67 122124 3140424

163 163096908 6541681608

35 1740 + 768/5 32200 + 14336+/5
51 11820 + 288017 265608 + 64512+/17

If we substitute these values of a, and b, in Theorem 15.3.1, we obtain,
after some calculation and simplification, Ramanujan’s equalities. O
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Theorem 15.3.1 and the last set of examples yield approximations to .
Let r,, denote the right-hand side of (15.3.8). If we use the expansions

Po=1+24e ™" ... and  /Qn,=1-120e""V" +...

we easily find that

m =

6 - 24+/n + 120rne_ﬂﬁ+,,, _
\/ﬁfrn \/ﬁirn

We thus have proved the following theorem.

Theorem 15.3.2. We have

6
TR —— =: Ay,

N

with the error approximately equal to

\/ﬁ“‘ 5Tn eiﬂ.ﬁ
(Vn —1n)? ’

where ry, denotes the right-hand side of (15.3.8).

144

See Ramanujan’s paper [239], [242, p. 33] for other approximations to m
of this sort.

In the table below, we record the decimal expansion of each approximation
A, and the number N,, of digits of 7w agreeing with the approximation.

n A, N,
11 3.1538... 1
19 3.1423 ... 2
27 3.1416621 ... 3
43 3.141593. .. 5
67 3.14159266 . . . 7
163 3.14159265358980. . . 12
35 3.141601 . .. 3
51 3.14159289. .. 6

15.4 Eisenstein Series and Equations in 7: Second
Method

Set P :=P(q) := P(—q), Q := Q(q) := Q(—q), R := R(q) := R(—q), A :=
A(q) = Q3(q) —R*(q), and J := J(q) := 1728/j (25T) , where ¢ = €*™'". Set

1/3
A=Q= (A) , (15.4.1)
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by (15.2.1). Then, by (15.4.1) and the definition of A,

R=/Q3-A= \/§\/1—J =2/1-17. (15.4.2)
Recall the differential equations [240], [242, p. 142]
aP_ P*q) - Q) dQ P(g)Q(q) —R(g) dR _ P(9)R(q) — Q*(q)

Cag ~ 12 T 3 g 2 ’
(15.4.3)

which yield the associated differential equations

P _P9)-Qlg) dQ_P@)Qy)-Rlg) dR _PR(g) - Q)

dq 12 " T dg 3 " dg 2 '

(15.4.4)

Now, by rearranging the second equation in (15.4.4), with the help of
(15.4.1) and (15.4.2), we find that

~ R(q)  12qdz
P(q) = @ + ~ dg

From the chain rule and (15.4.5), it follows that, for any positive integer n,

(15.4.5)

R(q”)+ 12g dz(q")
Q(¢")  nz(¢") dq

Subtracting (15.4.5) from the last equality and setting

P(q") =

z(q)
z(qm)’
we find that
ny LR R(g) g dz(¢") ., g dz(q)
nP(q") —P(q) = Q) QW + 122(qn) i 122((1) i
_ R Rlg) 0 dm (15.4.6)

Our next aim is to replace %;L in (15.4.6) by 22(J(q),J(¢")). From
(15.2.1), the definition of J, (15.4.4), (15.4.1), and (15.4.2), upon differen-

tiation, we find that

dJ _ (3Q°Q' - 2RR))Q’ - 3Q°Q'(Q* - R?)

qdq - QS
_{Q*(PQ-R) -R(PR-Q?)}Q° - Q*(PQ - R)(Q° — R?)
Q6
- RQ;“ - 1:? - ZGM% =22V, (15.4.7)
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which implies that
1 dJ(q)

22(q) = q (15.4.8)
J(g)y/1-3(q) da
Replacing ¢ by ¢" in (15.4.8) and simplifying, we deduce that
1 dJ(q"™
22(q") = q (a ) (15.4.9)

nJ(gm)\/1- (") dq

Using (15.4.8) and (15.4.9), we conclude that

o J(g")y/1—-J(g") dI(q)

m°=n . (15.4.10)
J(g)/1—=J(q) dI(q")
It is well known that there is a relation (known as the class equation) be-
tween j(7) and j(n7) for any integer n [146, p. 231, Theorem 11.18(i)]. With
the definition of J given at the beginning of this section, the class equation
translates to a relation between J(¢) and J(¢™). It follows that

dJ(q)
dJ(q™)

= F(J(q),I(q")), (15.4.11)

for some rational function F(x,y). Thus, by (15.4.10) and (15.4.11), we may
differentiate m with respect to J, and so, by (15.4.7) and the definition of
m(q),

q dm o g dm
2 dg = 20 =5,
= 222" (o) g = VT D
Using this in (15.4.6), we deduce that
nPZ(E];))Z;]f)(q) B ngEZ:; - IC:EZ; —62%(¢") I ()1 — J(q)ddﬂ.]' (154.12)

If we put ¢ = e~ /v n > 0, (15.4.12) takes the shape

R(e™")  R(e™/v™)

Q(e=™vm)  Q(e=™/Vm)

— 6227V I(e7™/VPY /1 = J(e=T/ V)

X ‘%2 (J(e-ﬂﬁ),J(e—ﬂ/ﬁ)) . (15.4.13)

nP(e”™") —P(e”™/V") = n

It is well known that [120, p. 84]
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J(e™/VrY = J(e™VT). (15.4.14)
Furthermore, if
oo 5 o0
pl@)= > ¢ and P(g)=> "™V gl<1,  (15.4.15)
n=-—0o0 n=0

then [54, p. 127, Entries 13(iii), (iv)]

Q(q) = z3(1 + 14ao + 23) (15.4.16)
and

R(q) = 25(1 + 22)(1 — 34wy + 23), (15.4.17)
where [54, pp. 122-123, Entries 10(i), 11(iii)]
vH(g*)
¥*(q)
Replacing ¢ by —¢ in (15.4.16) and (15.4.17), and using (15.4.18), we find that

Q(q) = ¥*(—q) — 224q¢* (—q)v*(¢*) + 16°¢*¢*(¢%) (15.4.19)

2= ¢*(q) and zy:= 16q (15.4.18)

and

R(q) = (¢*(—q) — 169" (¢*))
x (9%(—q) + 54490  (—q)v* (¢%) + 16°¢*¥°(¢7)). (15.4.20)

Using the transformation formula [54, p. 43, Entry 27(ii)]

o(e=™/t) = 26~/ (e~ 2T
in (15.4.19) and (15.4.20), we deduce that

Qe ™V = n?2Q(e~™V") (15.4.21)
and

R(e™ ™ V") = —np’R(e” ™). (15.4.22)
Using (15.4.14), (15.4.22), and (15.4.21), we may rewrite (15.4.13) as

nP(e_”‘/ﬁ) — P(e_”/‘/ﬁ)
2

R(e ™V") 9, _ dm
=n—7" — ™y 1—J — (J,, T,
nQ(e—”\/ﬁ) 627 (e ) n 3 ( )
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2

dm
= <2nm—ﬁ.ln l_Jl/nd.]'(JnaJn)) 22(677!‘\/5)’
(15.4.23)

where
Jo=Je ™k, k>0 (15.4.24)

This gives the first relation between P(e~™v") and P(e~™/ V™).
Recall the definitions of Ramanujan’s function f(—¢) and the Dedekind
eta function 7(7), namely,

F(=q) == (¢; Q)00 =: 6_277”/2477(7')7 q = e, Im 7 > 0.
The function f satisfies the well-known transformation formula [54, p. 43]

nt/ eV f(emmVIY = T/ (2AVR) £/ n > 0. (15.4.25)

Logarithmically differentiating (15.4.25) with respect to n, multiplying both
sides by 48n3/2 /m, rearranging terms, and employing the definition of P(q)
given in (15.3.1), we find that

12
12vn _ nP(e”™") 4 P(e /Y. (15.4.26)
77
This gives a second relation between P(e~"V") and P(e~™/ V7).
Now adding (15.4.23) and (15.4.26) and dividing by 2, we arrive at

2

nP (e = SV (nm - 3%@% (Jn,Jn)> 2(e”™M),
T

or, by (15.4.1),

1 6 _ — . \/17J1/nd77r12
\/m (Pn_\/ﬁﬂ> - \/1 Jn (1 3Jn nm dJ (Jann)>a

where @, is defined by (15.2.3), and P, is defined by (15.3.2). (Be careful:
J. # Jn, where J, is defined by (15.2.4).)

We record the last result in the following theorem, which should be com-
pared with Theorem 15.3.1.

Theorem 15.4.1. If P,, Q,, and J,, are defined by (15.3.2), (15.2.3), and
(15.4.24), respectively, then

\/% <pn - \/(riwr) = V1T, ta, (15.4.27)

VT =T1, dm?
t = (1 3Jn1f]/%(Jn,Jn)> . (15.4.28)
ny1i—dJdn

where
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Observe that, by (15.4.1), (15.4.2), and Theorem 15.2.1,

g7 41\
V1-1J :(W) . (15.4.29)

(57n)

Hence, the values of v/1 — J,, for those n given on page 211 of the lost notebook
follow immediately from (15.2.7). In order to rederive Entry 15.3.1, it suffices
to compute t,,.

Theorem 15.4.2. If n > 1 is an odd positive integer, then t, lies in the ring

class field of Z[v/—n).

A proof of Theorem 15.4.2 can be found in [64]. In certain cases, one can
use Theorem 15.4.2 to empirically calculate t,,; for more details, see [64].

15.5 Page 213

On page 213 in his lost notebook [244], Ramanujan lists three further quotients
of Eisenstein series, the second of which is difficult to read. Since Ramanujan
did not make any claims or indicate (even cryptically) any associated singular
moduli, we have not made any attempt at further investigations. The quotients
are given by

1
317R? — 305Q%
1
4 4 ’
959532 R? — 9594423
64
189Q% — 125R?’

Note that if the numerator and denominator of the last quotient is divided
by 64, then the difference of the coefficients in each of the three quotients is
equal to 1.

15.6 Ramanujan’s Series for 1/m

On page 370 in his lost notebook, Ramanujan records three series for 1/m.
In fact, these three series are the identities (28)—(30) in Ramanujan’s famous
paper [239], [242, pp. 36-37]. These series and fourteen further series for 1/m
were established by the Borwein brothers [86, Chapter 5]. In this section, we
take a different approach from that of the Borweins and use Eisenstein series
to establish a very general series for 1/ from which the three series on page
370 can be determined.
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Throughout this section, we employ the notation of Chapter 13. In par-
ticular, we recall the representation for the base ¢ in (13.2.8), the definition
of the modular equation of degree n arising from the equation (13.2.5), the
definitions of z in (13.2.9) and z; and z, in (13.2.6), and the definition of the
multiplier m in (13.2.7). The two most important ingredients in our deriva-
tions are Ramanujan’s representation for P(q¢?) given by [54, p. 120, Entry
9(iv)

dz

P(¢*) = (1 —22)2* + 62(1 — x)z@ (15.6.1)

and Clausen’s formula, which we use in the form [86, p. 180, Theorem 5.7(a)]

oo
= 3R(3 5 5L EX) =) AP, (15.6.2)
where
(3)i
Ay = 57'3’“ and X :=4x(1l —x). (15.6.3)

2:— =Y ApkXF'.4(1-22). 15.6.4
i Z k ( x) (15.6.4)
Hence, from (15.6.1), (15.6.2), (15.6.4), and (15.6.3),

P(¢®) = (1-22) Y AuX* +3(1—22) Y ApkX*
k=0 k=0

= {(1—-22) +3(1 - 22)k} A X*. (15.6.5)
k=0

We next derive another representation for P(g?). In the notation
—y 2F1(%a % 1 1- LE)
qg=c¢c¢ 7, y=m 1 1. )
2F1 (5 ) 1 IE)

used by Ramanujan in Chapter 16 and throughout the remainder of his second
notebook, we quote from Entry 9(i) in Chapter 17 in his second notebook [243],
[54, p. 120]:

dy 1

de — z(1—x)22

A simple application of the chain rule gives

dg ___a
dv  x(1—x)22’

or
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d
qd—z = 2(1 - 2)22. (15.6.6)
Hence, from (15.6.1) and (15.6.6),
6q dz 2 2
=P —(1-2 . 15.6.7
1 = Plet) ~ (1~ 2002 (15.6.7)

If we set t = ¢", then from (15.6.7) and the chain rule,

%% =n(P(¢™) = (1 - 22(¢"))2*(q")) (15.6.8)

Logarithmically differentiating the formula for m in (13.2.7), we deduce that

m'(q) _ 2'(q) ng" Zq") (15.6.9)

Hence, by (15.6.7)—(15.6.9),

GQTZ((qq)) = P(¢?) — (1 — 22(g))2* — nP(¢*") + n(1 - 2(¢"))2*(g")
= Plg*) = nP(™") = (1= 20(0)=* + {1 = 22(¢")*(¢").
(15.6.10)

Now, set
qi=e TV and Tn = x(e” ™).

Then, from (13.2.6),
Zn = 2(e7™VM).

Therefore, for this value of ¢, we rewrite (15.6.10) in the form

/
Ge~ ™/ VAL (e=T/VAY = p(e2m/VAY L pp(em2TVR)
m
— (1= 2x10)27 ), +n(1 = 22,) 2. (15.6.11)

Recalling (13.2.8) and the notation ¢ = e~ = e~™/ V" we see that

Fi(3.5: 51—y, 1
2Fi(z, 51l Ll-aym) 1 (15.6.12)
2F1(5, 551521 )) vn

Also, from the definition of a modular equation revolving around (13.2.5), and
from (15.6.12),

2Fi(3, 551 —2n) oI B L1 —ay)
(3 2 f T /) = /. (15.6.13)
2> 27421 /n

7% 1 )
=N

21 (3, 3315 2p) 2Fi (

(
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1 — 2y = T1/n, 21/n = VN2, and m(e ™V = /n. (15.6.14)

Thus, 1 -2z, = —(1 — 22,,), and, from (15.6.11) and (15.6.14), we deduce
that

/
6e*ﬂ/ﬁ%(e*”/ﬁ) = P(e=2™/VT) —nP (e ™) 420 (1—22,)72. (15.6.15)
The formula above is of central importance, because for twelve values of n,
Ramanujan [239], [242, pp. 33-34] derived useful representations for nP(g*")—
P(g?) in terms of theta functions.
We can eliminate P(e~2"/v™) from (15.6.15) using the transformation for-
mula for P(g), which we now derive. Recall the transformation formula for
Ramanujan’s function f(—gq) given by [54, p. 43, Entry 27(iii)]

e~/ 1201/4 f(_e=20) = ¢=B/1231/4 §(_o=2B), (15.6.16)

where a3 = 72, with a and 8 both positive. Taking the logarithm of both
sides of (15.6.16), we find that

——+ loga—i—Zlog(l—e*%a):—ﬁ logﬁ—i—Zlog 1 — e 2kP),

12 12
k=1 k=1
(15.6.17)
Differentiating both sides of (15.6.17) with respect to «, we deduce that
1 1 o 2ke 2ke > (2kB/a)e 2P
= ki . (15.6.18
12+4 +z:11—e*2’w‘ 12a Z 1—62kﬁ ( )

Multiplying both sides of (15.6.18) by 12« and rearranging, we arrive at

e k672ka 0 k672k,8
6—a <1 2421—6——%@) (1 7242 p—c: (15.6.19)
k=1

Setting @ = 7/y/n, so that 8 = m/n, recalling the definition of P(q), and
rearranging slightly, we see that (15.6.19) takes the shape

bvin _ P>/ 4 pP(e=2™V7), (15.6.20)

™

Utilizing (15.6.20) in (15.6.15), we conclude that

/

6

6e—”/ﬁ%(e—“/ﬁ) _ OV PtV 4 (1 — 20,)22. (15.6.21)
™

Return to (15.6.5) and set ¢ = e~ ™V™. After (15.6.3), define

X, =4z, (1 — zy,). (15.6.22)
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Thus, (15.6.5) takes the form
P(e™™VM) = {(1 - 2x,) + 3(1 — 2z, )k} A X ). (15.6.23)
k=0

Divide both sides of (15.6.21) by 2n and substitute P(e=2"V") from (15.6.23)
into (15.6.21) to deduce that

Sefﬂ/ﬁm
= ”/ffif -2 3(1 — 2, )k} AR XF
n m m/n Z{ Zn) +3( )k} Ay
(1—2xn)
-3 2$n ]{AkX
ﬂ'\/ﬁ kzo

where we have used (15.6.2) with ¢ = e~™V™ and (15.6.22). Hence, we have
derived the following general series representation for 1/7.

Theorem 15.6.1. Let X,, = 4x,(1 — z,) and recall that Ay is defined in
(15.6.3). Then for any positive integer n,
oo o=/ !

1
— = 1—2x,)kAL X" — (e /v, 15.6.24
v kz:o( zn)kARXy + - m(e ) (15.6.24)

Now, by the chain rule, (15.6.6), and (15.6.3),

dm ddeda: dm dm
=2 1—2)22=22X(1-2 15.6.2
o ~YaX dr dg ~ ax "1 2w)e(l— @)t = 2 XA - 2w)5%. (15.6.25)

Set ¢ = e~™/V™ in (15.6.25) and recall from (15.6.14) that zf/n = nz2 and
m = /n. Thus,

=/ d
e w9 9T
2n m(e ) 2\/> l/n( xl/n)dX q=e—7/VR
dm >
Xy (1= 22y ApXE,
2f 1/n(l=221/0) == q:eﬂ/ﬁ’;

(15.6.26)

by (15.6.3). Substituting (15.6.26) into (15.6.24), we arrive at the following
theorem.

Theorem 15.6.2. Let X = 4x(1 —2) and X,, = 4a,,(1 —x,,). Let Ay be given
by (15.6.3). Then for any positive inleger n,

oo

1
— = an + bpk) Ap XE, 15.6.27
o 1;0( ) ( )
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where

d
Xy (1= 221 ) and by =1—2z,. (15.6.28)

an =
dX q:e*”/\/H

Q\f

Our next task is to use Theorem 15.6.2 to establish three series for 1/7
found on page 370 in Ramanujan’s lost notebook. These three series are series
(28)—(30) in Ramanujan’s epic paper [239], [242, pp. 36-37]. Although these
three series were established by the Borweins [86, Chapter 5], the proofs we
provide here are different. In fact, our derivations are along the same lines as
those of Ramanujan in [239], [242, p. 36]. In particular, we use representations
for Ramanujan’s function [239], [242, pp. 33-34]

fn(q) :==nP(¢*") — P(q*) (15.6.29)

for n = 3,7,15. (Ramanujan used the notation f(n) instead of f,(¢q).) In
[239], Ramanujan recorded representations for f,(q) for 12 values of n, but
he gave no indication how these might be proved. These formulas are also
recorded in Chapter 21 of Ramanujan’s second notebook [243], and proofs
may be found in [54]. The proofs given below can also be found in the paper
[45] by N.D. Baruah and Berndt. In [239], Ramanujan stated 17 series for 1/,
and Baruah and Berndt [45] established most of these series as well as many
new series for 1/7 using Ramanujan’s ideas.

Entry 15.6.1 (p. 370). Recall from (15.6.3) that

TR -
Then
= 1
=> (6k+ 1Ak (15.6.30)
k=0

Proof. Let n = 3. Then, in the notation (15.6.29) [239], [242, p. 33], [54,
p. 460, Entry 3(iii)],

fs(q) = 2(¢)2(¢*) (1 +Va(g)z(g®) + V(1 —z(¢g))(1 — sc(q3))) . (15.6.31)
Set ¢ = e=™/V3 in (15.6.31) and use (15.6.14) to deduce that

Fale™/V3) = (1 +2v/z5(1 — 23 ) 2. (15.6.32)

Recall the modular equation, due to A.M. Legendre and rediscovered by Ra-
manujan [243, Chapter 19, Entry 5(ii)], [54, p. 230],

{z(9)z(¢*)}

1/4 1/4

+{(1—2(@)(1-x(¢*)} " =1 (15.6.33)



15.6 Ramanujan’s Series for 1/m 381
Setting ¢ = e~™/¥3 in (15.6.33) and using (15.6.14), we find that
2 {z5(1 — 3)}/* =1, (15.6.34)

or, in the notation (15.6.22),
1

Using (15.6.34) or (15.6.35) in (15.6.32), we deduce that

fale™™/V3) = #zg’% (15.6.36)

In fact, x3 is a singular modulus, and Ramanujan calculated this singular
modulus in his notebooks [243], [57, p. 290]. Thus, from the aforementioned
source or from (15.6.35),

V3

Setting n = 3 in (15.6.15), recalling the definition (15.6.29), and employing
(15.6.36) and (15.6.37), we deduce that

/ 1
/YA (=m/vEy _ L (_3\/3 6\/§> 2= V3 2 (15.6.38)

m 6 5 1073 i

Using (15.6.37), (15.6.38), (15.6.35), and (15.6.2) in (15.6.24) with n = 3, we

find that
5 (35,5
— )
T 4"3
k=0
which is easily seen to be equivalent to (15.6.30). O

Entry 15.6.2 (p. 370). If Ay, k > 0, is defined by (15.6.3), then
= (42k+5 Ak (15.6.39)
k=0

Proof. We begin with a modular equation of degree 7,

{e(@)z(@)}® + {1 = 2(a)(1 - 2(q"))}

due to C. Guetzlaff in 1834 but rediscovered by Ramanujan in Entry 19(i)
of Chapter 19 of his second notebook [243], [54, p. 314]. Set ¢ = e=™/VT in
(15.6.40) and use (15.6.14) and (15.6.22) to deduce that

V8, (15.6.40)

1
2{zr(1—2)}* =1  and X;= %" (15.6.41)
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Ramanujan calculated the singular modulus x7 in his first notebook [243], [57,
p. 290], from which, or from (15.6.41), we easily can deduce that

1— 227 = %\ﬁ. (15.6.42)

In the notation (15.6.29), from either [239], [242, p. 33] or [57, p. 468, Entry
5(ii)],

f2@) = 32(0)2(0") (1 + Va@a2(d) + VI —2(@) T —2(q))) . (15.6.43)

Putting ¢ = e~™/V7 in (15.6.43) and employing (15.6.14) and (15.6.41), we
find that

Fole=™VTY = 3V7 (1 oz (1l — x7)) 22 =37 %z?. (15.6.44)

Thus, by (15.6.15), (15.6.44), and (15.6.42),

22 22. (15.6.45)

Gefﬂ/ﬁﬂ'(eﬂr/ﬁ) _27\ﬁ22 427 N 157
7
m 8 8 8

Then, using (15.6.24) with n = 7, and with the help of (15.6.42), (15.6.45),
(15.6.41), and (15.6.2), we conclude that

3 = VT, VT L
Vir =\ 8 14-8 26k

which is readily seen to be equivalent to (15.6.39). O

Entry 15.6.3 (p. 370). If Ay, k > 0, is defined by (15.6.3), then

oo 8k
32 > ((42\/5 +30)k + 5V/5 — 1) Ak% <\/5_1> - (15.6.46)

T 2
k=0

Proof. Recall that the Ramanujan—Weber class invariant GG,, can be repre-
sented in terms of the singular moduli z,, by [57, p. 185]

G = {4z,(1 — z,)} "1/, (15.6.47)

Also recall that [57, p. 190]

1/3
1
G5 =214 <\/52+> . (15.6.48)

From (15.6.47), (15.6.48), and (15.6.22), we can deduce that
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X5 = 1 (ﬁ_ 1) . (15.6.49)

The singular modulus

1 [(V5-1 !
9015216( 9 )(2_\/3)2(4_\/5)

was calculated by Ramanujan and recorded in his first notebook [243], [57,
p. 291], and so we can deduce that

(42V/5 + 30). (15.6.50)

1 —2.2315 =

1
32v15
(Of course, we can also deduce (15.6.50) from (15.6.49).) Next, from Entry
9(iii) in Chapter 21 of Ramanujan’s second notebook [243], [54, p. 481], or
from [239], [242, p. 34],

4
fis(a) = 22(@)2(@"®) ({1 + Va@2(@™) + VI~ 2(@) (1 — 2(a") }

~ 1= Va(@a(@®) - VI~ 2(@)(1 -~ 2(a™)-
(15.6.51)

Setting ¢ = e~™/V15 in (15.6.51) and using (15.6.14), (15.6.47), (15.6.48), and
(15.6.49), we find that

Fis(e=™/ V1) = V5 ((1 + 23/4X11§8) (1+v/X15) ) 2t

_ 3V15
16
It follows from (15.6.15), (15.6.52), and (15.6.50) that

R (114 9V56)2E (15.6.52)

! 3v15 30
e/ VI (o=m/VIBY — 2V 211 4 9/B),2 4 — (425 + 30)22
m( ) 16 ( )15 32\/5( )15
75v3 315
= <16 TS ) 22, (15.6.53)

Using (15.6.50), (15.6.53), (15.6.49), and (15.6.2) in (15.6.24) with n = 7, we
conclude that

o0

3 1 (75v3  3V15
N Z (32\/>(42\f+30)k+ % (16 - 16))
8k
g (P71) (15650

2



384 15 Eisenstein Series and Approximations to 7

If we multiply both sides of (15.6.54) by 3—32 15 and simplify, we obtain
(15.6.46) to complete the proof. O

The credit for returning to Ramanujan’s ideas for deriving series for 1/7
is due to Heng Huat Chan. The content of Section 15.6 is therefore almost
entirely due to Chan, who sent detailed lecture notes to the second author of
this book. These notes then inspired Baruah and Berndt to further elaborate
the ideas of Ramanujan and Chan in a series of three papers [45], [46], [47].
In the first paper [45], they use Eisenstein series in the classical base to prove
13 of Ramanujan’s original series, along with many other new series. In the
second [46], they employ Eisenstein series in Ramanujan’s cubic and quartic
theories to prove five of Ramanujan’s series and several new series for 1/7.
Lastly, in [47], they employ Ramanujan’s ideas emphasizing Eisenstein series
to derive many new series representations for 1/72.

It does not appear to have been widely noticed that the first mathematician
to have published a proof of a general formula for 1/7 was S. Chowla [125],
[124] [126, pp. 87-91, 116-119 ]. In particular, he established Entry 15.6.1.
As indicated in the introduction, the Borwein brothers [86] first proved all 17
formulas for 1/7 found in Ramanujan’s paper [239], [242, pp. 23-39]. In a series
of papers [87], [88], [89], [91], [92], they greatly extended Ramanujan’s work,
deriving a host of interesting formulas for 1/7. The Chudnovskys [132]-[136]
also amplified and explained Ramanujan’s work. In [137], they also derived
several hypergeometric-like series for 7. The work of Berndt and Chan [64]
gives a third approach for generalizing Ramanujan’s series. General series
formulas for 1/ have also been found by Berndt, Chan, and W.-C. Liaw [66],
H.H. Chan, S.H. Chan, and Z.-G. Liu [103], H.H. Chan and Liaw [108], and
H.H. Chan, Liaw, and V. Tan [109]. Further particular series for 1/7 have
been derived by H.H. Chan and H. Verrill [113], HH. Chan and K.P. Loo
[111], H.H. Chan and W. Zudilin [114], M.D. Rogers [249], and S. Cooper
[141]. J. Guillera [163]-[168] has discovered some beautiful series for 1/ as
well as for 1/m2. Further work has been accomplished by W. Zudilin [292]—
[295], with the latter paper offering an interesting survey. Baruah, Berndt, and
H.H. Chan [48] have written a survey paper delineating most of the research
on series for 1/7 since the publication of Ramanujan’s paper [239], while also
covering the use of such series by R.W. Gosper Jr. [160] and the Chudnovsky
brothers [135] in calculating the digits of .



16

Miscellaneous Results on Eisenstein Series

We collect in this chapter some miscellaneous results on Eisenstein series that
do not fit into previous chapters.

16.1 A generalization of Eisenstein Series

On page 332 in [244], Ramanujan enigmatically records the following state-
ment.

Entry 16.1.1 (p. 332).

SO S A
el —1  e2°z 1 3 _] ’

where s is a positive integer and r — s is any even integer.”

(16.1.1)

(The statement (16.1.1) was poorly photocopied and is difficult to read.) If
we set ¢ = e~%, we can write (16.1.1) in the equivalent form

>

k=0

quks

1—gk"

(16.1.2)

Thus, if s =1 and r = 2n — 1 is odd, (16.1.2) is a multiple of the classical
Eisenstein series Es,(7), where ¢ = ¢*™ and Im 7 > 0. What does Ramanu-
jan mean by (16.1.1)? We think that Ramanujan temporarily thought that a
theory could be developed for these more general Eisenstein series that gener-
alizes the classical theory. Because the series (16.1.2) do not live in either the
elliptic or the modular world (except when s = 1), such a theory indeed would
be limited. We have carefully examined Ramanujan’s theory of Eisenstein se-
ries as he developed it in [240], [242, pp. 136-162] to discern whether it can
be generalized. (See also [59, Chapter 4], where details are more completely
given.) If so, we would need to make the following definitions.
Define, for each nonnegative integer r and positive integer s,

G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II,
DOI 10.1007/978-0-387-77766-5_17, (©) Springer Science+Business Media, LLC 2009
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oo

Br+1 quks
Spsi=———— + —_— 16.1.3
’ 2(r+1) 1;1 1—g* ( )

When s =1, S, 1 = S, in Ramanujan’s notation [240, equation (9)], [59, equa-
tion (4.1.4)]. Also define for each nonnegative integer r and positive integer
SV
> nrqn‘“
¥, s(q) == —_—. 16.1.4
(q) ; e ( )
In Ramanujan’s notation [240, equations (23), (24)], [59, equations (4.1.3),
(4.2.7)] ¥, 1(q) = P1,-(q). Unfortunately, although the proofs of the recurrence
relations involving S, and ¥, s in [240] do not depend on the theory of either
elliptic or modular functions, we have not been able to see how they can be
generalized to the functions (16.1.3) and (16.1.4).

16.2 Representations of Eisenstein Series in Terms of
Elliptic Function Parameters

The following six formulas appear in Ramanujan’s notebooks, but in Ramanu-
jan’s individual notation, instead of the classical notation used here in the lost
notebook. In particular, in [243], Ramanujan sets z := 2K /7, where K is the
complete elliptic integral of the first kind, o = k2, where k, 0 < k < 1, is the
modulus, and 1 —« = &/, where &’ = /1 — k2 is the complementary modulus.

Entry 16.2.1 (p. 367). In the notation above,

Qlq) = (27{()4 (141482 + £1)

Qa*) = (fff (11487 + 1),
o) = (2 (- ).

R(q) = (Qf)ﬁ (1+£*)(1 = 34k% + k),
R(q") = (f)G (412 (1= 340" 4+ 1),

2 2K ° /2 2 1 72
R = (55) 0 =) (14 b 2).

These six identities are, respectively, Entry 13(iii), Entry 13(v), Entry
13(i), Entry 13(iv), Entry 13(vi), and Entry 13(ii), in Chapter 17 of Ramanu-
jan’s second notebook [243]. See [54, pp. 126-128] for their statements in
Ramanujan’s notation and for proofs.
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16.3 Values of Certain Eisenstein Series

On page 334, Ramanujan defines a certain function of s involving Eisenstein
series, for which he calculates values at integral arguments of multiples of 4.
Ramanujan’s motivation for these calculations is unclear. For increasing values
of s, the calculations become increasingly laborious. Lacking Ramanujan’s
patience and arithmetic skills, we turned to Mathematica.

Entry 16.3.1 (p. 334). Define the function Ss by
= kls 1 3 m
8- ((s—1)+ = T (s —2), 16.3.1
> ey = S g0l D e+ e, (168)

where ¢ denotes the Riemann zeta function. Then, if n is a positive integer,

1 w3 il
=0 S =g M= mag S0 Sk osee
S = b - 191719
167 914708725007 7 T 398240480137500°
S, = 07723
2 184177171143590625

Proof. First, let s = —4n. Since ((—2n) = 0 for each positive integer n [271,
p. 19], Ramanujan’s claim that S_4, = 0 reduces to

O, kAntl ((—4n —1)  Bupio

k_le%k—l__ 2 T 8n+4’

(16.3.2)

where B,,, n > 0, denotes the nth Bernoulli number, and where we have used
the well-known formula [271, p. 19]

B2n

((I—Qn):—zn.

The identity (16.3.2) has been proved many times in the literature, with the
proof of J.W.L. Glaisher [155] in 1889 being the oldest proof known to us. The
identity can also be found in Ramanujan’s second notebook [243, Chapter 12,
Corollary (iv)], [53, p. 262]. For references to several other proofs given in the
literature, see [53, pp. 261-262].

When s = 0, Ramanujan’s claim takes the form

o0
k 1 1
- = — — — 16.3.3

Z e2mk —1 24 87’ ( )

k=1
where we have used the facts, ((—2) =0, {(—1) = —1 By = —%, and ((0) =
f% [271, p. 19]. Ramanujan posed (16.3.3) as a problem in the Journal of
the Indian Mathematical Society [238], 242, p. 326], [75, p. 240]. The identity
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(16.3.3) also appears as an example in Section 8 of Chapter 14 in his second
notebook [243], [53, p. 256]. To the best of our knowledge, the first appearance
of (16.3.3) in the literature is in a paper by O. Schlomilch [252] in 1877.
References to several other proofs can be found in [53, p. 256].

Putting s = 4n in (16.3.1), we find that

0 Ll—4n 1 3 -
> o7 = San — 50Un = 1)+ —C(dn) + 5C(4n —2).  (16.3.4)

k=1

For the remaining six values, namely, n = 1,2,3,4,5,6 in (16.3.4), we employ
the special case a = f = 7 of a famous identity for ((2n+1), n > 1, found in
Ramanujan’s second notebook [243], [53, pp. 275-276, Entry 21(i)]. Replacing
n by 2n + 1 in the aforementioned identity, we deduce that, for n > 1,

& kl —4n

¢(4n—1 +Z o]

This particular case of Ramanujan’s famous identity is due to M. Lerch in
1901 [202]. Using Euler’s famous formula

B Bun
—gtn—3pin= 12 D G Tan =z (1639

(271')2”32”

Cn) =Gy "=zt

Y

comparing (16.3.4) with (16.3.5), and dividing both sides of each identity by
741 we find that

Sin 324"_334 210=5B,, 5 _ gin—3 Z z sz B ok
=1 = 77 (4p)! 3(4n — 2k)! (4n — 2k)!
(16.3.6)
where n is any positive integer. Using Mathematica, we calculated the right-
hand side of (16.3.6) for n = 1,2, 3,4, 5,6 and found that Ramanujan’s claims
in Entry 16.3.1 are correct for each of these six values of n. a

The identities (16.3.2), (16.3.3), and (16.3.5) (and its aforementioned gen-
eralization) also appear in an incomplete handwritten manuscript published
with Ramanujan’s lost notebook [244, pp. 318-321] and examined by Berndt
[58]. This manuscript will also be examined in [33].

16.4 Some Elementary Identities

Entry 16.4.1 (p. 367). If s is a positive integer and B, denotes the nth
Bernoulli number, then

&0 kS~ 1qk

B 25+Zl+

—q)k
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Bs 0 ksflqélk Bs 0 ksflqk
_9s)Bs S 16.4.1
Sl R T DL = S

k=1 k=1
and
Bs & ks—lqk Bs & k,s—lq4k
2% —1)— — T —9s!= A S
( )2s+zl+(—q)k 25+Zl—q4k
k=1 k=1
Bs & k,s—lqk Bs fs— 1 Qk
— —2¢ = — 5. (16.4.2

Proof. Canceling the expressions involving Bernoulli numbers, we find that
(16.4.1) is equivalent to the identity

i 2ks 1 2k (2]€+ )a 1 2k+1

1+ q2k P 1— q2k+1

ks_l 4k & ks_lqk

qﬁZ

=1

:_QSZ

— g4 _ gk
k=1 1=q 1 1-¢
. > Js—1 2k . 0 k571q2k > fs—1 k
~2 Z Qk +2 ; T ;; (16.4.3)

Cancel the first sum on the far left-hand side with the second sum on the far
right-hand side above. If the even- and odd-indexed terms in the last sum on
the far right-hand side of (16.4.3) are separated, we see that the proposed
identity (16.4.3) is trivial.

To prove (16.4.2), we first cancel all expressions involving Bernoulli num-
bers. We then easily find that (16.4.2) is equivalent to the identity

e 2k+1512k+1 . k‘512k
Z 1_|_q2k+1 +2 Z 1_q2k

k=0
fes— 1 2k fes— 1 2k
29 1 _ s 1
P LD gl =
fes— 1 k ks—1q2k
+Z ZW' (16.4.4)
k=1

The second sum on the left-hand side cancels with the first sum on the right-
hand side in (16.4.4). Moving the second sum on the right-hand side to the
left-hand side, we find that (16.4.4) is equivalent to the identity

& fs— 1 k ks—lqk > k.s—quk-

Z T _QZW' (16.4.5)

=1 k=1 k=1
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Using the elementary identity

T T 22

I+ 1—-x 1—g2

above, we see that (16.4.5) is trivial, and so the proof of (16.4.2) is also
complete. ]
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For each page of Ramanujan’s lost notebook on which we have discussed or
proved entries in this book, we provide below a list of those entries. If (n)
appears after an entry, the entry has n parts.

Page 1
Entry 2.2.1, Entry 3.3.5, Entry 6.3.12

Page 2
Entry 6.3.7

Page 3
Entry 1.4.1, Entry 1.4.2, Entry 1.7.10, Entry 4.3.4, Entry 6.3.14

Page 4
Entry 3.6.4, Entry 3.6.5, Entry 5.4.3, Entry 6.3.11, Entry 6.3.16, Entry 6.4.6

Page 5
Entry 1.7.1, Entry 1.7.2, Entry 2.3.5, Entry 6.3.5

Page 6
Entry 3.4.1, Entry 3.4.3

Page 7
Entry 3.3.1, Entry 6.3.8
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Page 8
Entry 2.2.2, Entry 6.3.6

Page 10

Entry 1.4.9, Entry 1.4.10, Entry 1.4.11, Entry 1.4.12,
Entry 1.7.21, Entry 3.5.4(2), Entry 3.5.5(2), Entry 3.5.6(2)

Page 11
Entry 1.4.13, Entry 1.4.14, Entry 1.4.15, Entry 1.4.16

Page 12
Entry 1.4.3, Entry 1.4.4, Entry 6.6.1

Page 13
Entry 6.3.8

Page 14

Entry 3.4.1, Entry 3.4.2, Entry 3.4.4, Entry 3.4.5,
Entry 7.3.1, Entry 7.3.2, Entry 7.3.3

Page 15
Entry 1.4.5, Entry 3.4.7, Entry 3.4.8, Entry 5.4.4

Page 16
Entry 1.4.6, Entry 1.4.7, Entry 1.4.8, Entry 3.4.3

Page 21
Entry 6.5.3

Page 22
Entry 3.4.6

Page 24
Entry 3.6.1, Entry 3.6.2

Page 25
Entry 7.4.1(2)
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Page 26

Entry 1.5.3, Entry 1.5.4, Entry 1.7.19, Entry 4.3.1,
Entry 4.3.7, Entry 7.2.3, Entry 7.2.4

Page 27
Entry 1.4.18, Entry 3.6.3, Entry 4.3.9, Entry 7.2.1, Entry 7.2.2

Page 28

Entry 1.6.2, Entry 1.6.3, Entry 1.7.15, Entry 1.7.16, Entry 4.2.4,
Entry 4.2.5, Entry 4.3.3, Entry 4.3.5, Entry 4.3.6, Entry 4.3.8

Page 29
Entry 3.6.6, Entry 6.3.9, Entry 6.3.10, Entry 6.3.15

Page 30
Entry 1.4.17, Entry 1.7.3, Entry 6.3.13, Entry 7.2.5

Page 31
Entry 1.7.18, Entry 6.5.1, Entry 6.5.2

Page 33

Entry 5.3.1, Entry 5.3.2, Entry 5.3.3, Entry 5.3.4, Entry 5.3.5,
Entry 5.3.6, Entry 5.3.7, Entry 5.3.8, Entry 5.3.9, Entry 5.3.10

Page 34

Entry 1.7.4, Entry 1.7.14, Entry 2.3.2, Entry 4.2.8, Entry 4.2.9,
Entry 4.2.10, Entry 4.2.12, Entry 5.4.1, Entry 5.4.2

Page 35

Entry 1.6.6, Entry 1.7.5, Entry 1.7.6, Entry 1.7.7, Entry 1.7.8,
Entry 1.7.9, Entry 1.7.13, Entry 2.3.3, Entry 2.3.4, Entry 4.2.13

Page 36
Entry 3.5.3

Page 37
Entry 2.3.1(2), Entry 6.3.2, Entry 6.3.4

Page 38
Entry 1.6.4, Entry 1.6.5, Entry 6.4.1, Entry 6.4.2, Entry 6.4.3, Entry 6.4.4
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Page 39
Entry 6.4.5

Page 40
Entry 1.6.7, Entry 6.3.1, Entry 6.3.3

Page 41

Entry 1.7.11, Entry 1.7.12, Entry 4.2.1, Entry 4.2.2, Entry 4.2.6,
Entry 4.2.7, Entry 4.2.11, Entry 4.2.14, Entry 4.2.15, Entry 4.3.2

Page 42
Entry 1.5.1, Entry 1.5.2, Entry 2.2.3, Entry 2.2.4, Entry 4.2.3

Page 44
Entry 13.3.5(2)

Page 47
Entry 3.3.4(2)

Page 48
Entry 3.5.1, Entry 3.5.2, Entry 8.2.4(2)

Page 50
Entry 13.3.1(2)

Page 51
Entry 13.3.2(2) Entry 13.3.3, Entry 13.3.4

Page 53
Entry 13.5.1(2), Entry 13.5.2(2)

Page 54
Entry 8.2.1(4), Entry 8.2.2(4), Entry 8.2.3(2)

Page 57
Entry 1.7.17, Entry 1.7.20(2)

Pages 97-101
Entry 11.10.1, Entry 12.2.1, Entry 12.3.1
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Page 102
Entry 11.5.1(2), Entry 11.10.3

Page 103
Entry 11.3.1, Entry 11.6.1

Page 104
Entry 11.11.1

Page 105
Entry 11.10.1

Page 114
Entry 11.10.1

Page 116
Entry 11.7.1(8)

Page 117
Entry 11.4.1, Entry 11.7.1(8), Entry 11.8.1, Entry 11.9.1(3)

Page 118
Entry 11.9.1(3)

Page 119
Entry 11.10.1, Entry 11.10.2

Page 123
Entry 11.10.1

Page 188
Entry 14.2.1(6), Entry 14.2.2

Page 202
Entry 4.2.16

Page 206
Entry 8.3.1(4)
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Page 207
Entry 3.1.1

Page 209
Entry 10.1.1

Page 211
Entry 15.2.1(8), Entry 15.3.1(8)
Page 212
Entry 9.1.1(21)

Page 268
Entry 1.3.1

Page 269
Entry 1.3.1

Page 312
Entry 3.3.3
Page 330
Entry 10.4.1, Entry 10.4.2(3)
Page 334
Entry 16.3.1(8)
Page 342
Entry 10.7.1
Page 346
Entry 10.5.1, Entry 10.5.2
Page 362
Entry 1.6.1
Page 367
Entry 16.2.1(6), Entry 16.4.1(2)

Page 369
Entry 14.3.1, Entry 14.3.2(6), Entry 14.3.3

Page 370
Entry 1.3.2, Entry 3.3.2, Entry 10.6.1, Entry 15.6.1, Entry 15.6.2, Entry 15.6.3



Provenance

G.E. Andrews, [6]

G.E. Andrews, [7]

G.E. Andrews, [9]

B.C. Berndt and A.J. Yee, [79]
Padmavathamma, [225]

None
None

A.V. Sills, [261]

G.E. Andrews, [22]
Padmavathamma, [225]

R.P. Agarwal, [4]
G.E. Andrews, [21]
G.E. Andrews, [28]

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 5

Chapter 6
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S.0. Warnaar, [273]

Chapter 7

G.E. Andrews, [20]
G.E. Andrews, [25]
G.E. Andrews, J. Jiménez-Urroz, and K. Ono, [36]

Chapter 8

S.H. Son, [266]
S.H. Son, [267]

Chapter 9

B.C. Berndt, H.H. Chan, S.-Y. Kang, and L.-C. Zhang, [65]
H.H. Chan, A. Gee, and V. Tan, [107]

Chapter 10

B.C. Berndt, H.H. Chan, and A. Zaharescu, [68]
E. Krétzel, [195]

Chapter 11

B.C. Berndt and P.R. Bialek, [61]
B.C. Berndt, P.R. Bialek, and A.J. Yee, [62]

Chapter 12
P.R. Bialek, [84]

Chapter 13

B.C. Berndt, H.H. Chan, J. Sohn, and S.H. Son, [67]
S. Raghavan and S.S. Rangachari, [233]

Chapter 14
B.C. Berndt and A.J. Yee, [77]
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Chapter 15

N.D. Baruah and B.C. Berndt, [45]
B.C. Berndt and H.H. Chan, [64]

Chapter 16

None
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